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In the present paper, the linear coupled model of elastic double-porosity materials is proposed
in which the coupled phenomenon of the concepts of Darcy’s extended law and the volume
fractions is considered. A two dimensional system of equations of plane deformation is written
in the complex form and its general solution is represented by means of three analytic functions
of a complex variable and three solutions of Helmholtz equations. The constructed general
solution enables one to solve analytically a sufficiently wide class of plane boundary value
problems of the elastic equilibrium of the coupled theory of elasticity for double-porous bodies.
The specific boundary value problem is solved for a circle.
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Introduction

Elastic materials with double-porosity are very common in practice. These in-
clude hard tissues of animals and the humans, geological materials such as rocks
and soils, manufactured porous materials such as ceramics and pressed powders,
and biomaterials such as bone (for details, see Straughan [1], Svanadze [2] and the
references therein).

There is significant interest in formulations of mathematical models of multi-
porosity solids. In fact, the deformation of porous bodies changes both the volume
fraction of pores and the pressure of the fluid in those pores, and vice versa. Re-
cently, on the basis of this mechanical effect, in the papers [3-6], the linear models
of elasticity, thermo elasticity and viscoelasticity for single-porosity materials are
introduced in which the coupled phenomenon of the concepts of Darcy’s law and
the volume fraction of pore network is considered.

On the basis of Darcy’s extended law the double-porosity models have been
proposed by different authors as extensions to the single-porosity model of Biot
[7]. The first mathematical model of elastic materials with double porosity was
proposed by Wilson and Aifantis [8].
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By using the concept of volume fraction of pores the theory of elastic materials
with single voids is proposed by Nunziato and Cowin [9, 10]. By using the mechanics
of materials with voids the theories of elasticity and thermoelasticity for materials
with double-porosity structure are presented by Iesan and Quintanilla [11].

The explicit solutions on some basic boundary value problems in the form of
series and in quadratures are given in works [12-22].

In the present paper, the linear mathematical model of double-porosity mate-
rials is introduced in which the coupled phenomenon of the concepts of Darcy’s
law and the volume fractions of two levels of pores (macro- and micropores) is
proposed. In the spirit of N.I. Muskhelishvili the governing system of equations of
the plane strain is rewritten in the complex form and its general solution is rep-
resented by means of three analytic functions of the complex variable and three
solutions of Helmholtz equations. The constructed general solution enables us to
solve analytically the problems for a circle.

1. Basic equations for materials with double voids of the 3D model

Let © = (z1;22;23) be a point of the Euclidean three dimensional space R3. We
assume that the subscripts preceded by a comma denote partial differentiation with
respect to the corresponding Cartesian coordinate, repeated indices are summed
over the range (1;2;3).

In what follows we consider an isotropic and homogeneous elastic solid with
double voids occupying a region of Q € R3. The governing equations of the theory
of elastic materials with double voids can be expressed in the following form [5-6]:

e Equations of equilibrium

tji,j + pOfZ = Oa Z?] = 1a 2535
0 +&+pog =0, (1)
Tjj ¢+ pol =0,

where ;5 is the symmetric stress tensor, f; is the body force per unit mass, po is the
mass density, o; and 7; are the equilibrated stress vectors, £ and ( are the intrinsic
equilibrated body forces, g is the extrinsic equilibrated body force per unit mass
associated to macro pores, [ is the extrinsic equilibrated body force per unit mass
associated to fissures.

e Constitutive equations

ti; = Xexrdij + 2pei5 + (b1 + bawa)di; — (Bip1 + Bap2)dij,

0 = a11,i T a3p2,

T = 31, + a202,, (2)
§ = —biexk — @11 — azp2 + map1 + map2,

¢ = —boegr — azp1 — aapa + m3p1 + mapa,

where A\ and p are the Lamé constants, by, ba, 581, Bo, a1, as, as, a1, qg, as, M1,
mg and m3 are the constants characterizing the body porosity, d;; is the Kronecker
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delta, 1 is a changes of volume fraction corresponding to pores, @9 is a a changes
of volume fraction corresponding to fissures, p; and py are the changes of the fluid
pressures in macro- and micropore networks, respectively, e;; is the strain tensor
and

eij = % (wij + ;) , (3)

where u;, i = 1,2,3 are the components of the displacement vector.
Equations of fluid mass conservation

v](}j) + v0(p1 — p2) =0, vj(-? —Y(p1 —p2) =0, (4)

where v(1) = (vgl),vél),vél)) and v(? = (vf),vf),vz(f)) are the fluid flux vectors

associated to the macro and micro pore networks, respectively; g is the internal
transport coefficient and corresponds to a fluid transfer rate respecting the intensity
of the flow between macro and micro pores, vy > 0.

