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We survey some recent results obtained by Vladimir Maz’ya and myself concerning the func-
tional dissipativity of second order systems of PDEs. In the particular case of operators of
the form 8y, (o7 (x)dpu), where oz are m x m matrices, we have given algebraic necessary
and sufficient conditions. For such operators, we investigate the relations between different
notions of functional ellipticity and functional dissipativity.
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1. Introduction
Let A be a scalar second order partial differential operator
Au = div(e7 Vu) (1)

defined in a domain © C R™. The coefficients a™* are supposed to be essentially
bounded complex valued functions (a"* € L>(Q)).

Given a function ¢ : RT — R™, the operator (1) is said to be functional dissipative
with respect to ¢ if

Re / (o Vi, V(ip(|ulJu)) di > 0 (2)
Q

for any u € H(Q) such that o(|u|)u € H(Q).

The concept of functional dissipativity was given in [13]. A motivation for the
introduction of this notion will be given in Section 4.

When ¢(s) = sP~2 (p > 1) we have the so-called LP-dissipativity

[Re/ (o Vu, V(JulP~?u)) dx > 0 (3)
Q

for any v € H(Q) such that |ulP2u € H'(Q). In [7] necessary and sufficient
condition for the validity of (3) have been obtained. In a series of papers the LP-

*Corresponding author. Email: alberto.cialdea@unibas.it

ISSN: 1512-0511 print
(© 2024 Thilisi University Press



58 Lecture Notes of TICMI

dissipativity has been considered for several different scalar and matrix partial dif-
ferential operators (see [8, 9, 11, 12] and the monograph [10], where LP-dissipative
operators are considered in the more general frame of semi-bounded operators).

A strengthening of the condition given in [7] for the LP-dissipativity has led to
the concept of p-ellipticity, which is connected to the LP solvability of the Dirichlet
problem for operators with complex coefficients.

The concept of functional dissipativity for second order systems has been con-
sidered in [14, 15]. The present paper aims to survey the main results obtained by
Vladimir Maz’ya and myself for a class of systems of PDEs. We mention that we
have also obtained peculiar results for the functional dissipativity in linear elastic-
ity, for which we refer to [15].

The present paper is organized as follows. After recalling the concept of LP-
dissipativity for scalar operators in Section 2, we describe the notion of p-ellipticity
in Section 3 and present some applications of our results.

Section 4 is devoted to the functional dissipativity for scalar operators.

In Section 5 we consider the functional dissipativity for second order systems,
giving necessary and sufficient conditions for a particular class of systems. We also
give several notions of functional ellipticity and investigate the relations between
them and the functional dissipativity.

2. LP-dissipativity for scalar operators

Let A be the scalar second order operator (1). The following result provides a nec-
essary and sufficient condition for its LP-dissipativity (in all this paper we assume
1 <p<oo)

Theorem 2.1 [7] Let the matriz Im of be symmetric, i.e. Im o* = lm o7. The
operator A is LP-dissipative if and only if

p = 2[ [(Im o7 (2)§, §)| < 2¢/p — 1 (Re o7 (2)E, ) (4)

for almost any x € Q and for any & € RV.

In [7] the result was proved considering more general operators with complex
measures coefficients. We remark that from condition (4) you can immediately
obtain some known results. Suppose that the operator A is such that

(Rea/ £,6) >0, ae zecQ, VEeRY.

Then A is always L’-dissipative. If A is a real coefficient operator, A is LP-
dissipative for any p.
We remark also that, if Im ¢/ is not symmetric or if the operator A has lower
order terms, then Theorem 2.1 does not hold. You can find some examples in [7].
The condition (4) is equivalent to the positivity of some polynomial in £ and 7.
More exactly, (4) is equivalent to the following condition:

p4p,<[Re42%§7§> T (Rea/n,n) — 2(1 — 2/p)(Im 7€, ) > 0 (5)

for almost any = € Q and for any &, € RY.
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More generally, if the matrix Im ¢ is not symmetric, condition (5) is still nec-
essary for the LP-dissipativity, but not sufficient. In this case, we can consider the
condition

;p,@eegf(x)&&) +(Re o (z)n,n) +2((p” " Im o7 () +p'~ ' Im &7* ())&, m) = 0 (6)

for almost any 2 €  and for any &, € RY (p' = p/(p — 1)). It turns out that (6)
is sufficient for the LP-dissipativity, but not necessary.

