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Abstract. The object of the present paper is to construct explicit solutions of
BVPs for an isotropic elastic infinite strip with voids. General representations of
a regular solution of a system of equations for a homogeneous isotropic medium
with voids are constructed by means of the elementary (harmonic, bi-harmonic
and meta-harmonic) functions. Using the Fourier method, the basic BVPs are
solved effectively (in quadratures) for the infinite strip.
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1. Introduction

Elastic materials with porosity are very important and have applications in
many fields of engineering, such as the petroleum industry, material science and
biology.

The theory of porous materials with voids is used for investigating various
types of geological and biological materials for which classical theory of elasticity
is not adequate. This theory studies the behavior of elastic porous materials
like the rock, the bone and the manufactured porous materials. The voids are
assumed to contain nothing of mechanical or energetic significance.

Recently the linear theory of elasticity for materials with voids has been
expanding and developing in different directions. For example, the non-linear
version of elastic materials with voids was proposed by Nunziato and Cowin
[1] and the linear version was developed by Cowin and Nunziato [2] to study
mathematically the mechanical behavior of porous solids. Iesan in [3] established
a variational theory for thermoelastic materials with voids. In [4, 5] Ciarletta
and Scalia studied a linear theory of thermoelasticity for materials with voids
and established uniqueness and reciprocal theorems. In [6] Iesan and Quintanilla
have developed the theory of Nunziato and Cowin for thermoelastic deformable
materials with double porosity structure by using the mechanics of materials with
voids.

Many problem have been considered for elastic materials with voids by many
authors (some of those articles can be seen, for instance, in [7-23] and the refer-
ences cited therein).

In the present paper we consider the elastic infinite strip with voids. General
representations of a regular solution of a system of equations for a homogeneous
isotropic medium with voids are constructed by means of the elementary (har-
monic, bi-harmonic and meta-harmonic) functions. Using the Fourier method,
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the basic BVPs are solved effectively (in quadratures) for the infinite strip.

2. Basic equations and boundary value problems

Let D denote an infinite strip with voids 0 < 29 < H, —o0 < x1 < +00.

Let x := (z1,22) € D. 0x := i, i . The boundaries of D are x5 = 0 and
awl 8%2
Tro — H.

We say that a body is subject to a plane deformation if the component us
of the displacements vector u(uj,ug,us) vanish and the other components are
functions of the variables only x1, x2.Then the basic system of linearized equations
of motion in the theory of elasticity for homogeneous and isotropic materials with
voids structure can be written as

pAu + (X + p)graddiva + Sgrady = 0,

(1)
(@A —¢)p — B divu =0,

where u = (u1,us)' is the displacement vector in a solid, ¢ is the changes
of volume fractions from the reference configuration. A, u, B8, «, ¢, are
constitutive coefficients, A is the 2D Laplace operator. Throughout this paper
the superscript | denotes transposition.

For the equation (1) the basic BVPs for an infinite strip are formulated as
follow: Find a regular function U(x), satisfying in D the system (1), when on
the boundary of the domain D one of the the following conditions are given:

Problem 1.

u+:f+(:n1), gpzfgr, ro=0, u =F (1), ¢o=F;, z2=0H,
Problem 2.
[TUIT =f"(21), ¢=fy, 22=0, [TU]"=F (1), ¢=F; x2=H,

where T(0x,n)u is the following vector

9 ,9
’u8x2 'ual‘l
T(0x,n)u := u + fngp,
N
8931 Ho 8902

po = A+ 2p, n:(oal)

The vectors functions f(f1, f2), F(F1, F») and the functions f3, F3 are given func-
tions on the boundary D, satisfying certain smoothness conditions and also the
conditions at infinity.
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3. A representation of regular solutions

The following theorems hold:
Theorem 1. If U := (u, ) is a reqular solution of the homogeneous system
(1) then w, and ¢ satisfy the equations

AA(A — s2)u =0,
(2)

A(A = s1)p =0,
where
2 _ HOS — 32
§] = —m.
Mo

Proof. From (1) it follows that
1
B

Applying the operator div to equation (1); and taking into account (3), we obtain

[aA — (]p. (3)

diva =

A(A =52 =0 (4)

Further, applying the operator A(A — s?) to equation (1)1, and using the latter
relation we obtain

AA(A - s3)u =0,

which completes the proof.
Theorem 2. The regular solution U = (u, ) of system (1) admits in the
domain of reqularity a representation

h
u=Ww — grad [aoho + ﬁ;] ,
HoS7
(5)
o= hth, divu=—Sh—2n
B 1o
where
2
— (A
a0:w7 /,LOZ)\+2,U,, Ah:oﬂ (A—S%)h1:07
wB
the functions ¥ and hg are chosen so that
2 _
Aho=h, div® —mh, m— D —H0S
w3

Proof. Since ¢ is the solution of equation (4), we can write [26]
Y= h + h‘la (6)

where

Ah =0, (A—s3)h;=0.
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Further, substituting (6) into (3), we conclude

. S
divu = —Bh — ﬁhl.

