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As is well known, Taberski has investigated (C, 1) summability issue for general Dirichlet’s
integrals, and proved theorem about sufficient conditions for the uniform convergence of (C, 1)
means of the general Dirichlet’s integrals. We have generalised this theorem to (C, α) (0 <
α < 1) means. For this, it was needed to represent Dirichlet’s kernel in a convenient form.

In this paper the form of representation of (C, α) kernels is also obtained, that allows you
to use second mean value theorem, while integration on the finite intervals. On the other
hand, that makes it possible to think about generalisation of theorems on (C, 1) means, to
(C, α) means.
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1. Introduction

The purpose of the paper represents to improve results on the convergence of
the general Dirichlet integrals, obtained previously. As we know, in 1973 Roman
Taberski [1] published a paper on the sumability of some trigonometric sums, (see,
also, [2]). In this paper he had proved the theorem on the uniform convergence of
(C, 1) means of the general Dirichlet integrals. Similar theorems for (C,α) means
(0 < α < 1) have not previously been investigated. Our goal is exactly to consider
this issue. In particular, in the given paper the theorems on sufficient conditions for
uniform convergence of (C,α) means of general Dirichlet’s integrals are established
and proved.

At the beginning, we need some definition.

Definition 1.1: Let, E be a class of functions f(t) that are Lebesgue integrable
on every finite interval, and

1
T

∫ T+c

T
|f(t)|dt = o(1), and

1
T

∫ −T

−T−C
|f(t)|dt = o(1),

as T →∞, for all fixed c > 0.
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Suppose, Gα
n(t) denotes (C, α) kernels and σα

n(x) = σα
n(x; f) denotes (C, α) means

for S[f ] [3]. Then

Gα
n(t) =

n∑
ν=0

Aα−1
n−νDν(t)/Aα

n,,

σα
n(x) =

1
π

∫ π

−π
f(x + t)Gα

n(t)dt,

σα
n(x)− f(x) =

2
π

∫ π

0
φx(t)Gα

n(t)dt.

Before moving to main theorems, we emphasize important equalities and in-
equalities, which will be used in the proof of those theorems, and we will show
their correctness.

Aα
n =

(α + 1)(α + 2) . . . (α + n)
n!

=
(α

n
+ 1
)( α

n− 1
+ 1
)
· · · (α + 1)

=
nα

Γ(α + 1)

(
1 + O

(
1
n

))
.

For all i ∈ N we have

∣∣∣Dl
i(t)
∣∣∣ = ∣∣∣∣sin(2i + 1)πt

2l

2 sin πt
2l

∣∣∣∣ ≤ (2i + 1)πt
2l

2 t
l

=
(2i + 1) · 1

2
4
π

≤ n +
1
2
,

because, if

|t| ≤ l,

∣∣∣∣sin πt

2l

∣∣∣∣ ≥ |t|
l

.

By the last inequality, for Dirichlet’s (C,α) kernels we have

∣∣∣Gl,α
n (t)

∣∣∣ ≤ 1(
2 sin πt

2l

)α+1 ·
1

Aα
n

+
2Aα−1

n+1

Aα
n

· 1(
2 sin πt

2l

)2
6 Bα

(
n−α

(
t

l

)−α−1

+ n−1

(
t

l

)−2
)

= Bα

(
n−αt−(α+1)lα+1 + n−1t−2l2

)
≤ 2Bαh−α

(
t

l

)−α−1

,

where Bα is constant only depending on α,
if nt

l > 1 and 0 < α < 1

n

(
t

l

)2

=
(

n
t

l

)1−α

nα

(
t

l

)α+1

≥ nα

(
t

l

)α+1

.
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Also, on [δ, l] interval we have another inequality

max
δ≤t≤l

∣∣∣Gl,α
n (t)

∣∣∣ ≤ 2Bαn−α

(
δ

l

)−α−1

=
2Bαlα+1

δα+1
· 1
nα

= Cα

(
l

n

)α

· l.

Let’s prove correctness of the following inequality. Before that, we have to em-
phasize, the symbol

∮
represents an imaginary part of a complex number.