Darcy’s extended law for double-porosity materials

)
v = =Ly — P2 — p1sL,
()
0@ ke Rag
i = M/pl,j u/p2,j P252,

where 1/ is the fluid viscosity, and p1, s1 and ps2, so are the density of fluid and
the external force (such as gravity) for the pore and fissure networks, respectively.

Substituting Egs. (2), (3) and (5) into (1) and (4) we obtain the following system
of equations of motion in the linear coupled theory of elastic double-porosity ma-
terials expressed in terms of the displacement vector u, the changes of the volume
fractions @1, @9 and the pressures p1, pa:

pAu; + (A + 1)0;0 + b10;p1 + badiipa — B10ip1 — Badipa =0, j=1,2,3
(1A — 1)1 + (a3A — ag)z — b1© + mapy + mapy =0,
(a3A — a3)p1 + (a2 — a)pa — by© + mapy + mapy = 0,
k1Apy + ksApy — vo(p1 — p2) =0,
ksAp1 + kaAps + 0(p1 — p2) =0,
where 0; = a%i, O = Oyur, A = 011 + Oag + 033 is the three-dimensional Laplace
operator.

The constitutive equations also meet some other conditions, following from phys-
ical considerations

p>0, 3\+2u>0, a; >0, ajaz —a3 >0,

2 (©)
]{11 > 0, kjlkg — k3 > 0.
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2. Basic (governing) equations of the plane strain

From the basic three-dimensional equations we obtain the basic equations for the
case of plane strain. Let 2 be a sufficiently long cylindrical body with generatrix
parallel to the Oxs-axis. Denote by V the crosssection of this cylindrical body, thus
V C R2. In the case of plane deformation uz = 0 while the functions w1, us, V1,
2, p1 and py do not depend on the coordinate xs.

As it follows from formulas (2) and (3), in the case of plane strain

try=1t3, =0, 03=0, 3=0, k=1,2.

Assuming ®; = 0 and ¥ = 0. Therefore the system of equilibrium equations (1)
takes the form

O1t11 + Oato1 = 0,
O1t12 + Oataa = 0,

(7)
Opo, + & =0,
O +C=0.
Now, Relations (2) are rewritten as
t11 = A0 + 2ud1uy + bipr + baps — Bip1 — Bap2,
tag = A0 + 2udous + +b1p1 + bao — Bip1 — Pap2,
tig = to1 = p(O1uz + Oauy),
ts3 = o(t11 + t22),
(8)

o = a10pp1 + a30kp2,
T = 30,1 + a20kp2,
€ = —bier — a1 — agpa + mip1 + mspa,

¢ = —baepr — azp1 — azp2 + m3p1 + mapa,

where o is the Poisson ratio, § = 01u1 + Ous.
If relations (8) are substituted into system (7) then we obtain the following
system of governing equations of statics with respect to the functions ui, us, ¢1,

2, p1 and po

pAug + (A + )0k + b10kp1 + baOkp2 — S10kp1 — B20kp2 = 0, k= 1,2,

(a1A — a1)p1 + (a3A — ag)p2 — b1 + mipr + mape =0,

(a3A — az)p1 + (a2 — a2)pz — bof + map1 + map2 =0, (9)
k1Ap1 + ksAps — yo(p1 — p2) =0,

k3sAp1 + kaApa + vo(p1 — p2) = 0,
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Note that A = 911 + 09 is the two-dimensional Laplace operator.

On the plane Oz x5, we introduce the complex variable z = 1 +ixzy = re’
—1) and the operators 0, = 0.5(0) — i02), 0z = 0.5(01 + 102), z = x1 — ixe, and
A =40.05.