Ho

Let us assume that the functions h and h; are known, when x € D, then from
(1), after obvious transformations, for u we get the following nonhomogeneous
equation

Au = —grad [aoh + ﬁhl] ; (7)
,u
The general solution of equation (7) has the form
u=Wwv+ u,

where uy is a particular solution of equation (7)
_ B
ug = —grad |agho + 72h1 , (8)
Hosy

The functions ¥ and hg satisfy the following conditions
AP =0, Ahg=h, div¥l =mh.

Thus, we have obtained the general solution of system (1) in the form (5).
Here and in what follows we assume that the prescribed on the boundaries

(r2 = 0 and z9 = H.) functions be representable by the Fourier integrals (see
[27])

F(SEl \/—/ eXp _l$1§) dg§

and the inversion formula

(1) exp(iz1&)dx;

0~ /7

is valid.

4. Solution of Problem 1 for an infinite strip

In this section, to illustrate the suggested method, we construct an explicit
solution of Problem 1 for an infinite strip with voids in details. Quite similarly,
we can construct the solution of Problem 2.

We are looking for a solution of the system (1), under BCs of Problem 1, in
the form (5), where the functions h, hi(x), and ¥ are sought in the form
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1 “+oo
— —w2¢] (w2—H)IE]) | piz1€
h - \/% / [n(é-)e 2 + V(g)e ? :| € ! dé-v
1 +00
- (4) (£)p—2[él (4) p(z2—H)l¢| ;
U = Nor / [n (&)e 28 4 piHelt2 } exp(iz1€)de, o)

+oo
" \/12?_/ [ (©)em™ + v (€)el= = | e,

=g tst @ =), v @ =),

where n(4), v Nk, 1, v and v are absolutely integrable unknown vector
functions;

Owing to the fact that Ahg = h, the function hg can be represented in the
following form

+00 +oo
—x9 _ : df Tro — H _ . df
ho = — 2 w2l€] iz €25 4 (w2 —H)[E] 11157’ 10
0 9 ,727'(' 77(5)6 € |€| 9 /727_‘_ V(f)e € ’§| ( )

We introduce the following functions
[diva]" = F}f,  [divu]” = F} .

Let us substitute expression (9) into (5), pass to the limit as o — 0 and x9 —
H, and taking into account boundary conditions, for determining the unknown
values, from (5), we obtain the following system of equations

+
[\I/]—’— =f"+ [grad |:aoh0 + 6h12:|:| ,

HoSY
Wt + bt = —%;ﬁ - ihi = Fy,
(11)
he11-
(@] =F + [grad |:a0h0 + 612” ;
HoS1
h=+h] =Fy, —;h_—fohle47

By solving h*, hli and UF from Eq. (11) we obtain:
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h+:—ﬁ2{ﬁf§r+Fj}:G+, hi = aiz{ f3+F+}:G+,
1

[\I’]+ = ft + [grad |:a0h0 + Bhl:|:| = G;r,

HoST
(12)
- BB o - B s - _
S S ol = | F 4 F | =
h 043%|:M03+ 4] G hy as%[ﬁ?,"' 4] Gp,
[P]”=F + [grad [aoho + Bhé” =G,,
H0ST
On the other hand, from (9) and (12) it is evident that
n(E) + (e M =GF, @ M 4 u() = G-,
m(€) +r(€e M =Gf,  m(e M +1n(¢) =Gy, (13)

17(4) (5) —+ V(4)€7H|£| = G%—’ 17(4) (g)efHKI -+ V(4) = G2_7

where G:, G, ... are Fourier transform of the functions G:, G, .... respectively.
After some transformation, from (13) we find

G+ _ o—HIEIG~ G~ — e HEIGH
=T TezmE 0 VT T Ze2HE
3 g A N~ _ o —Hri ot
n = Gl —° rlGl , V1= Gl — ¢ TIGI ) (14)
1 _ e*QHTl 1 — e*2H7‘1
@ _ G3 |5|G L@ _ Ga - e HIEIGT
n 1 — e—2HE 1 — e 2HEl
The obtained values (14) are substituted into (9), which yields
hx) = / G+ sinh(H — 932)|f| + G~ sinh 25[¢| 6ix1£d§,
m sinh H|¢]
/ G+ smh — $2)T1 + G1_ sinh w27 1x1§d£
hi = \/% sinh Hrq ’ (15)

G4 sinh(H — z9) (€| + (/?rgsinhxg\ﬂ «
w(x - e w1E e,
(x) T / [ sinh H|¢] ¢
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Substituting (15) into (5), we get the solution U = (u, ¢) of Problem 1 in quadra-
tures.

