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Abstract. We discuss splitting type of holomorphic vector bundle induced from
Fuchsian system. We give an explicit form of the transformation matrices.
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Introduction

Consider the Fuchsian system with singular points a, ..., a, € CP' of

the form .

E :Zz_aiyv (1)

)

where the B; are p X p constant matrices. System (1) gives the monodromy
representation

p: 7 (CP' —{ay, ...,an}, ) — GL(n,C).

Let E be associated from the monodromy representation p a vector bundle
E on CP'—{ay, ...,a,} and let F be a vector bundle on the Riemann sphere
CP', obtained from the extension of £ on the whole sphere [1], [2]. Then
by the Birkhoff-Grothendieck Theorem

F=20k)®..e0(k,)

and the collection of the numbers ki, ,k, is called a splitting type of the
vector bundle F.

In [1] the possibility of calculations of numbers &, ..., k,, algorithmically
is indicated. In [3] the realization of the algorithm for determining the
splitting type is presented. Here we give detailed calculation of the trans-
formation matrices.

Let T be a nondegenerate matrix such that B} = TB;T~! is a Jordan
canonical form of B;. Consider the transformation y; = Ty. We obtain for
y1 the following system of equations

m /

dy1 B,
P Z N (2)

zZ — Q;

where B, = TB,T', i = 1,...,m. (2) is the Fuchsian system and B; has
a Jordan canonical form. Denote by Ay, ..., \, eigenvalues with multiplies
p17 ) p?’b'
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Proposition. Let (p1, ..., itn) € Z™ be a given integer valued vector.
There exists the transformation Ty of the unknown function yi, such that
the system of differential equations

dys

2 — B2y, )

for yo = Tiy1 function is a Fuchsian system with singular points aq, ..., a,

and a residue matriz
By = Res,—,,B(2)

with eigenvalues fiy, ..., {1, fipi1y - fn. Besides, Ty (z)=(z — a1)”, where
D = diag(1,1,...,1,0,0, ...,0)
— —

q

if [Re(A\1)] < A1 and

D = diag(—1,-1,...,—1,0,0, ..., 0),
N—— ——

q

Zf [R@(/\l)] > )\1, 1 S q S P1-
Proof. Direct calculation shows that

dTl(Z) _1 D
P o -
dz 1 (2) Z— a
and
dy» - Tl(Z)B{Tfl(Z) dT(2) 4
—22 _ i T
dz ZZ Z— a; dz 1 ()y2
"\ B (2 D B/(2)+D < B(z
_y B, b BEED B
~i—a z—a Z—a —~z—a
where Ty (2) BT (2) = Bl
Let

B{(z) +D N i B (2)

Z—a z—a;

B(z) =

=2

The proof this proposition is completed in the following Lemma.
Lemma. The system (2) gauge equivalence the following Fuchsian sys-

tem
df  ~~ A
dz ; z —aif’

where Ay=Res.—,, B(z), As=Res,—q,B(z), ... , Am=Res,—,,, B(z).
The proof of Lemma follows from calculation of residue matrices. First
we suppose p = 1. Then D = diag(1,0,...,0) and therefore
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1
z—ay 0 . . 0 0
zZ — ay
Lo=G-a)P=| " L U =] 0
bil 6{2 b]ln
and B = ijl b%2 bjzn
J
b{ﬂ bfﬂ bzm
For each fixed j € {2,...,m} we have
bil bji2<z —ay) bjm(z —ay)
Z —a; z — a, C Z—a,
1 v v v
Tl(Z)BjTl (2) 21 22 .o 2n
p—y =1 (z—a)(z—aj) Z — a; Z — a;
bng sz2 b1]1n
(z—a1)(z —ay) z — a; o z—a,
We used the following identities
Z—a 1
=1 L
z —a; + (o al)z—aj’
1 1 1
(z—a)(z—a;)  (a;—a)(z—a;) (45— a)(z—a)
The expression above obtained the form:
Ti(2) BT (2)
zZ — (lj
v, S 1
—_— .U+ b (a; —
| g 1n T 1n<a]' al)z—aj
by 1 by 1 b3
=la—arz—a; a—arz—a z—a;
aj—a1z—a; aj—az—a z— aj
Denote by {z: |z — x| =r} = B(z,r). Then
1 Ty (2) BT, (= 1 Ty (2) BT, (=
Aj: ' / 1(>J1()d,2:—,/ 1(>J1()d,2:
271 Z— ay 271 Z—ay
{zl2—a;]=r}

B(G’JVT)
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bJ1127T’L b{Q(CLj — a1)27m' b{ ((lj — a1)2m'
b’ ) D T
1| ila12m bl 270 b, 2mi
271 )
v , .
nl_omi b 2mi bl 2mi
a; — aq
by blola;—ar) . bl,(a —a)
1)321 ) )
b} v,
o —a 22 2n
v . .
L bﬁz2 bgm
a; —a
Indeed,
1 LB (=), 1 / Ty (2)B;T1 ' (2)
271 Z—aj - 2mi Z—aj
{z:|]z—a1|=r} B(ai,m)
0 0 . 0 0 0.0
j J
1 b 2mi 0 . 0 b 0
_ = aj — _ (lj —
21 E -
b’ b’
L omi 0 . 0 il .0
a; — a a; — aj
1 LEBTE), 1 / L()BT(z)
271 Z— aj - 2mi Z—aj
{z:|z—a¢|=r} B(at,r)