To write system (7) in the complex form, the second equation of this system we
multiplied by 7 and sum up with the first equation

19’ (22 _

0, (t11 — tag + 2it12) + Oz(t11 + ta2) = 0,
8Z0++855++§:O, (10)
8Z7'+ + 857_'4,_ + C = 0,

where oy = 01 + i09, T4 = 71 + iT2 and formulas (8) we rewrite as follows

ti1 — tog + 2ityo = 4pdzuy,
ti1 4 tag = 2(A + )0 + 2b1p + 2bap — 2081p1 — 2[2p2,
o+ = 2a10301 + 2a303p2,
(11)
T+ = 2a303p1 + 2a205p9,
£ =—b10 — a1p1 — azpa + mip1 + mapa,

¢ = —bobl — azp1 — s + map1 + mapa,

0= 8ZU+ + 82714_, U+ = Uy + iuz.

Substituting relations (11) into system (10), we rewrite system (9) in the complex
form

20050,uy + (A + (1)0z0 + b10z1 + ba0zp2 — B10zp1 — P20zp2 = 0,

(a1 A — a1)pr + (a3A — az)ps — b10 + mipr + msp2 = 0,

(a3A — a3)p1 + (a2A — az)p2 — b2l + m3p1 + maps = 0, (12)
k1Ap1 + ksAp2 —yo(p1 — p2) =0,

k3sAp1 + kaApa +y0(p1 — p2) = 0.

3. Kolosov-Muskhelishvili’analogies formulas for (12) system

Now we construct the analogues to the Kolosov-Muskhelishvili formulas for system
(12) [17, 22, 23].
From the fourth and fifth equations of the system (12) we easily obtain the
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expressions for the pressures p; and po [17]

p1=9'(2) +9'(2) + (k2 + k3)n(z, 2),
(13)

p2=¢'(2) +(2) — (k1 + k3)n(z, 2),

where ¢/(z) is an arbitrary analytic function of a complex variable z,n(z, z) is an
arbitrary solution of the Helmholtz equation

An—v*n =0,

2_k1+l€2+/€§

kiks — k2

We take the operator d; out of the brackets in the left-hand part of the first
equation of system (12)

0z (200 ut + (A + )0 + b1 + baa — Bip1 — Pap2) = 0. (14)
Since (13) is a system of Cauchy-Riemann equations, we have
200ut + (A4 p)8 4 bipr + bapa — Bip1 — Papa = Af'(2), (15)

where f(z) is an arbitrary analytic function of z and A is an arbitrary constant.
A conjugate equation to (15) has the form

2u0zt4 + (N4 )0 + brp1 + baps — Bip1 — Bapa = Af!(2). (16)
Summing up equations (15) and (16) and taking into account that

0= 6ZU+ + 3ga+

we obtain
A b1 by B B2
0=———(f ! — — . (17
2()\+2M)(f (2)+1f'(2)) )\—1'2#(’01 )\+2M(’D2+/\+2Mpl+/\+2/ﬁp2 (17)

Substituting formula (17) into the second and third equations of system (12), we
have

b2 bibs
a A — o) + o1+ | a3A — a3 + p 2

X+ 2p A+ 2
Aby y ST < b151 ) < b152 >
- + - + —mg | pa,
2(A+2u)(f(z)+f(z)) Arop ) PrT AN )2 18)
Aoyt P2 (a8 —ay 4 2
as a3 N+ 2 ©1 as Q2 X+ 2 P2

__ Ab / TN baf1 Cm b2 -
—2<A+2M)(f(2)+f(2))+< - 3)p1+( - )p
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(18) system rewrite in matrix form

AV — OV = DF + TG + TH, (19)
where
1 [ o — b ag — bibs
o-(mas) [T A+ PNt 2p
- 2 )
asz as _ blbg o — b2
N+2u 2 N+ 2u
Abq 0
D_ <a1 a3>_ 2(\ +2p)
= Ab 9
as as 0 2
2(A+2u)
. b1 o b1 32 s
_ (a1 a3 A+ 2 A+2n
T_<a3a2> by b |
A+ 24 N+top 2
v <so> ) <f’(z) +f'<z>>
02) Fe)+ )

| (k2 +k3)n(z,2)
= ferhnen) .