5. Solution of Problem 2 for an infinite strip

Following the procedure, quite similarly as above, we can construct a solution
of Problem 2 for an elastic strip with voids.

We are looking for a solution of the system (1), in the form (5), where the
functions h, h; and W are sought in the form (9).

Keeping in mind that

2
o[22 0 (s D))

61'2 82131 81‘1 3:1)2

(16)
AG Oy 2Bp 19 d%hg
TU), = =2+ 20— — 2pag—=2
TUL { 5}“ Hows T e |1 om0 g2
and using the boundary conditions, we obtain:
when zo =0
(TN = o [~lgnf® + el Vel + ig(ns? + vfPe 1))
1 ~Hle] 5 “Hry _
ua015 |£‘ m —H|e 2/“’£ 52 (_771 + e ) = fl ’
51
¢ HIg (4) — Hle|
[TU] = 6—3 [+ ve e+ 2pé - + 14 ] (17)
H ~
2M\§|2 ﬁ (771 + e M) — 2paq [77 +v <1 - f’) qu =f3
Wt = fr —Spr o P g
5B po ! L
when zo = H
(TUN = o [~ [eln{ Vel + el + ig(nse=el + 1))
. —Hl¢| . Br1 —Hry _
—pagi§ | H — m ne + = ‘€| - 2MZ§R (—me +uv)=F
1
ACT pe-Hlel o~ HIEl |
[TU]2 = 5_7 [ne + ]+ 2pl¢|[-n + vy ] (18)

H .
—2u|§!2i2 (me™ "™ + 1) = 2paq {” + <1 - |§> neHlﬂ — B,
H0o ST 2
T — S B _
h™ +hy =Fy, ——h™ ——hy =F,
1 3 1o 1 4
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From (17, 18), by the same calculations, as above, we derive

B | B B Is
+_ _ Ff|=a* + _ St pt| = oF
o et = 5 ] -
T e Y - A [ S
N =g [MOF3+F4]_G, hl_as%[ﬂFg)JrFA‘}—Gl,

On the other hand, for determining the unknown coefficients, we obtain from (9)
the equations

n(E) + v(©e HE = GF, p©)e Ml u(e) = G,

(19)
m(&) +ri(€e MM =Gy, m(Qe " +un(€) =Gy,
After some transformation, from (19) we find
GT — e HEIG- G- — e HEIGT
TS T ez 0 VT T —eeHE
G einG G G (20)
nl = 1 _ e—QHT'l ’ v = 1 _ 6—2H7’1 ’
substituting (20) into(9), we get
1[G sinh( — z3)[é] + G~ sinhaale
sin — I T simnxo ;
h il
(x) = ~/27r sinh H¢] ] ¢ $
(21)
By — / G+ sinh(H — z2)r1 + Gy sinhzor ¢i1€ g
\ 2 sinh Hrq ’

Let us find the expression for Wy. To this end from (9), (17), and (18), using
some algebraic manipulations, we get

(=t + Ve 1) Jg) g (n) + P14

= agi& [|€| +v <‘2| _H> H§|] +2i€5(;1% (_771 _|_V167Hr1) + -}2 — Go,

2] (< + e l) = 262 oy e )
1

+2a0[?7 +v <1 - Hzlél) e—H|f|] + iﬁ —~ i[ )‘;] (n +ve H‘ﬁb: Gs (22)
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(=il ) e+ g (n Ve 114 14

ot [(H - Ifl\) oM \fl] ” gﬁll (e ) + = G

2/¢| ( e HIEl l/(4)) = 2|§]2i2 (me*H” + 1)
51

H 1 —~
2yt (1= 58 ) nen 1) L= 2l e =G 29
2 u B
After certain calculations, it follows from Egs. (22) and (23) that

@) _ Gs — e HIEIG, C. ~Gs + e HEIGy
T (1 e 2T (=1 + eI’

—/ H —/ —/ H —/ (24)
@ _ Gy —e MG, L _ —Ga +e” €I,
T T e ) T g (<1 e 2y

where
Gy =Gy — ity + Ve M), G = G —ig(nf e e 1+ ).

We assume that f@ = F(0). This condition means that the principal vector of
external stresses is equal to zero.
Substituting (24) into (9), we get

1 ke cosh(H — z9)|€] — COSh332’f| ;
N _ 2 4 m?lfd ,
109 rzw_/ _ =l sinh H¢ o
(25)
1 o é\g cosh(H — x9)|&| — é; COSh$2’§|- ix1€
V)= T / _ —2[¢[ sinh H¢] |

For the existence of a solution of Problem 2 it is necessary that the principal
vector and the principal moment of external stresses acting on the boundaries
of the domain D be equal to zero. As is known from the general theory these,
conditions are sufficient as well.
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