∮
ei(n+ 1

2
)t

Aα
n(2 sin t

2)

[
1(

1− e−it)α
−Aα−1

n+1

e−i(n+1)t

1− e−it
−

∞∑
v=n+1

Aα−1
v+1

e−i(v+1)t

1− e−it

]

=
1

Aα
n

sin
[(

n + 1
2 + 1

2α
)
t− πα

2

](
2 sin t

2

)α+1 +
α

(n + 1)
(
sin t

2

)2 +
2θα(1− α)

(n + 1)(n + 2)
(
2 sin t

2

)3 .

If we take out e
−it

2 as a multiplier from denominator, it is easy to see

∮
e−i t

2

2 sin t
2 (1− e−it)

·
Aα−1

n+1

Aα
n

=
α

n + 1
· 1(

2 sin t
2

)2 ,

and∮
e−i(−(n+1)t+ π

2 ) · e−it
n∑

k=m

(
e−it

)k =
∮

e−i(−nt+ π

2 )
n∑

k=m

(
e−it

)k
=
∮

e−i((m−n)t+ π

2 )
n−m∑
k=0

(
e−it

)k =
∮

e(−i(m−n)t+ π

2 ) ·
e−i tn

2 · sin(n−m + 1) t
2

sin t
2

=
∮

e−i((m−n

2 )t+ π

2 ) sin(n−m + 1) t
2

sin t
2

=
sin
((

n
2 −m

)
t− π

2

)
sin(n−m + 1) t

2

sin t
2

=: Sm,n(t).

By the Abel’s transform for partial sums we have

∮
e(n+ 1

2
)t

1− e−it

m∑
v=n+1

e−i(v+1)tAα−2
v+1 =

1
2 sin 1

2

[
m−1∑

v=n+1

Sn+1,v(t)Aα−3
v+2 + Sn+1,m(t)Aα−2

m+1

]
,

where −1 < α < 1, m ≥ n. Besides,

lim
m→∞

Sm,n+1(t)
Aα−2

m+1

Aα
n

= lim
m→∞

sin
((

n
2 −m

)
t− π

2

)
sin(n−m + 1) t

2

sin t
2

×(m + 1)α−2

nα
· Γ(α + 1)
Γ(α− 1)

= 0.
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At the same time

−
m−1∑

v=n+1

Aα−3
v+2 ≤

m−1∑
v=n+1

sin
t

2
Sn+1,v(t)Aα−3

v+2 ≤
m−1∑

v=n+1

Aα−3
v+2

−
m+1∑

v=n+3

Aα−3
v ≤

m+1∑
v=n+3

sin
t

2
Sn+1,v−2(t)Aα−3

v ≤
m+1∑

v=n+3

Aα−3
v

−
(
Aα−2

m+1 −Aα−2
n+2

)
≤

m+1∑
v=n+3

sin
t

2
Sn+1,v−2(t)Aα−3

v ≤
(
Aα−2

m+1 −Aα−2
n+2

)
.

Correspondingly, there exists θ, |θ| ≤ 1 such that

m+1∑
v=n+3

sin
t

2
Sn+1,v−2(t)Aα−3

v =
θ

sin t
2

(
Aα−2

m+1 −Aα−2
n+2

)
. (1)

If we take a limit as m →∞ in an equality (1), we will get

∞∑
v=n+3

Sn+1,v−2(t)Aα−3
v = − θ

sin t
2

Aα−2
n+2.

If we take into account that

Aα−2
n+2

Aα
n

=
(α− 1)α

(n + 1)(n + 2)
,

we will have

∮
− ei(n+ 1

2)t

Aα
n

(
2 sin t

2

) ∞∑
v=n+1

Aα−2
v+1

ei(v+1)t

1− e−it
=

2θ(α− 1)α

(n + 1)(n + 2)
(
2 sin t

2

)3 , |θ| ≤ 1.

Let πt
l := t, then

∮
− ei(n+ 1

2)πt

l

Aα
n

(
2 sin πt

2l

) ∞∑
v=n+1

Aα−2
v+1

ei(v+1) πt

l

1− e−i πt

l

=
2θ(α− 1)α

(n + 1)(n + 2)
(
2 sin πt

2l

)3 , |θ| ≤ 1.