For 7 = 1 we have

Ty(z)B\ Ty () + D Bj(z)+D

Z — aq

Z — a7
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A +1
1+ 1 0
Z — Q7
1
0 0 0
zZ — a1
o 0. =
Z — ay
An 1
0
Z—a Z—ap
1
0 0 0
zxal
0 0 . -
Z — a1

and

1 Ty (2) BT (2) +D, 1 Bi(2)+ D
211 / zZ—a z 2 / zZ—a
{z:|z—a1|=r} {z:]z—a1|=r}
AM+1 0 0 0 0
0 A1 0 0
0

Therefore,
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M+1 0 O 0 0
0 A1 0 0
) ) . 0
0 0 0 A1
0 0 0 0 M
A1=Res,—,,B(z)=
A, 10 0
0 A, 1 0
0 ) .
0O 0 O 1
0O 0 0 An
O‘ 0 .0
__ b 0.0
je{2,....,m}
b’
L0 .00
a; — a;

In the general case, i.e. D = diag(1,1,...,1,0,0,...,0) then
——

a

Ay = Res.—,, B(z)

M+ 1 0 0 0.0 0
0 M+1 0 0. 0 0
0 0 M 1.0 0 0
0 0 0 0. X 1
| oo 0 0 0.0 X
q e
Aol 0 00
0 00 . A\ 1
00 . 0 X
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0 0 0.0
0 0 0 .0
B by
+ Z _ (g+1)1 _ (g+1)q O ) O
. a; — ay a; — aq
je{2,....m} J J
b b,
nl . q 0 . 0
a; — aj a; — ay
b1y biq b]1(q+1)(aj — ay) bin(a; — ay)
A by bygen(ag—a1) - bl(a; — ay)
j j
Aj:ReSz:ajB(z): b(q+1)1 b(q+1)q b B
q—a a; — ay (¢+1)(g+1) (g+1)n
b‘;,l bglq bj b]
a; — aj a; —a n(g+1) nn
for each j € {2,...,m}.
Let [Re(A1)] > A1, then as mentioned above D = diag(—1,0,...,0) if
p = 1. It means that we have the following identities:
1
0 0 z—a; 0 . 0
zZ — a1
Tin=(-a)P=| 0 1.0 7@m=| " -7
b b D1
and B; — b]21 b%Z bJQn
b{zl bﬁl? bﬁm
From here it follows that for each fixed j € {2, ..., m} we have:
b, bl b,
F Ty (z — a1)(z — a;) (z = a1)(z — a;)
Ty (2) BT (2) by (2 — an) by b3
Z—Clj - Z—aj Z—aj Z—aj
bZLQ(Z — ) bZLQ Dl
Z—aj Z—aj Z—aj
By using the following identities
z-a z—a;+a;—a _ oy aj—ar _ 1+ (aj—a1) 1
Z—aj Z—aj Z—aj : 2 —aj
1 (g a)—(2—a;) 1 1 1 )
(z—a)(z—a;) (aj—a)(z—a)(z—a;) aj—a; z2—a; z—a
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1 1
(a;—a)(z—a;) (a5 —a)(z —ay)
we obtain:

J
b1y

z—aj

. . 1
bl bl R
_ | be b2 (ay a1>z — g

1

Z—CLj

bZﬂ + bZn(aj —ay)

T\(2) BT (2)

Z—ay
J J
M, 1 b, 1
aj — a1 2 — a4y 'aj—alz—al
b
2 — aj
B
2 —aj

Calculation of the integrals

Ty (2) BTy (2) p

Ty (2) BTy (2)

z, dz
Z—ay Z—aj
{z:|z—aj|=r} {z:[z—a1]|=r}
and
1 T (2)BT{ (=)
271 Z — aj
{z:|z—a¢|=r}
gives
bjll b]12 bjln
1 Ty(2) BT (= A aj —ap  a; =0
— 1() 71 ()dZ: b (aA—a1) v b
i z —a; 21\%y 2 2n
{z:lz—a;|=r} ; ‘ i :
bnl (aj a’j) bn2 me
1 T (2 B"Tfl > a; — a1 CLj — Q7
— BT ), 0 0 . 0 :
271 Z— aj
{z:|z—a1|=r} )
0 0 . 0
Lo BEBIG, L ROERG,
211 Z— aj 211 Z—aj .
{z:|z—a¢|=r} B(at,r)

Finally we obtain
A1=Res,—,,B(z)=
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AM—1 0 . 0
0 Ao 0
Ao 10 0 0
0 A, 1 0 0
0 .
0O 0 0 . A 1
0 0 0 0 A\,
+ Z a; — a; aj — ay
j€{2,.;m} \0 0 0
and
0 aj—a 6, —a
Aj=Res.—;B(z)= | b},(a; — ay) b ) v, for each j €
bfn(% a;) 0o O
{2,...,m}.
When p > 1, then D = diag(—1,—1,...,—1,0,0,...,0) and residue ma-
— —

q
trices have the form:

A = Res.—,, B(z)

M- 1 0 X 0 .0 0
.1 A .00 0
0 A -1 .
0 0 0 0 .1 XN
a e
= +
M 1.0 0
0 00 . A 1
0 0. 0 A,
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j .
0 0 bl(‘ﬁ‘l . b{n
’ aj—a;  aj—a
+ > 1o . o ey
j€{2,...,m} a; — aj aj — ay
0 0 0 0
0 0 0 0
A; = Res,—,, B(z)
j .
bj b] bl(qul) bjln
11 . 1q .
a; —ai a; — aj
j A
— bj b b q(q+1) bzln
ql ) a9 a: —a T oai—a
, J 1 J. 1
b(q+1 (aj —a1) . bzq—i-l)q(aj —ay) qu+1 )(g+1) b€q+1)n
(a;—a;) . b(a; — a) O ey - Vi

for each j € {2,...,m}.
Lemma is proved.
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