The general solutions of system (19) we may write in the form

o1 = liixa(z, 2) + haxa(z, 2) — Aei(f'(z) + f/(2))

—es(g'(2) + 4'(2)) — esn(2, 2),
(20)

@2 = lo1x1(2, 2) + loaxa(z, 2) — Aea(f'(2) + f'(2))

—ea(g'(2) + 9'(2)) — esn(2, 2),
where x1(z, z) and x2(z, Z) are general solutions of the Helmholtz equations

AX(Z7 Z) - HlX(Za 2) =0, AX(Za 2) - H2X(z? Z) =0.
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where k, are eigenvalues and (l11, l21), (l12, l22) are eigenvectors of the matrix C
and from (6), they are positive numbers,

_— biag — baag

e 2((a1an — @) (A + 2u) — a1b2 — azb? + 2a3bibz)’
_ biag — brag

€y =

2((anag — a%)()\ +21) — arb? — asb? + 2a3bibs)’
es =111 + 115, ea =T, + Ty,
es = X11(k2 + k3) — X12(k1 + K3),
e6 = Xo1(k2 + k3) — Xoa(k1 + K3),

where T}, Tty and T3, are elements of matrix 7% = C7'T, X1 , X12, Xo1 and

Xoy are elements of the matrix X = (¢2I — C)~!T.
Substituting formulas (17) and (20) into equation (16), we obtain

A+ 3u+2u(brer + boes) |, A+ —2p(brer + boes) ——
A _ !/
20\ + 211) F) 27+ 211) (2)

2/1,8zU+ =

p(bres + baeg + B1 + B2) , , —= b1l + balon) _
Pt BB () + g - MO )

~ pbiliz + balao) . p(bres + baeg + Bi(ke + K3) — B2(k1 + K3)) _
T x2(2, %) + N+ 2 n(z, 2).

2(A+2p)
A+ n— 2#(()161 + bgeg)

Now, let A := then we get

2puy = #f(2) = 2f'(2) = h(2) + @1 (9(2) + 29'(2)),

—q20:X1(2, 2) — q302x2(2, 2) + qu0zn(z, 2),

where
_At3p+ 2u(brer + baea) - p(bres + baes + 1 + 32)
A+ —2u(brer + boes) T A+ 2p
~Ap(biliy 4 balor)  Ap(bilie + balog)
q2 = q3 = )

r1(A + 2p) ra(A + 2p)
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_ 4M(b165 + boeg + 01 (Iig + Hg) — ﬂg(lﬂ + lig))
“ v2(\+ 2u) ’

h(z) is an arbitrary analytic function of z.
Thus, we have proved

Theorem 3.1: The general solution of the system (12) is represented as follows:

2uuy = 2f(2) — 2f'(2) — h(z) + q1(g(2) + 29'(2)) — @205x1(2, 2) — ¢305x2(%, Z)
+qa0:n(z, 2),

o1 =lix1(2,2) + haxe(z,2) — e1(f/(2) + [1(2)) — es(g'(2) + ¢ (2)) — esn(z, ),

w2 = lo1x1(2, 2) + laaxa(2, 2) — ea(f'(2) + ['(2)) — ea(9'(2) + ¢'(2)) — Een(z, 2),

p1=9'(2) +9'(2) + (k2 + k3)n(z, 2),

p2=¢'(2) +¢(2) — (k1 + k3)n(z, 2),

where e1 = Aeq, eg = Aés.

4. The Dirichlet problem for a circle

Let the elastic circle bounded by the circumference of radius R. The origin of
coordinates is at the center of the circle.

