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A linear operator A from a Banach space X to X (A: X — X)) is called continuously invertible if it is a
bijection and its inverse A" is bounded.

Remark 1. Let A and B be linear operators in a Banach space X whose domains are dense in X . Suppose
that D(A) < D(B), and for any vector u in D(A) the following inequalities hold: (a) Bul < c,|/Aul|, (b)

|Bu| <cxt(1—x) | (A+&B)u||, where 0<x <1, 0<a <1, ¢, andc,are positive constants. Then,

operator A is continuously invertible if and only if A+ B is continuously invertible.

Remark 2. Remark 1 remains valid if condition (b) is replaced by the following condition:
|Bul < q||Au|+||(A+B)u|, Yu e D(A) = D(B), where 0 < q <1.

Remark 3. Let A and B be linear operators in a Hilbert space H whose domains are dense in H . Suppose
that D(A) — D(B) and for any vector uin D(A) condition (a) of Remark 1 and the following inequality
are satisfied: Re(Au, Bu) >—q ||Au||2, where 0 < <1. Then, operator A is continuously invertible if and

only if A+ B is continuously invertible.

Remark 4. If, instead of condition (b) in Remark 1, we require the inequality
|Bul| < q||Au|+c, [(A+B)u|, Yue D(A) = D(B), where 0<q <1, c, =const >0, then continuous

invertibility of the operator A implies continuous invertibility of the operator S = A+ B if R(S)= X, and
vice versa, continuous invertibility of the operator S implies continuous invertibility of the operator A if
R(A)=X.



