Bulletin of TICMI
Vol. 29, No. 2, 2025, 95-102

A Relation Between Monodromy Matrix and Accessory
Parameter of Lamé Equation

Gega Gulagashvili*

1. Vekua Institute of Applied Mathematics of 1. Javakhishvili Tbilisi State University

(Received March 5, 2025; Revised September 10, 2025; Accepted September 30, 2025)
We will consider the Lamé equation, which is a second-order differential equation with an

accessory parameter. It is known that the existence of an accessory parameter depends on
the monodromy matrices. We will determine the type of this dependence.
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1 An accessory parameter of Lamé equation

Consider the Lamé equation:

P + 50 (B~ (1) 2+ B)y =0, (11)
we are given
3
p(z) =42% — goz — g3 = 4H (z—2z)=(2—21)(z — 22)(2 — 23) (1.2)
i=1

a polynomial of 3rd degree in a complex variable, which is presented in its canonical form
(meaning it has no quadratic term). Its roots are z1, 29,23 € C complex numbers. The other
known parameters are n € Q, g2, 93, and B. The parameter B is the accessory parameter of
Lamé equation.

If we rewrite equation (1) for its highest-order derivative, we get the following expression:

"o 1p(2) + n(n+1)z+B

2 p(2) " o02) (13)

If we introduce the substitutions x1 =y, xo = y/ and define the column vector X= <£1), then
2
equation (3) is transformed into a system of equations, which can be given in matrix form as
‘Tl = T2

. __lp,(z)x +n(n+1)z+B$ _n(n—i—l)z—i—Bw _lpl(z)m (1.4)
27 Tap(z) p(z) YT () 2z
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In a matrix form, this is given as:

1
Y nwrnes 1Y) x (15)
p(2) 2 p(2)
where
0 1
B(z)=|n(n+1)z+ B _}p'(z) (1.6)
p(2) p(2)

is the matrix of system (5), which is equivalent to the following Fuchsian system:

dF A A A
:< LI )F (1.7)
dz Z—21 RZ—2z9 Z—23

where Ay=resB(z), As=resB(z), As=resB(z). To calculate these residues, we first need to
z1 z2 z3

simplify the terms of the B(z) matrix. Let’s try to do this. First, we will calculate the derivative
of the polynomial p(z),

p(2)=4((z—21)(z—22)+(z—21) (z —2) + (z — 22) (z — 23)) (1.8)
which is needed to simplify the expression:

P(2)_ 4(z—2) (= 2) + (= 2) (2 — ) + (2 — 22) (= — )
p(2) i(z-2)(z— ) (2 — )
1 1 1

= + + . (1.9)
z— 21 zZ— 22 Z — Z3

To calculate the second entry of the B(z) matrix, we first need to simplify the following expres-
sion:

1 1 1
(z—21)(z—2)(z—23) (2—21)(z—22) 2z—23
B 1 1 1 1
(21 — 2’2)(2’1 — 23) z— 21 (ZQ — 2’1)(2’2 — 23) z — Z9
1 1
. , (1.10)
(23 —21)(23 — 22) 2z — 23
and then simplify a second one:
a~z+ﬁ:a-(z—'y)+ﬁ+a-’y:a+ﬂ+a~fy‘ (111)

Z—=Y Z—=7 Z—=7

Finally, we are ready to simplify the second entry of B(z), which is the following expression:
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g . MEDEEB s D)+ B)