At
¥

On the circumference we consider the following boundary value problem

-
I

-
<

2uuyr =B, ¢=C, on|z| =R,

01 =M’ onlz| =R,

w2 =M", onlz| =R, (21)
=T, onlz| =R,

p1=T", onlz| =R,

where B, M', M", T" and T" are sufficiently smooth functions.
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The analytic functions f(z), h(z), g(z) and the metaharmonic functions x1(z, z),
x2(2,2), n(z, z) are represented as the series

z) = Z anz", h(z)= Z bz, g(z) = Z cnz", (22)
n=1 n=0 n=1
Za L (VEIr)e™ | xo(z, 2) Zﬂ I, (y/Rar)e™, (23)
+00 _
(2,2) = Z’y;lfn(l/r)emﬂ, (24)

where I,,(+) is the modified Bessel function of the first kind of n-th order. After
substituting into the boundary conditions (21-24) we have

%iR”an ZnR ane —i(n—2)9 ZRnb e*’"ﬁ—i—quR cne'
n=1

+q1 Z anéne—i(n—Q)ﬂ . q2\2//</71 Z Oé;,L n+1(\/I€>lR)6i(n+l)'l9 (25)

n=1

oo
q3+/ K2 ; Q4V
- Zooﬁzfn+1<\ﬁmR>e“"“ Z% w1 (vR)e " = B,

Y In(VREIR)e™ +1ip Y B, In(\/r2R)e™
—eq Z nR" 1 <anei(’”‘*1)1{’1 + énefi(nfl)ﬁ) (26)

o0
_egannq (cnei(nfl)ﬁ + &,ein=1) ) _ 652% e —

lor Y b In(VEIR)eE™ + 192 Y B, In(\/F2R)e™
—00 —00

ey i nRv! <anei(n—1)79 n C—Lne—z‘(n—l)ﬂ) (27)

n=1

_64Zan 1<Cn€z(n 1)9 +é, e—i(n—1) >_€627n ein? - M",

n=1
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Zan—1 <cnei(n—l)19 X Ene—i(n—l)ﬁ) + (K2 + K3) Z%In@memﬁ — T

= < (28)
Z an,1 (Cnei(nfl)ﬂ + Enefi(nfl)ﬁ) o (fil + Iig) Z ’)/;Lln(I/R)Bimg - 7"
n=1 — 00

Expand the function B, M’, M", T' and T" given on r = R, in a complex Fourier
series

00 o) 0o
1 / ! 1 " 1" i
B=Y Anem™, M ="M, M= Mem,
—00 —00 —00
[e's) (e%s)
/I / _ino /" Il _ino
T = E T,e™™, 17 = E T e,
—00 —00

Comparing in (25-28) the coefficients of e’

Gear — )R+ (o1 + )i R — Y (RrR)ag — B2 (R R)
+7—71(VR)70— 1
eRay + B — L (R R~ B L (R

+%I (VR)y,_1 = A, n>1,

—(n+2)R" G190 — R"by + q1(n + 2)R"2C, 40 — qu In(VkiR)al

S (R B LRy = AL > 0 (29)

I lo(vVE1R) g + li2Io(/EaR) By — (a1 + a1)er — (c1 + ¢1)es
—eslo(VR)yy = My,

lo1lo(VE1R) o + laalo(v/R2 R) By — (a1 + a1 )ez — (1 + ¢1)es
—eslo(VR)) = My’ (30)

llo(Ve1R), + Lo, (VEaR) Bl — e1(n+ 1) R a1 — ez(n + 1) R™cpiq

—esl,(VR)y, = M, n>0,

lo1 In (/K1 R)al, + loo I, (\/R2R) B, — e2(n 4+ 1) R™apy1 — ea(n + 1) R"cppq
—ealn(VR)Yy, = My (31)

nR" e, + (kg + k3)ln 1 (WR)Y, =T, 1, n>0

nR" e, — (k1 + K3) L1 (VR)Y, 1 =T0_1, n>0.

n—1
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In order for the problem to have a solution, the following condition must be fulfilled

w1y

Ko + K3 K1+ K3

From Egs. (32) we determine the coefficients ¢,, and ~/,

/ 1" /
TO 7/ _ n—1" +n-1
ko + K3’ n—1 (k1 + k2 + 2k3)I—1(VR)

’Y(,): , n>1,

(Hl + ’%3)T7/L—1 + (K/Q + H3)T/{71
Cn = — , n>0.
nR" (k1 + Ko + 263)[—1 (VR)

From (29)-(31) we can find all the coefficients ay,, by, o/, and 3.

The procedure of solving a boundary value problem remains the same when
stresses, the equilibrated stress vectors, and change in volume fraction on the do-
main boundary are given arbitrarily, but the condition that the principal vector
and the principal moment of external forces are equal to zero is fulfilled.
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