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HOLOMORPHIC TYPE OF VECTOR BUNDLES ON THE RIEMANN
SPHERE INDUCED FROM SECOND ORDER FUCHSIAN SYSTEMS
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Abstract. For second order systems with three singular points we give complete
characterization of corresponding vector bundles by invariants of the Fuchsian
system, in particular, we compute splitting type of vector bundles of an explicitly
form.
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1. Introduction

Let a Fuchsian system of the form

dF = J_dz | F, 1

> &

be given, where S = {s1,s2,...,Sm} is the set of singular points of the ma-
trix function w, Aj,j = 1,....,m are constant matrices: A; = res,—s;w(z) and

Y Aj=0if 55 # 0o, for all j = 1,...,m (see [4], [5], [7])
Along with the system (1) we consider n—order Fuchsian equation

F2) + a1 D) 4+ a1 () 4 an(2)f(2) = 0 (2)

on the complex plane, with same singular points, where a;(z),j = 0,...,m are

meromorphic functions satisfying Fuchsian condition with respect to orders of

singularity (see [7], [12]). By definition the exponents of the singular point s; are

the roots of indicial equation and satisfy the Fuchs relation (see [3], [12], [13])
SN A+ M) = Sn(n = 1)(m—2). (3)
j=1

The system (1) and the equation(2) define the monodromy representation
p:71(Xm,20) = GL,(C) (4)

by the correspondence g; — M, where g; are the generators of the fundamental
group and M are the monodromy matrices (see [3], [9], [10]).
The Fuchsian differential equation (2) with m singular pints defined by

'n2 nm
peq:?(m—Q)JFT (5)
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parameters, the monodromy representation depends on
Prep = n*(m —2) +1 (6)
parameters (see [4], [13]). The different (defect number)

nm(n — 1)
2

is always non negative and when n = 2, m = 3 defect number equals zero. Such
equation is a Riemann equation

f"(2)+<1_p1_p2+1_01_U2+1_ﬁ_72)f'(2) (7)

d= +(1—n2)

zZ— 851 zZ — 89 Z — 83

4 p1p2(s1 — 52)(s1 — 53) i o102(s2 — 53) (82 — 51) n T172(53 — 51)(53 — 52)
z — 81 Z — 82 Z— 53
1)
Hj:l(z - 55)
where p1, p2; 01, 09; T1 T2 are the exponets of (7) respectively at the singular points
s1, 82, s3 and satisfy Fuchs’s relation (3):

)

prL+p2t+or+or+T7+12=1

All solutions of Riemann equations are denoted by the symbol

81 S2 83
f=Pq pp o1 11 z
p2 02 T2

The exponents of the equation are invariants of the conformal transformation

az+b
cz+d

w=R(z)=

of the Riemann sphere and if w; = R(s;), then

s1 S2 83 wp w2 ws
P pPrL o011 T1 X =P P1 01 T W
p2 02 T2 p2 02 T2

If R(s1) =0,R(s2) =1, R(s3) = 00, then

S1 S22 S3 0 1 &)
P pr oo 1oz =P 0 0 oz = F(a, 8,7;2).
p2 02 T2 -y y—a-8 B

and this is a complete set of solutions of the Gauss hypergeometric equation

2z =1 f (2)+ (v = (a+ B+1)2)f (2) — aBf(z) = 0. (8)

It is known that (8) is free from accessory parameters and the monodromy rep-
resentation of this equation is determined by exponents up to conjugation in
GLy(C).
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Consider a second order equations of Fuchsian type whose singularities and
exponents are given by the following Riemann scheme

0 1 oq o 00
P 0 0 0 0 a oz
1—'7 1-6 1—61 1—6k 5

where the exponents are connected by Fuch’s relation (see [4], [12], [13])
a+fB—-—v—0—€ —..—e+1=0.

The equation defined by these date contains just k accessary parameters, denoted
by p1, ..., px and can be written in the form

k
" ) Z €; / afzF + pr2Ft 4+ L+
y(2)+<z+z—l+ z—a-)y(’z)‘f‘ o ’ k pkzo‘ 9)
i=1 v 2(z =) [izi (2 — ai)

In case when k = 1 we obtain Heun’s equation. The special type Heun’s equation
[4], [13] with the Riemann scheme

0 1 S %)
P 0 0 0 -n/2  z p,
1/2 1/2 1/2 3(n+1)

which has the form

@y (s e st e =0 o

is a Lame equation, where X is a accessory parameter.

If the monodromy representation of equation (9) is irreducible and singular
points ai,...,ax are apparent ([6], [13], [14]) then the monodromy group with
respect to a suitable fundamental system of solutions can be calculated in an
explicit form by algebraic operations.