p(2) p(2)
B 1 n(n+1)z+B+ 1 n(n+1)z+ B
(21 — 22)(21 — 23) z— 2 (22 — 21)(22 — 23) Z— 29
1 n(n+1)z+ B
_l’_ .
(23 — 21)(23 — 22) Z—Z3
_ BHnn+1)zn 1 B+n(n+1)z 1
(21 —22)(21—23) z—2z1 (22— 21)(22—23) 22— 29
B 1 1
+nn+1)z . (1.12)
(23 —21)(23 —22) 2z— 23
Considering all of this, we can conclude that:
0 1
B(z)=|n(n+1)2+B 1p/(z)
p(2) 2 p(2)
0 1
1 B+n(n+1)z 1
4 \ (21 —22)(21—23) 2z—21
= B+n(n+ 1)z 1
(20— 21)(22 — 23) 2z — 22
B+n(n+1)zs 1 1 ( 1 1 1 )
(23 —2z1)(23 — 22) 2z — 23 2 \z—21 z—2z90 2z—23
1
; 3
= B+n(n+ 1)z 1 1 1
Ad(z1 —29)(z1 —23) z—21 2 z—2
1
0 -
3
Tl B+nn+1)z 1 11
A(zg — 21)(22 — 23) 2z — 29 2 z— 2
1
; 3
T B4+nn+1)z 1 1 1 (1.13)
A(z3 — 21)(23 — 22) 2z — 23 2 z— 23
1 . .
We are now ready to calculate the A; = resB(z) = 5 B(z)dz matrices for j =
Zi e {z:|z—z;|=r}
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1, 2, 3 and r > 0 is a positive real number. To do this, we first need to calculate the following
integrals:
1
) 3
B +n(n+1)z; 1 1 1

{zle=zjl=r} \4(zj —21)(25 — 2p) 2 —2j 22— 2

1
0dz / gdz
{z:|z—z;|=r} {z:|z—z;|=r}
/ B+nn+1)z 1 & / 11 s
Adzj — 2) (25 — 2p) 2 — 2 2 z—z
z:|z—zj|=r} {#tlz—z;|=r}
0 0
= B +n(n+ 1)z
4(zj — 2) (25 — 2p)

) 1 .
-2y —— - 2m
2

0 0
= B +n(n+1)z;

4(zj — 21) (25 — 2p)

(1.14)

2wt —mi |’

and then this:

0
B+ n(n+ 1)z 1 1 1

{z:le—zjl=r} \4(2z — 25)(26 — 2p) 2 — 2k 2 z— 2z

W =

1
0dz / gdz
{zt|z—2;|=r} {zt]z—2j|=r}

B+n(n+ 1)z 1 1 1
. dz —=- dz
dzp — 2) (26 — 2p) 2 — 2k 2 z—z

z:|z—zj|=r} {z:|z—zj|=r}

_ (8 8) , (1.15)

where j, k, p=1, 2, 3 and j # k # p. According to the definition, we obtain:

1 1 0 0

Aj=resB(z) = — / B(z)dz=— | B4+n(n+1)z
2 271 27
{z:|z—zj|=r} 4(zj - Zk)(zj - ZP)

- 2w —T

0 0

+<8 8>+(8 8): Btnn+1)z 1], (1.16)

A(zj — 2)(25 — 2p) 2

where j, k, p=1, 2, 3 and j # k # p. If we consider the following expression, we obtain:

B+n(n+1)z B+n(n+ 1)z N B+n(n+1)zs
4(z1 —29) (21 —23) 4(22—21)(22 —23) 4(23—21) (23 — 22)
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B z9—2z3—2z1+23+21 — 22

T4 (21 — 22) (21 — 23) (22 — 23)

n(n+1) 2122 — 2123 — 2122 + 2223 + 2123 — 2223
4 (Zl — 2’2) (2’1 — Z3) (2’2 - 23)

from this, we can conclude that:
0 0
Ay = 3]. 1.18
0 3 (118)

2 The dependence between the accessory parameter and the monodromy
matrix of the Lamé equation

= 0. (1.17)

It is well known that the calculation of monodromy matrices depends on either a resonance or
non-resonance condition. A matrix of this type is given by the Taylor series expansion of the
matrix exponential:

(2miA)?  (2miA)? (2miA)"

2miA __ ;
e =FE+2miA+ o1 + i +...+ o +... (2.1)

Here, E denotes identity matrix, A denotes the matrix corresponding to a singular point of
the Fuchsian system of differential equations. We need to calculate the matrix ™4 for the
Fuchsian system induced from the Lamé equation. Let us try to do this.