We mention that recently Maz'ya and Verbitsky [27, 28] gave necessary and
sufficient conditions for the accretivity of a second order partial differential operator
E containing lower order terms, in the case of Dirichlet data. We observe that the
accretivity of F is equivalent to the L2-dissipativity of —E.

3. p-ellipticity and applications of LP-dissipativity
Let A be a scalar operator with lower order terms:
Au = div(e7 Vu) + bVu + au. (7)

The operator A is said to be p-elliptic if a strengthened version of inequality (6)
holds. More precisely, A is p-elliptic if there exists £ > 0 such that

p4p’<Re o (2)€,€) + (Re o (x)n,n)+
1 m o/ (x 1 m o/ (x r(|€]? 2
2{ (Jim o) + i) ) > w6l + o)

ae. x€QVENERN.

CARBONARO and DRAGICEVIC [3, 4] showed that this condition implies some
bilinear embeddings, i.e. the boundedness of certain bilinear operators arising from
complex-valued second order differential operators. Their main result is the follow-
ing

Theorem 3.1 [4] Let PA = exp(—tLa),t > 0 and let p > 1. Suppose that the
matrices A, B are p-elliptic. Then for all f,g € C* (IRN) we have

| [ VR @[V P2 gl det < Cl 1l Q

with constant depending on ellipticity parameters, but not dimension.

If A and B are real accretive matrices then (8) holds for the full range of expo-
nents p € (1,00).

Recently CARBONARO, DRAGICEVIC, KOVAC and SKREB [5] extended this result
to trilinear embeddings.

In a series of papers [17-20] DINDOS and PIPHER proved several results concern-
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ing the LP solvability of the Dirichlet problem

0; (aij (x)aju) + bz(x)alu =0 in
u~(:c) = f(x) a.e. on 0f2 9)
Ny q(u) € LP(0Q)

where f isin LP(0€2). Here a > 0 is a fixed parameter and Ngﬂ(u) is a nontangential
maximal function defined using P averages over balls

1/2
Roa(u)(y) = sup (]1 \u(z)!%)
€l (y) \Y Bsa)/2(z)

(y € 09), where the barred integral indicates the average and I',(y) is a cone of
aperture a. To be precise, they say that the Dirichlet problem (9) is solvable for a
given p € (1, 00) if there exists a C' = C(p, Q) > 0 such that for all complex-valued
boundary data f € LP(092) N Bffz((?(l) the unique “energy solution” satisfies the
estimate

HNQ’“(U)H < C||f||Lp(aQ) .

Lr (%)

Since the space Bf/z(aﬁ) N LP(0N) is dense in LP(9N) for each p € (1,00), there
exists a unique continuous extension of the solution operator f +— wu to the whole

space LP(0Q2), with u such that Ng,a(u) € LP(0N) and the relevant estimate
HNQ,G(U)HLPW < C) oy s valid.

EGERT [21] has shown that the p-ellipticity condition implies extrapolation to a
holomorphic semigroup on Lebesgue spaces in a p-dependent range of exponents.

Our condition (6) and its strengthened variant are getting more and more im-
portant in many respects. We already considered the notion of p-ellipticity, but
there are also other applications.

We mention that Homberg, Krumbiegel and Rehberg [24] used some of the tech-
niques introduced in [7] to show the LP-dissipativity of a certain operator connected
to the problem of the existence of an optimal control for the heat equation with
dynamic boundary conditions.

