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1 Introduction

The great interest in the fractional calculus [1, 2, 3] and expansions in frac-
tional series of functions [4] has provided the motivation to extend various
functions and elements of number theory to this field of interest. This topic
falls under the study of generalized forms of polynomials and special num-
bers, as studied in the works of Booth and Hassen [5], Geleta and Hassen
(6], Hu and Kim [7], Miloud and Tiachachat [8], and many others. Recently
we have introduced fractional versions of the Bernoulli and Euler numbers
9], as well as their Laguerrian analogues [10].

In this same area, the introduction of fractional models of population
dynamics [11] and extensions to the fractional case of the Laplace transform
[12] has found its place.

In this paper, based on the construction of the reciprocal of fractional
exponential functions, in terms of Bell polynomials, we aim to introduce
fractional Gaussian functions and their Laguerrian analogues. Some graphs
also show the cases of the super-Gaussian functions and the trend of the
parameters of their distributions (second moment, variance and kurtosis).

The introduction of these fractional Gaussian and super-Gaussian distri-
butions should allow greater flexibility in analyzing the behavior of natural
phenomena, since the shapes real world often appear in fractional forms.
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2 The fractional exponential function

For any real number a > 0, the fractional derivative D¢ [13], according the
Euler definition, writes
r 1
_Tn+l) "7 if n>fal -1,
Doyt ={ Tln+1-a) (1)

0, if n=0,1,...,[a] -1,

where n > 0 and [«] denotes the ceiling function, that is the smallest
integer greater than or equal to a.
If c is a constant then DSc = 0.

The fractional exponential function (depending on the parameter «) is

defined by
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It is an eigenfunction of the operator D, since it results
DExp, (zt) = t* Exp, (zt) . (3)

3 Fractional Gaussian functions

In a recent article (see [12] and the references therein) we have introduced
the reciprocal of the fractional exponential function (2), using Bell’s poly-
nomials. Namely, the following equation holds

[Exp ()] P =14> > (=1)"T(ha+1) Byu(L,1,..., 1) "
N n:nl h=1 e <4)
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where S, ;, denote Stirling numbers of the second kind, and Sy := 1.
Using the same technique, for any fixed fractional «, we define the frac-
tional Gauss’s functions by letting
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Graphs of the resulting functions are depicted in Figures 1, 2, 3. Figure
2 shows that, assuming a < 1. the convergence to the classical Gauss’
function from below holds, while Figure 3 shows that the convergence from
above holds when o > 1.
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Figure 2: Graphs of the fractional Gauss’ functions, for particular values of
a <1
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Figure 3: Graphs of the fractional Gauss’ functions, for particular values of
a>1.

4 Fractional Gaussian distributions

The normalizing constant of the relevant fractional Gaussian distribution is
written

“+o00
Aa = / EXpa(_tQ)dt7 (6)
the mean value is

1 [*
fo = (H1)a = Z/ t Exp,(—t*)dt =0, Va, (7)

—00
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and the second moment is written

+oo
(12)o = = / 2 Expy (—12)dt. 8)

e}

Then the relevant variance is given by

Uz = (p2)a — (N2)ia (9)

and the kurtosis by

(10)
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Figure 4: Normalizing constant of fractional Gaussian distributions, as functions
of a.

Figure 6: Kurtosis of fractional Gaussian distributions, as functions of .

The normalizing constant, the variance and the kurtosis of fractional
Gaussian distributions, as functions of «, are depicted in Figures 4, 5 and
6.
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5 Fractional super-Gaussian functions

Super-Gaussian functions are important in several fields of probability, physics,
engineering and even in medical sciences.

Graphs of super-Gauss’ functions are depicted in Figures 7, 8, 9. Figure
8 shows that, assuming o < 1. the convergence to the classical Gauss’
function from below holds, while Figure 9 shows that the convergence from
above holds when o > 1.
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Figure 8: Graphs of the fractional super-Gauss’ functions, for particular values
of a < 1.

6 Fractional super-Gaussian distributions

We show the main parameters of fractional super-Gaussian distributions, as
functions of a. Namely, their normalizing constants, variance and kurtosis
are represented in Figures 10, 11 and 12.
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Figure 9: Graphs of the fractional super-Gauss’ functions, for particular values
of a > 1.

Figure 10: Normalizing constant of fractional super-Gaussian distributions, as

functions of a.
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Figure 11: Variance of fractional super-Gaussian distributions, as functions of
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Figure 12: Kurtosis of fractional super-Gaussian distributions, as functions of

Q.

7 The Laguerre-type case

An analog of the ordinary derivative is the so-called Laguerre derivative, as
reported in [14, 15].



A Note on Fractional-Type Gaussian Functions

43

The first order Laguerre derivative, defined as Dy, := D,xzD, = D, + x D?
introduces a linear differential isomorphism into the space of analytic func-
tions of the variable x, such that the differentiation properties are preserved.
An eigenfunction of this operator is the first order Laguerre-type exponen-
tial

00 k
T
e1(z) = , (12)
; (k1)?
since it results Va € C
Drei(ax) = aey(ax), (13)

The nth order Laguerre derivative is defined as

D, :=Dzx---DxDxD = D (xD + 2*D?* + - -- + 2" D") =

=S(n+1,1)D+ S(n+1,2)zD*+---+S(n+1,n+ 1)z" D", (14)
where S(n, k) denote Stirling numbers of the second kind.
The corresponding eigenfunctions is written
o Lk
en(z) 1= g W ; (15)
since it results Va € C
D, en(az) = ae,(ax) . (16)

Actually the operator D;, = DxD and its iterates
D, =DxDxDx---DxD

are particular cases of the hyper-Bessel differential operators previously con-
sidered by Ditkin and Prudnikov [16]), and previously introduced, using
differen names, by Dimovski [17], Delerue [18] and Kiryalova [3].

We have found the following results for the fractional Laguerre-type
Gaussian and super-Gaussian distributions, which are similas to the ordi-
nary ones. The relevant graphs are reported in Figures 13, 14, 15 and 16
below.

8 Conclusion

We have shown that the use of the fractional exponential function and the
construction of the reciprocal of a fractional powers series by an applica-
tion of Bell’s polynomials allows the introduction of generalized forms of
Gaussian and super-Gaussian functions, even in the Laguerrian case. These
functions provide a wider possibility for modeling probabilistic distributions
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Figure 13: Graphs of Laguerre-type
Laguerre-type.

Figure 14: Normalizing constants of fractional Laguerre-type Gaussian dis-
tributions vs the super-Gaussian ones, as functions of a.

Figure 15: Variance of fractional Laguerre-type Gaussian distributions vs
the super-Gaussian ones, as functions of a.
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Figure 16: Kurtosis of fractional Laguerre-type Gaussian distributions vs
the super-Gaussian ones, as functions of «.

that can be used in applications, since the real world sometimes occurs in
fractional forms. We have shown in graphs, dependent on the parameter «
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the trend of the statistical parameters that characterize the considered dis-
tributions. The leptokurtic trend of fractional Gaussian distributions when
a < 1 and the corresponding platykurtic trend of fractional super-Gaussian
distributions were thus confirmed, in both the classical and Laguerre-type
cases.
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