Taking into account that

1
(1− e−it)α =

1

e−i tα

2
+i πα

2

(
2 sin t

2

)α =
ei( tα

2
−πα

2 )(
2 sin t

2

)α ,
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we will get

∮
ei(n+ 1

2
)t

2Aα
n sin 1

2 t

(
1− e−it

)−α =
ei(n+ 1

2
)t

2Aα
n sin 1

2 t
· ei( tα

2
−πα

2 )(
2 sin t

2

)α
=

1
Aα

n

sin
[(

n + 1
2 + 1

2α
)
t− 1

2πα
](

2 sin 1
2 t
)α+1

that ends the proof.
Therefore, if we denote πt

l := t we get

∮
ei(n+ 1

2
) πt

l

Aα
n(2 sin πt

2l )

[
1

1− e−i πt

l
)α
−Aα−1

n+1

e−i(n+1) πt

l

1− e−i πt

l

−
∞∑

v=n+1

Aα−1
v+1

e−i(v+1) πt

l

1− e−i πt

l

]

=
1

Aα
n

sin
[(

n + 1
2 + 1

2α
)

πt
l −

πα
2

](
2 sin πt

2l

)α+1 +
α

(n + 1)
(
sin πt

2l

)2 +
2θα(1− α)

(n + 1)(n + 2)
(
2 sin πt

2l

)3 .

Later we will show that

Gα
n(t) =∮ {

ei(n+ 1
2
)t

Aα
n

(
2 sin 1

2 t
) [ 1

(1− e−it)α −Aα−1
n+1

e−i(n+1)t

1− e−it
−

∞∑
v=n+1

Aα−2
v+1

e−i(v+1)t

1− e−it

]}
.(2)

Before this, lets prove

Gα
n(t) =

1
2Aα

n sin 1
2 t

∮ n∑
ν=0

Aα−1
n−νe

i(ν+ 1
2
)t =

∮
ei(n+ 1

2
)t

2Aα
n sin 1

2 t

n∑
ν=0

Aα−1
ν e−iνt

=
∮ {

ei(n+ 1
2
)t

2Aα
n sin 1

2 t

[(
1− e−it

)−α −
∞∑

ν=n+1

Aα−1
v e−iνt

]}

=
1

Aα
n

sin
[(

n + 1
2 + 1

2α
)
t− 1

2πα
](

2 sin 1
2 t
)α+1 +

2θα

n
(
2 sin 1

2 t
)2 (|θ| 6 1),

the last equality of the sequences of equalities.
As is well known, Abel’s transform formula for partial sums is the following

equation

N∑
k=m

akbk =
N−1∑
k=m

Ak(bk − bk+1) + Anbn Ak =
N∑

i=m

ai.
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By the partial sum formula for the geometric progression, we get

N∑
k=m

(
e−it

)k = e−imt
N−m∑
k=0

(
e−it

)k = e−imt e
−i(N−m+1)t − 1

e−it − 1

= e−imte−i (N−m)
2

t sin(N −m + 1)t
sin t

2

= e−i (N+m)t

2
sin(N −m + 1)t

sin t
2

.

And the by Abel’s transform, we have

∮
ei(n+ 1

2)t
N∑

V =n+1

Aα−1
V e−ivt =

∮ [
−

N−1∑
V =n+1

e−i(V−n) t

2 ·
sin(V − n) t

2

sin t
2

·Aα−2
V +1

+e−i(N−n) t

2 ·
sin(N − n) t

2

sin t
2

·Aα−1
N

]

=
N−1∑

V =n+1

sin(V − n) t
2 · sin(V − n) t

2

sin t
2

Aα−2
V +1 −

sin2(n−N) t
2

sin2 t
2

Aα−1
N . (3)

At the same time,

−
N−1∑

V =n+1

Aα−2
V +1 ≤

N−1∑
V =n+1

sin2(V − n)
t

2
Aα−2

V +1 ≤
N−1∑

V =n+1

Aα−2
V +1.

Besides, if we take into account that

N∑
V =n+1

Aα−2
V +1 =

N∑
V =n+2

Aα−2
V = Aα−1

N −Aα−1
n+1,

we will have

−
(
Aα−1

N −Aα−1
n+1

)
≤

N−1∑
V =n+1

sin2(V − n)
t

2
Aα−2

V +1 ≤
(
Aα−1

N −Aα−1
n+1

)
.