Beyn and Otten [1, 2] considered the semilinear system

AAv(z) + (Sx, Vu(z)) + f(v(z)) =0, x € RV,
where A is a m X m matrix, S is a N x N skew-symmetric matrix and f is a suf-
ficiently smooth vector function. Among the assumptions they made, they require
the existence of a constant v4 > 0 such that

2|* Re(w, Aw) + (p — 2) Re(w, 2) Re(z, Aw) > ya|z|?*|w]|?

for any z,w € C™. This condition originates from our necessary and sufficient
condition for the LP-dissipativity of certain systems (see [8, formula (79), p.261]).
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The results of [7] allowed Nittka [29] to consider the case of partial differential
operators with complex coefficients.

Ostermann and Schratz [30] have obtained the stability of a numerical procedure
for solving a certain evolution problem. The necessary and sufficient condition (4)
shows that their result does not require the contractivity of the corresponding
semigroup.

Chill, Meinlschmidt and Rehberg [6] used some ideas from [7] in the study of the
numerical range of second order elliptic operators with mixed boundary conditions
in LP.

ter Elst, Haller-Dintelmann, Rehberg and Tolksdorf [22] considered second order
divergence form operators with complex coefficients, complemented with Dirichlet,
Neumann, or mixed boundary conditions. They proved several results related to
the generation of strongly continuous semigroups on L?.

4. Functional dissipativity for scalar operators
Let ® be a Young function, i.e. a convex positive function such that ®(0) = 0 and

®(+00) = +00. Let us consider the Orlicz space of the function u such that there
exists o > 0 such that

/ O(aful)dr < +o0.
Q

The relevant Luxemburg norm is defined as

|ul| = inf {A >0 ‘ A@(\u(;p)\/m dz < 1} .

For the general theory of Orlicz spaces see KRASNOSEL’SKII, RUTICKII [26] and
RAo0, REN [31].
Let us consider the Cauchy problem

u = Au
{U(O) =ug. (10)

where A is a certain linear operator. The condition for the decrease of the Luxem-
burg norm of solutions u of (10) is

-1/
uee/Q<Au,u>yu\ &' (|u]) dz < 0. (11)

Indeed, at least formally, we have

9 atute e =1 [ @ a0 Sote )

. Re/(ut,u>\u|_1¢’(|u|)dm ! [Re/(Au, W)~ (|u]) dz .
A Q A Q
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This shows that condition (11) implies the decrease of

R
Q

as t increases. It follows the decrease of the Luxemburg norm of solutions u of
Cauchy problem (10).
Condition (11) can be written as

[Re/g(Au, u) o(|u|)dx <0 (12)

where ¢ : Rt — R™.
The relation between the functions ¢ and @ is

o(t) = = O(t)= /0 sp(s)ds.

Therefore the convexity of ® (that we require in the definition of Orlicz space) is
equivalent to the increase of the function s¢(s). We note that we do not require
the increase of . For example, if ®(s) = s? we have p(s) = psP~2, and when
1 < p <2, ¢is decreasing.

If A is the operator (1) and we make a formal integration by parts in (12), we
get (2).

In [13] the functional dissipativity of operator (1) was introduced, under the
following assumptions on (:

(1) ¢ € CH((0,+00));

(2) (sp(s)) >0 for any s > 0;

(3) the range of the strictly increasing function s ¢(s) is (0, +00);

(4) there exist two positive constants C,Cy and a real number r > —1 such
that

C1s" < (sp(s)) < Cas™, s € (0,sp)

for a certain sy > 0. If r = 0 we require more restrictive conditions: there
exists the finite limit lim,_o+ ¢(s) = ¢4(0) > 0 and lim,_¢+ s¢'(s) = 0.
(5) There exists s; > so such that

©'(s) =0 or ¢(s) <0, Vs> s.

The condition (4) prescribes the behaviour of the function ¢ in a neighborhood
of the origin, while (5) concerns the behaviour for large s.

The function ®(s) = sP, i.e. ¢(s) = sP~2 (p > 1) provides an example of such
a function. Other noteworthy examples are given by the Young function corre-
sponding to the Zygmund space L log L, ®(s) = sPlog(s +¢) (p > 1), i.e. o(s) =
psP~2log(s+e) +sP7 (s +e)7t, and ®(s) = exp(sP) — 1, i.e. p(s) = psP~2exp(sP).