For this, it is necessary to calculate the following matrices, as we already know the form of the
matrix for the Fuchsian system corresponding to the singular points induced from the Lamé
equation:

1 0 1 0
A . . 7
= amia (@ 1) = e o)y 22
2mib b

Theorem 2.1. The monodromy matrices at the finite singular points z; and the infinite singular
point co will be calculated using the following formulas accordingly:

1 0
24 = | B+n(n+ 1)z L]

(27 — 2k) (25 — 2p)

2 Ao 1 0
e _(O 1) (2.3)

where j, k, p=1, 2, 3 and j # k # p.

and

Proof. If we observe, we will see that the characteristic roots at the finite singular points z;
1 3
and the infinite singular point co are (O, —3 and | 0, 2) accordingly. From this, we can

conclude that the Fuchsian systems induced from the Lamé equation are non-resonant at these
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points. This means that the monodromy matrices for the finite and infinite singular points are

calculated using the formula e?™*47, where

0 0
Aj = B+n(n+1l)z 1],
Az — zk) (2 — 2p) 2

(0 O)

Aso = 3, (2.4)
03

J, k,p=1, 2, 3and j # k # p.

As we have seen above, the form of the A; matrix matches the form of the A matrix for which

and

. B 1)z; 1
we have already calculated e2™4 matrix. If we substitute a = e + 2(7; (—: )Zé ) and b = —5
J T ~kJ\<j T ~p
into the formula given above, we obtain:
1 0
(3)
B+nn+1)z; i By
e2miA; _ ( )% e 2) -1 1
= | 4z —2)(z — ) 2m'<—>
2
T e
2
1 0
=1 (e‘” B 1) B +n(n+1)z; o
A(z; — 1) (25 — 2p)
1 0
= | B+n(n+1)z (2.5)

(zj — 21)(2j — 2p) A

where j, k, p=1, 2, 3and j # k # p.

If we now substitute a =0 and b = 3 into the formula given above, we obtain:

1 0
2m<2> 0 e 0 —-1)°
0 e

From this, we can conclude how fixing the accessory parameter determines the monodromy

—~

2.6)

matrix.

Let’s try to figure out how a condition on a monodromy matrix, such as for example unitarity,
determines an accessory parameter.

In our case, the matrix M can take one of two forms:

1 0
B +n(n+1)z; AR

(27 — 2k) (25 — 2p)

M
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or

M= <01 _01> 2.7)

where j, k, p=1, 2, 3 and j # k # p. In general, the form of the monodromy matrix M is of

the type:
a b
@ a8

As is known, the unitarity condition is equivalent to the isometry condition, which means that
[zl = [[Mz]]s.

1
)]

a b\ (z1\| _||(ax1+ bz
c d) \zo /)| ||\cx1+ dxo

where x;, y;, a, b, ¢, d are complex numbers ¢ = 1, 2. The isometry condition for a general
form of the monodromy matrix means that the matrix preserves the length of a vector. This
can be expressed by the following equality:

and

’ = ((ax1 +baa)? + (cxy + d$2)2> 2, (2.9)

42l = (a2 + 02) 22 + 2 (ab+ cd) 129 + (b2 + d2) 3,
and then
23 (1 —a?) + 23 (1 — d?) = *a} + 2 (ab + cd) z122 + b*23. (2.10)
In our case, if we make the substitution a =1, b=0, d = —1 we get:

23(1—1)+25(1 —1) = *a? — 2cay29 + 022,

¢(exy —2x9) =0,

c=0,

L2
c=2-—.
x1

B 1)z;
+nn+1)z and denote 2+ —2 expresion by
(2 — 2) (2 — 2p) L1

(2.11)

Let’s take into account that in our case ¢ =

A, then we have:

B+n(n+1)z;
(25 — 2) (25 — 2p)
B+n(n+1)z;

(27 — 21) (25 — 2p)

:0,

=\
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and
B = —n(n+1)z;, (2.12)
B =X (2 — zt)(zj — zp) —n(n+1)zj, '
in general:
B=X-(zj — 2zt)(zj — zp) —n(n+1)zj, (2.13)
where A € C and j, k, p=1, 2, 3 with j # k # p. O

Theorem 2.2. If the monodromy matriz at the finite singular point z; is unitary, then the
accessory parameter will be calculated using the following formula:

B=X-(zj —2)(zj — 2p) —n(n+1)zj, (2.14)
where A € C and j, k, p=1, 2, 3 with j # k # p.

Proof. The proof can be seen above.
From this, we can conclude how the condition on the monodromy matrix fixes the accessory
parameter and vice versa. O
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