2. The Fuchsian systems with three singular points

Introduce the following differential operators: D = d%’ § = zD and §% =
22D? +2D. In this notations the hypergeometric equation with parameters o, 3,y
can be written in following equivalent form:

(1—=2)%F 4+ ((y—1) — (a4 B)2)0F — aBzF =0, (11)
2(1 - 2)D?*F + ((y — (a + B8+ 1)2)DF — aF = 0. (12)
The indicial equation at the point 0 of equation (11) is
M4 (y=1DA=0

and therefore the exponents are 0, 1 —+. The equation is nonresonant since v ¢ Z.
A basis of the solutions near the singular point 0 is:

Bo={F(a,B,7:2), 2 TFla—vy+1,8—v+1,2—v;2)}. (13)
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To obtain solutions at the point 1 we change a local coordinate at z = 1 take
7 =1 — 2. From this if F(z) = G(r), then F'(z) = =G () and F"(z) = G" (7).
The equation (11) for G(7) has the form

7(1-=7)D?G+ ((a+B—~+1) — (a+ B+ 1)7)DG — oG = 0. (14)

The solutions of (13) are hypergeometric functions with parameters o, 3, a +
B — v+ 1 and basis of solutions space at 1 are the following functions

F(avlﬁaa+ﬁ_7+1;1_z)’ (15)

(1—2" " F(y=By—a,y—a—B+1;1-2). (16)

Similarly, not difficult but deep analysis show that change of variable w = %
gives the following hypergeometric equation with parameters a, a—vy+1, a— 841 :

w(l —w)6?H + ((a — B) — (2a — v + Dw)dH — oo — v+ DwH = 0. (17)

The basis of solutions space of the equation (17) at singular point oo is

Boo={: ™ F(a,a =7+ 1,0 = B+1;1/2), 2 PF(B,8 = 7+ 1,8 - a+131/2)} .
(18)
Note that the hypergeometric function F(«, 3,7; z) is defined by the series

n=0

for |z] < 1 and by continuation elsewhere [1]. For § € C and n € N by definition
(0)n is
(0)o=1 and (0), =6(0+1)...(0+n—-1), n>1

We also require that o, 8,7 ¢ —N and v,a — 8,y —a — 3 ¢ Z.
Let
S =CP"\ ([00,0] U[1,00]) = C\ ([—00,0] U[L,00]).

The introduced set S is simply connected and all three bases of the germs
B, Boo, Boo extend to the bases of the solution space Vs(a, 3,7) of the equa-
tion (11) (or (12)). For the multivalued functions (such ar z° or (1 — 2)%) we
always use the principal branch.

Denote by m1(X3,20) the fundamental group of the noncompact Riemann
surface CP!\ {0, 1, 00}, where 2z is some point from X3, say zo = 1/2. Let go, g1
and g, be the loops which begin and end at point zp and going around 0, 1, co
respectively. The loops go, g1, g are generators of m (X3, z9) and satisfy the
relation gog1 = g}

The equation (11) defines the monodromy representation

p: 7T1(X3,Zo) — GLQ(C), p(gj) = Mj ] = 0, 1, 0. (19)

The monodromy matrices M; satisfy the relation My My = M. Monodromy
group of the equation (11) is generated by the monodromy matrices My and M.
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Proposition 1. The monodromy matrices along the loops go, g1, Goo With
respect to the basis By, B1, B are

1 0 1 0
MgO(BO) = (0 €—2Tri'y) ’ Migl (81) = (0 e—27ri(’y—a—,3)>

2mia
e 0
MgOOO(BOO) = < 0 e—27riﬂ> )
respectively.

The matrices MJ°(By), M{" (B1), M5 (Bs) are called local monodromies.
General solutions with respect to bases By, Bi, B are (and therefore the
generic elements of the solutions space Vs(a, 5,7))

ClF(OZ,ﬂ,'Y;Z) +62Z1_’YF(057/8’7; Z)7
C3F(O{,5,O&+B—’y—|—1;].—Z)—|—C4(1—Z)W_a_ﬁF(’}/—O[,’}/—ﬁ,’7—0&—B—{—1;]_—Z),
1 1
C5(—Z)_aF(O[,O(—|—]_ —%a—ﬁﬂle;) +66(_Z)_BF(/8?B_’Y+LB_O[+17;)7

respectively, where ¢y, co, c3, ¢4, 5, cg € C are some constants.
For example, if

Do+ 8 —y+ 1) (y - Nla+pB—vy+1I'(1—7)

_ DI
DT Ta— A+ )TB-7+1) 7 [(a)L(B) ’
e Ly —a=Bl(y)  _ Tla+B-7)()
ST Iy —al(y-8) D(@I(B)
oo LB=a)l(y)  _ Dla-BI()
T T(y-aX()’ T T(l(y-B)

then
c1F(a,B,7;2) + oz’ TF(, B,7:2) = F(o, B+ B — v+ 1;1 - 2) € By,
csF(o, Ba+B—y+11—2)+cu(l1—2)"*PF(y—a,y—B,y—a—B+1;1-2)
= F(a, 5 ;) € By,
s(—2)F(a,a+1=y,a =+ 1) +as(—2) PF(B,B -1+ 1,8 a+1;7)

_F(aaﬁa%z) GBO.