Necessary and sufficient conditions for the functional dissipativity of the operator
(1) have been obtained in [13]. Our main result is the following
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Theorem 4.1 [13] Let the matriz Im o/ be symmetric, i.e. Im o7* = lm o7 . Then
the operator (1) is L®-dissipative if, and only if,

|5 (8)]1{tm o7 (2) &, ) < 2/ (5) [s 9(5)]' (Re o7 (7) €, €) (13)

for almost every x € Q and for any s > 0,& € RY.
We have also

Corollary 4.2 [13] Let the matriz lm of be symmetric, i.e. lm o' = Im o7 . If

Ap = sup < 400,
>0 21/¢(s) [sp(s)]'

then the operator (1) is L*-dissipative if, and only if,

Ao [(Im o7 () €, €)| < (Re o7 (2) €, €) (14)

for almost every x € Q and for any € € RN. If \g = +oco the operator (1) is
L®-dissipative if and only if Im o7 = 0 and

(Re o7 (2)€,€) > 0 (15)

for almost every x € Q and for any & € RY.

We remark that Ag may be finite or not. For example, if the Orlicz space is LP or
the Zygmund space LP log L (i.e. ®(s) = sP or ®(s) = sPlog(s+¢) (1 < p < 0)),
then )\ is finite and the operator A is is L®-dissipative if and only if (14) holds. If
the Orlicz space is the one related to ®(s) = exp(s”) — 1, then A9 = +o00 and the
operator A is L®-dissipative if and only if Im ¢ identically vanish and (15) holds.

As for LP-dissipativity, condition (13) is equivalent to the positivity of some
polynomial in £ and n. To describe such results, let us introduce the function A,
which is defined by the relation

A (sv/e(s)) = _w/(z;i(;)w(S) '

Assuming that Im g7 is symmetric, we have that (13) is equivalent to the following
condition:

[1— A*(t)](Re.o (x) £,€) + (Re.or () m,m) + 2A(t)(Im o7 (x) €,m) 20 (16)

for almost every x €  and for any ¢ > 0,&,7 € RY (see [13, Remark 2, p.23)).

If the condition Im &7 = Im ¢7? is not satisfied, condition (13) is still necessary for
the L®-dissipativity of the operator A, but in general it is not sufficient, whatever
the function ¢ may be (see [13, p.23]).

If Im o7 is not symmetric, we have that, if

[1 - A*(t)](Re o () €, &) + (Re o (2) 1, m) +

17
[1+ A@®)](Im o7 (2) §,m) + [1 = A#)[(Im 7" (2) €, 1) = 0 "
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for almost every € Q and for any ¢ > 0,£,7 € RY, then the operator (1) is
L®-dissipative. In general, condition (17) is not necessary for the L®-dissipativity
of A. Note that, if Im ¢ is symmetric, then (17) coincides with (16).

In [13] the concept of functional ellipticity (®-(strong) ellipticity) was introduced
as well. If the principal part of the operator (7) is such that the left-hand side of
(17) is not merely non negative but strictly positive, i.e. there exists x > 0 such
that

[1 = A*(D)](Re o (2) €, &) + (Re o () m, )+
[+ A@®))(im e (x) &) + [L = At o* () €, ) = w(E° + [n])
for almost every = € Q and for any t > 0,&,7 € RY, we say that the operator A is
P-elliptic.

Very recently KOVAC and SKREB [25] proved bilinear embeddings in Orlicz spaces
by using conditions introduced in [13].

5. Second order systems

In [8] we have considered the LP-dissipativity for second order systems, obtaining
several criteria. For all the details we refer to [8].

In this section, we describe some of the recent results we have obtained concerning
the functional dissipativity of systems in divergence form. In the first subsection,
we discuss the notion of functional dissipativity and give necessary and sufficient
conditions for a particular class of systems. In the other subsection, we investigate
different notions of functional ellipticity.