Correspondingly, ∃θ, |θ| ≤ 1 such that

N−1∑
V =n+1

sin2(V − n)
t

2
Aα−2

V +1 = θ
(
Aα−1

N −Aα−1
n+1

)
. (4)

If we take a limit as N →∞ in equality (3), and take into account equality (4) we
will get

∮
ei(n+ 1

2)t
∞∑

V =n+1

Aα−1
V e−iV t = − 2 · θ

2 · sin t
2

·Aα−1
n+1.
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At the same time,

Aα−1
n+1

Aα
n

=
α

n + 1
.

Therefore,

− 1
Aα

n2 sin t
2

∮
e(in+ 1

2)t
∞∑

V =n+1

Aα−1
V e−iV t =

2θα

(n + 1)
(
2 sin t

2

)2 .

When N →∞, by the boundness of sin2(n−N) t
2 and Aα−1

N → 0, the last term of
equality (3) tends to 0. Therefore, we have gotten the desired equality.

Completely by the same way we will get

Gl,α
n (t) =

1
2Aα

n sin 1
2

πt
l

∮ n∑
ν=0

Aα−1
n−νe

i(ν+ 1
2
)t =

∮
ei(n+ 1

2
) πt

l

2Aα
n sin 1

2
πt
l

n∑
ν=0

Aα−1
ν e−iν πt

l

=
∮ {

ei(n+ 1
2
) πt

l

2Aα
n sin 1

2
πt
l

[(
1− e−i πt

l

)−α
−

∞∑
ν=n+1

Aα−1
v e−iν πt

l

]}

=
1

Aα
n

sin
[(

n + 1
2 + 1

2α
)

πt
l −

1
2πα

](
2 sin 1

2
πt
l

)α+1 +
2θα

n
(
2 sin 1

2
πt
l

)2 (|θ| 6 1).

Now, we move on proving correctness of the equality (2). By the equivalent for-
mulation of the Abel transform (where counting index of partial sums begins from
one), we have

m∑
v=1

e−ivt = e−it
m−1∑
v=0

e−ivt = e−it

(
e−imt − 1

)
e−it − 1

.

m∑
v=n+1

Aα−1
v e−ivt = Aα−1

m e−it

(
e−imt − 1

)
e−it − 1

−Aα−1
n+1e

−it

(
e−int − 1

)
e−it − 1

−
m−1∑

v=n+1

(
Aα−1

v+1 −Aα−1
v

)
e−it

(
e−ivt − 1

)
e−it − 1

= Aα−1
m

e−i(m+1)t

e−it − 1
−Aα−1

m

e−it

e−it − 1
−Aα−1

n+1

e−i(n+1)t

e−it − 1

+Aα−1
n+1

e−it

e−it − 1
−

m−1∑
v=n+1

Aα−2
v+1

e−i(v+1)t

e−it − 1
+

m−1∑
v=n+1

Aα−2
v+1

e−it

e−it − 1

= Aα−1
m

e−i(m+1)t

e−it − 1
−Aα−1

n+1

e−i(n+1)t

e−it − 1
−

m−1∑
v=n+1

Aα−2
v+1

e−i(v+1)t

e−it − 1



118 Lecture Notes of TICMI

+

(
−Aα−1

m

e−it

e−it − 1
+ Aα−1

n+1

e−it

e−it − 1
+

m∑
v=n+2

Aα−2
v

e−it

e−it − 1

)
.

Taking into account the formula

Aα−1
n+1 =

n+1∑
v=0

Aα−2
v ,

we will get

m∑
v=n+1

Aα−1
v e−ivt = Aα−1

m

e−i(m+1)t

e−it − 1
−Aα−1

n+1

e−i(n+1)t

e−it − 1
−

m−1∑
v=n+1

Aα−2
v+1

e−i(v+1)t

e−it − 1
.