From this we get
Theorem 1. [3], [13] 1. There exists the linear isomorphism

R:Vs(a,B,v) = Vs(a, B,7)

such that RBy = By, where

—z7ra Oé)F(”)/) e—iﬂ'(a—’y—"—l) ( V)F(ﬁ )
o r— T(E—+Dr2—a—1)
e—zwﬁr(a ﬁ)r(a) e—z’ﬂ(ﬁ—fy+1) ( — ,Y)I‘( 6)
I(y—B)r(B) Ma—~v+1)I2-5-1)
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2. The monodromy group respect to basis B, generated by M§° (By) and M§> (Bo)
= R'ME* (B R.

For any fundamental system of solutions (¢,) of the equation (8) we ob-
tain two monodromy matrices My and M; with respect to (¢, ). As mentioned
above, a change of fundamental system of solutions of (8) induces a conjugate of
monodromy representations (and vice versa.) The eigenvalue of My and M; are
(1,exp(2mi(1 —7))) and (1, exp(27i(y — a — B))), respectively.

From (6) it follows that the conjugace classes of the monodromy representa-
tion of the equation (8) generated by My, My are parametrized by three complex
parameters.

Proposition 2. (see [3], [13]) 1. The monodromy group of the hypergeomet-
ric equation (8) is irreducible if and only if none of the numbers «, 8,7 —a,v— 8
is an integer.

2. The conjugate classes of the irreducible monodromy representation of
equation (8) are generated by matrices of the form

MO:G 2) M1=<(1) 2) E£0,n#0,(#0,—(E—1)(n—1), (20)
M°:<§ (1] ’ M1=<3 §> E#£0,m#0,(#0,—(§—1)(n—1), (21)

My = G 2) M, = (8 C+(£—11)(77—1)> EA£0N£0,C#0,(E—1)(n—1),

= (§ 1) = “(fn”(””)@#0,17#0,@*#0,(51)(77:13
R T -
Wl o)
N IR

where &,n,C are expressed by «, 8,7 in an algebraic form.

3. Examples

1. First consider the scalar differential equation, i.e. A; be real or

complex numbers. Then Ty = (2 — a;)”, where D = 1 or D = —1. We
obtain

dyl " T1 (Z)BlT1_1<Z) dT1 (Z) 1 B1 + D " Bj

R T e

dz (; Z—a + dz ! (2) ) o Z—a +]Z_;z—aj h

and if A = (A, ..., ), then the transform function will be

T(z) = (2 — al)il[Re(Bl)]—Allm(Z _ am)iHRe(Bm)]_)\ml.
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2. (Hypergeometric system) Consider the second order system

<0 0 ) (0 0) (O 0 )
dy | \0 a+p+1 N af —y N —af —(a+B+1)+7

dz z zZ4+2 z—2

(27)
i) Let « =0, = —2and v = —2 in (27). The Transform function for
canonical extension has the form (see [11], [14])

1 0
T(z) = 0 ?(Z_)QQ) .
z+2

Factorization of this matrix function is (see [1], [2], [8])

-5 o )=z (00T (00 (0 )

Hence K = (1,0).
i1) Suppose = 0, § = —2 and v = —2 in (27) as above and consider
the system

o ((05) G2) (65)

dz z * z+1/3 z+1/2

y.

The transform function, corresponding to the canonical extension (see [5],
[6], [9], [10]), is

T(z) = ( G ) = (= +1/3)*Ti(2),

+1/3)2

where T'(z) ia a polynomial matrix function

_( +1/3)? 0
Ti(z) = ( 0 (z4+1/3)%2(2 4+ 1/2) ) '

Factorization of Ti(z) on the unit circle is (see [1], [2], [8])
[t 0 0 1+ &+oe+ s
Tl(z)‘(o t2>(1+%+$ 0 ‘

Therefore K = (2,0).
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iii) Let a = 0, B = —2, v = —2 in (27) and let A = ((1,0), (0, 1), (1, 1)).
Consider the system

w_(Lo1) (52%) (Vo)

. 2
dz 2 E vz e youl (28)

Then

2Bz =T)(2+1/2) 3(z+1/3)(z+1/2)
T(Z)_( 32(2+1/2) 0 >

Factorization is

70 - (

Hence K = (2,2).