5.1. Functional dissipativity

Let us consider a general system of the form
A = 0 (7" (2)0) (18)
where 0, = 0/0xy and " (x) = {alhjk (z)} are m x m matrices whose elements

are complex valued Llloc—functions defined in a domain  c RY (1<i,j<m, 1<
h,k < N). We say that the operator (18) is L®-dissipative if

IRe/(;z/lk Bt On (o Jul) w)) da > 0
Q

for any u € [C(Q)]™ such that o(|u|) u € [C1(Q)]™.
We say that the operator (18) is strict L®-dissipative if there exists x > 0 such
that

Re / (" 0,01 el lul) ) do > [ V(a0
Q Q

for any u € [C(Q)]™ such that o(|u|) u € [C1(Q)]™.
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In the particular case of matrix operators defined as

Au = (o7 (2)Opu) (19)
where o7"(z) = {a% ()} (i,7 = 1,...,m) are matrices with complex locally inte-
grable entries (h = 1,..., N), we have found necessary and sufficient conditions.

From now on we require also the following condition on ¢:
(6) the function |s¢'(s)/p(s)] is not decreasing.

This implies that the function A%(t) is not decreasing on (0, +00) (see [15, Lemma
8]). Since the function A does not change the sign, we have the monotonicity of
the bounded function A(¢) and then the existence of the finite limit

Ao = lim A(2).

t——+oo
We have also

A2 =sup A?(t).
t>0

We are now in a position to describe the aforesaid necessary and sufficient con-
ditions

Theorem 5.1 [14] The operator A is L®-dissipative if and only if
Re(er"(20)A, A) — A%, Re(ar" (z0)w, w) (Re(), w))?
+ Ao Re({." (z0)w, \) — (" (x0) N, w)) Re(\,w) =0
holds for almost every xo € Q and for any \,w € C™, |[w|=1, h=1,...,N.

A similar result concerns the strict functional dissipativity

Theorem 5.2 [14] Let us assume that
A% <1 (20)

The operator (19) is strict L®-dissipative if and only if there ewists k' > 0 such
that

Re(or™(20) A, A) — A2 Re(.o" (20)w, w) (Re(\, w))?
+ Ao Re({?" (0)w, A) — (7™ (z0) A, w)) Re(\,w) = K" | A2

holds for almost every xo € Q and for any \,w € C™, |w|=1, h=1,...,N.

5.2. Functional ellipticity

It is well known that there are different notions of ellipticity for systems. Indeed let
us consider again the system (18), where o7"*(z) = {a?jk(x)}mxm, a?jk € L>(Q)
(1<i,j<m, 1<hk<N). We have at least the following three notions.
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The operator A is said to be strong elliptic if the following Legendre condition
is satisfied

IRe(;z{hk(:L‘)Ck,Ch) > /~$|(]2, a.e.x €V, eC™

If the integral condition
Re/(dhk Ok, Opv) dx > /i/ |Vo|?dz (21)
Q Q

holds for any v € H 1(Q), we have the so-called integral ellipticity.
Finally, if the Legendre-Hadamard condition

Re{(./"* ()anar) A A) > w la] AP (22)

holds a. e. in €, for all ¢ € RV, \ € C™, we have the so-called weak ellipticity.

In all these conditions k is a positive constant.

It is clear that strong ellipticity implies integral ellipticity and it is well known
that integral ellipticity implies the Legendre-Hadamard condition (just take v =
Aet@%yh(x) in (21), ¢ being a test function; see, e.g., [23, p.107]). If the operator
is a real scalar operator (N = 1), then the three conditions are equivalent, but in
general they are not. We recall that (22) implies the Garding inequality, which is
more general than (21) (see, e.g., [23, p.102]).

In [16] DINDOS, L1 and PIPHER gave three kinds of p-ellipticity for second or-
der elliptic systems, which generalize the concepts of strong, integral, and weak
ellipticity.

In [14] we have further extended these concepts within the theory of functional
dissipativity. These are the precise definitions for the operator (18).