If we take a limit as m →∞ in the last equality and take into account, that

Aα−1
m

e−i(m+1)t

e−it − 1
→ 0,

we get

∞∑
v=n+1

Aα−1
v e−ivt = −Aα−1

n+1

e−i(n+1)t

e−it − 1
−

∞∑
v=n+1

Aα−2
v+1

e−i(v+1)t

e−it − 1
.

And then equality (2) is proved. If we replace t with πt
l we will get

Gl,α
n (t) =∮ {

ei(n+ 1
2
) πt

l

Aα
n

(
2 sin 1

2
πt
l

) [ 1
(1− e−it)α −Aα−1

n+1

e−i(n+1)t

1− e−i πt

l

−
∞∑

v=n+1

Aα−2
v+1

e−i(v+1) πt

l

1− e−i πt

l

]}
.

By repeatedly using Abel’s transform, we are able to get more and more precise
approximation for (C,α) kernels (refers to the equality (2)).

2. Main results

In this section we will establish and prove two main theorems of an article, on
the uniform convergence to some function of (C,α) means of the general Dirichlet
integrals.

Later we will need to rate difference between the Cesaro means of an α degree
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and function g(x). We have (see [2])

σl,α
n (x)− g(x) =

1
2l

∫ l−x

−l+x
(f(x + t) + f(x− t)− 2g(x))Gl,α

n (t)dt

+
1
2l

∫ −l+x

−l−x
(f(x + t)− g(x))Gl,α

n (t)dt

+
1
2l

∫ l+x

l−x
(f(x− t)− g(x))Gl,α

n (t)dt = I l,α
n (x) + U l,α

n (x) + V l,α
n (x).

Besides,

I l,α
n (x) =

1
l

∫ l−x

0
(f(x + t) + f(x− t)− 2g(x))Gl,α

n (t)dt

=
1
l

(∫ l

0
−
∫ l

l−x

)
(f(x + t) + f(x− t)− 2g(x))Gl,α

n (t)dt = J l,α
n (x)−Rl,α

n (x).

Suppose, |g(x)| ≤ k, x ∈ [a, b], then

∣∣∣Rl,α
n (x)

∣∣∣ ≤ 1
l

(∫ l

l−x
|f(x + t)||Gl,α

n (t)|dt +
∫ l

l−x
|f(x− t)||Gl,α

n (t)|dt

+2|g(x)|
∫ l

l−x
|Gl,α

n (t)|dt

)
=

1

2l sin π(l−x)
2l

(∫ l

l−x
|f(x + t)|dt

+
∫ l

l−x
|f(x− t)|dt + 2k(b− a)

)
=

1

2 sin π(l−x)
2l

(
1
l

∫ l+x

l
|f(t)|dt

+
1
l

∫ −l+2x

−l+x
|f(t)|dt +

2k(b− a)
l

)
⇒ 0,

as l →∞, by f ∈ E.
By the same reason,

∣∣∣U l,α
n (x)

∣∣∣ ≤ 1

2l sin π(l−x)
2l

(
1
l

∫ −l+2x

−l
|f(t)|dt +

2k(b− a)
l

)
⇒ 0

uniformly on [a, b], as l →∞.
Similarly, we get

V l,α
n (x) ⇒ 0

uniformly on [a, b], as l →∞.
Now we will establish and prove lemmas that help us to prove the main theorems.
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Lemma 2.1: Suppose, that a function f is integrable on every finite interval and∫
|t|≥1

|f(t)|
|t|α+1

< ∞, 0 < α < 1, (5)

then

lim
l

n
→0

1
l

∫ l

δ
f(x± t)Gl,α

n (t)dt = 0,

for all fixed δ < l, as l, n →∞, l
n → 0, uniformly in x ∈ [a, b].

Proof : Condition (5) implies that ∃∆ > max{|a|+ 1, |b|+ 1, δ} such that

(∫ b−∆

−∞
+
∫ ∞

∆+a

)
|f(t)|
|t|α+1

dt <
ε

2
.

Thus, we will have,∣∣∣∣1l
∫ l

∆
f(x± t)Gl,α

n (t)dt

∣∣∣∣ ≤ 1
l

∫ l

∆
|f(x± t)| | Gl,α

n , (t) | dt

≤
(

l

n

)α ∫ l

∆

|f(x± t)|
|t|α+1

dt <
ε

2
.