O lw

St—7/4\ ([ t* 0O 0 1+4+g+5
3/4 0 1+ 4+ 0 '

2z

iv) Consider system (28) and suppose A = ((1,0), (0,1),(—1,—1)). Then

2(32—=T7) 3(z+1/3)
T(z) = 4(z §21/2) 4(z ;1/2)

A(z + 1/2)

T(z) = (= +2)"Ti(2),
where ,
(24 2) 0
hil2) = ( 0 2(2+2)%z2-2) )
Factorization 77 (z) has the form

- (115G ()

From this it follows, that K = (0,0).

3. Consider the following Fuchsian system with singular points 0, +1

L () G ()

dz z z+1 z—1

The transform function for the canonical extension is

ro=(7 ).
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factorization of T'(z) on the unit circle is

ro-(24)(2)

where [t| = 1. Hence K = (0,1).
4. (Example 1 from [14]) Consider the following system of Fuchsian
differential equations with singular points 0, 1, 2

w (G 32) () (0 k)

dz z—2 z z—1

The transform function for the canonical extension has the form

(2—2)2(2—1)(22—3)  (2—2)2(2—1)

z
2z 0

Factorizing this matrix function on |t| = 1 we obtain

£ 0 —(t—2)2(5t—3)  (t—2)2(t—1)
— 413 3
ro-(0 7)) b )

From this the splitting type of canonical extension is K = (1,1).
5. Consider second order Fuchsian system with four singular points and
valuations (1,—1), (0,0), (0,0), (0,0) at the points 0, —1, 1, 1/2, respec-

tively:
o) i) () ()
1 1 1 1 1 1
dy N0 1) AN=5 s/ Na 3 /) \75 5 y
dz z z+1 z—1 z—1/2 '

The transform matrix corresponding to valuations A = ((0,0), (0, 0), (0, 0),

(0,0)) is
2710
T(z)= ( 0 ) .
Hence K = (1,—1).
6. Consider the following nonresonant system

~12 I 1
8 8 8
w (%) (58) (85

dz z * z—1/2 z—1/2
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with singular points 0,1/2,4/2. Transform function for canonical extension

has the form
ZQ 0
T(z) = ( 2_01/2 22(2—i/2) )
z—1/2

T(z) = (z —1/2)7'Ty(2),

I(z) = ( Z02 22(222'/2) ) '

Factorization of T3(z) is

- (145 (1) (27

ind(z — 1/2) = 1, therefore K = (2,1).
The local monodromy matrices corresponding to singular points 0, 1/2, /2
are

1 0 YEERNER Vativa
11

respectively.

Consider the triangle with vertices at points (0,0),(1/2,0) and (1/2,0)
as a closed contour on the complex plane. Let f(t) piecewise constant
matrix function be given as: f(t) = My if t € (0,1/2]; f(t) = MyMy, if
t € (1/2,i/2] and f(t) = M3MyM;y, if t € (i/2,0]. Then partial indices of
the Riemann-Hilbert boundary value problem

where

equal to (2,1).
7. The second order Fuchsian system with four singular points

dy Ay A, Az A
o= ( 5 T 5 T -+ 14 i Y-

—\ . 1 1 1, 1
dz \z+53-%5 2z-3-% 2z-3+t; 2-3

Ty _1 1 5 3 1
_ 1 _ 1 2 [ 2 _ [ 1 2
4 (o —%)’AQ (o —%)’A3 (o —%)’A4 (o —i)‘

The transform matrix for valuations A = ((0,0), (0, 0), (0,0), (0,0)) (cor-
responding to canonical extension of vector bundle or system of standard

form) is
1 T T
T(z) = ———F
(Z) 2—1/2+Z/4( 0 _T22 ’

Ty = (2 +1/2 = 3i/4)*(2 = 1/3 = 3i/2);

where
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Ty = (—12/11 — 12i/11)(z + 1/2 — 3i/4)(z — 1/3 — 3i/2);
Ty = (2 — 1/2+i/4)(z + 1/2 — 3i/4)(z — 1/3 — 3i/2).

The partial indices of T'(z) and therefore splitting type of associated
vector bundle are ky =1, ky = 1.

8. Consider the following system of Fuchsian differential equations with
five singular points 0, £1, F¢ (example 3 from [13]):

d A A A A A
_y_(_1+ 2 3 4+ 5)7

dz \ z Z+1+Z—1+Z+i z—1

where
= () () ()
W ( __11//186 v 1/i ) Ay = ( __11//186 i/ll/i ) ,

or more shortly
o (%) (23) ()

4z 2> T R(Z-1 8=+

Suppose A = ((1,0), (—=1,—1),(-1,—-1),(—1,—1), (=1, —1)), then the trans-
form function has the form
z 0
-0 1)

After the right factorization of T'(z) we obtain

0 1 t=1 0 0 1
T<t>_<1o><o t><10)'
and therefore the splitting type of associated holomorphic vector bundle is

(_17 1)'
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