We say that the tensor {a?jk(x)} satisfies the strong ®-ellipticity condition if
there exists x > 0 such that

Re(ar " )&k, €n) — A2 (t) Re((/™* (2) — (™) " (2))w, n) Re(w, &)

(23)
FAE) (" (2)w, ) Re(w, &) Re(w, &) > wl¢[
a. e. in Q, for any &,,w € C™, |w| =1, ¢ > 0.
We say that the tensor {a,fbf(a:)} satisfies the integral ®-ellipticity condition if
there exists £ > 0 such that

[Re/ﬂ ((W akv,am+A(yv|)|vr2<(¢hk—(dkh)*) v, Ov) Re (v, Bv) o
—A2(Jv]) o]~ 7" v, v) Re(v, Opv) [Re(v,@hv))d:z: > /i/Q IVo|2da

holds for any v € [C(€2)]". We note that if there are no lower order terms, as in
the case we are considering here, the concepts of strong dissipativity and integral
ellipticity are equivalent, thanks to Lemma 2.2 in [14, p.294]. This is not the case
if there are lower order terms. The ®-ellipticity is still given by (24), while the
formula for ®-dissipativity has to be changed, taking into account the lower order
terms.
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As in the classical case, (23) implies that the integrand in (24) is non-negative
almost everywhere and therefore strong ®-ellipticity implies integral ®-ellipticity.

We say that the tensor {a?jk ()} satisfies the Legendre-Hadamard ®-ellipticity
condition (or weak ®-ellipticity condition) if there exixts k > 0 such that

Re(("* (2)angr) A\, A) — A(t) Re{ (""" (2)qnan)w, w) (Re(\, w))?
+A () Re(((" () qnar)w, N) — (" (2)qnar) A, w)) Re(A, w) (25)
>k |q* |\

a.e. in Q, forany ¢ € RN, \, w € C™, |w| =1, t > 0.

If o(t) = tP=2 and then A(t) = —(1—2/p), conditions (23), (24), and (25) coincide
with (17), (20), and (31) of [16], respectively.

We remark that, if condition (20) holds true, then inequalities (23) and (25) for
any t > 0 are equivalent to

Re{or™ ()&, &) — A2 Re((7™ (z) — (o7™)*(2))w, &) Re(w, &)
+Aoo (" (2)w, w) Re(w, &) Re(w, &) > k€|

and

Re((o/" (@)gnar) A, A) — A2 Re((o7" (2)gnar)w, w) (Re(, w))?
+Aoo Re({("* (2)qnar)w, A) — (" (2)anai) X, w)) Re(A, w)

> kq?|A”%,

respectively (see [14]).
These concepts are interesting also in the case N = 1, when A is the ordinary
differential operator

Au = (o7 (z)u'), (26)

o () = {aij(x)} (4,7 = 1,...,m) being a matrix with complex locally integrable
entries defined in the bounded or unbounded interval (a,b) C R.

It is natural to ask what are the relations between the functional dissipativity
and the different notions of functional ellipticity for the operator (19). Indeed we
have

Theorem 5.3 [14] Let N = 1 and A be the operator (26). Assume (20) holds.
The following statements are equivalent:

(a) the operator A is strict L®-dissipative;

(b) there exists k > 0 such that A — kI(d?/dx?) is L®-dissipative;

c) the matriz {a;;(x)} satisfies the strong ®-ellipticity condition;
J

d) the matriz {a;;(x)} satisfies the integral ®-ellipticity condition;

( j g pticity ;

(e) the matriz {a;j(x)} satisfies the weak ®-ellipticity condition.

A slightly different result holds in higher dimensions for the operator (19).
Theorem 5.4 [14] Let N > 2 and A be the operator (19). Assume (20) holds.
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The following statements are equivalent:

(a) the operator A is strict L®-dissipative;

(b) there exists k > 0 such that A — kA is L®-dissipative;
(c) the matriz {a;j(x)} satisfies the integral ®-ellipticity condition;

(d) the matriz {a;;(x)} satisfies the weak ®-ellipticity condition.

Moreover, if the matriz {a;j(x)} satisfies the strong ®-ellipticity condition, then
(a)-(d) hold.
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