Besides,

∣∣∣∣1l
∫ ∆

δ
f (x± t) Gl,α

n (t)dt

∣∣∣∣ ≤ Cα

(
l

n

)α

<
ε

2
, if

l

n
< min

{
δ,

(
ε

2Cα

) 1
α

}
.

Correspondingly, if l
n setisfies the last condition, then for all ε > 0

∣∣∣∣1l
∫ l

δ
f (x± t) Gl,α

n (t)dt

∣∣∣∣ < ε.

�

Lemma 2.2: Let f(t) be integrable on every finite interval and function f(t)
t2 has

a bounded variation on some intervals (−∞,H], [H,+∞) (H > 0), then for all
real a ≤ b, δ > 0 and 0 < α < 1, we have

lim
l2

nα→0

1
l

∫ l

δ
f(x± t)Gl,α

n (t)dt = 0,

uniformly on [a, b].

Proof : By the Jordan’s theorem every function of bounded variation can be pre-
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sented as the difference of two nonnegative and nonincreasing functions. Hence,

f(t)
t2

= f1(t)− f2(t), t ∈ [H,+∞)

where f1, f2 are nonnegative and nonincreasing functions. Thus,

1
l

∫ l

∆
f(x + t)Gl,α

n (t)dt =
1
l

∫ l

∆

f(x + t)
(x + t)2

· (x + t)2Gl,α
n (t)dt

=
1
l

∫ l

∆
(f1(x + t)− f2(x + t)) (x + t)2Gl,α

n (t)dt,

where ∆ ≥ δ, a + ∆ ≥ H. By the second mean value theorem, we get

1
l

∫ l

∆
fj(x + t)(x + t)2Gl,α

n (t)dt = fj(x + ∆) · 1
l

∫ ξ

∆
(x + t)2Gl,α

n (t)dt

= fj(x + ∆) · 1
l

∫ l

∆

(
x2 + 2xt + t2

)
Gl,α

n (t)dt,

where

Gl,α
n (t) =

1
Aα

n

·
sin
((

n + 1
2 + α

2

)
πt
l −

πα
2

)(
2 sin πt

2l

)α+1 +
2θα

n
(
2 sin πt

2l

)2 , |θ| 6 1.

Also, we have∣∣∣∣1l
∫ l

δ
Gl,α

n (t)dt

∣∣∣∣ ≤ M1(α, ∆)
(

l

n

)α+1

+
l

n

(
1
l

+
1
δ

)
2θα → 0,

as l, n →∞, l
n → 0.

Furthermore,∣∣∣∣1l
∫ l

∆
tGl,α

n (t)dt

∣∣∣∣ ≤ lα

Aα
n · 2α+1

·
∫ l

∆

1
tα

dt +
l · 2θα

n · 4

∫ l

∆

1
t
dt

≤ Γ(α + 1)
2α+1

·
(

l

n

)α

· 1
(1− α)

(
l1−α + ∆1−α

)
+

θα

2
· l

n
(ln(l) + ln(∆)) → 0,

as l2

nα → 0, and∣∣∣∣1l
∫ l

∆
t2Gl,α

n (t)
∣∣∣∣ ≤ lα

Aα
n2α+1

·
∫ l

∆
t1−αdt +

l

n
· 2θα

4

∫ l

∆
1 · dt

=
Γ(α + 1)

2α+1
·
(

l

n

)α

· 1
2− α

(
l2−α + ∆2−α

)
+

l

n
· θα

2
· (1 + ∆) → 0,

as l, n →∞ and l2

nα → 0.
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Similarly, the correctness of the lemma in the case of f(x− t) will be proved, if
we replace in the previous transformations f(x + t) by f(x− t).

The convergence to 0 of a term

1
l

∫ ∆

δ
f(x + t)Gl,α

n (t)dt,

can be proved by the same way as in the case of lemma 1. �

Theorem 2.3 : If conditions given in lemma 1 are setisfied, f ∈ E, 0 < α < 1,
and

lim
h→0

1
h

∫ h

0
|f(x + t) + f(x− t)− 2g(x)|dt = 0, ∀x ∈ [a, b], (6)

then

σl,α
n (x) ⇒ g(x)

on [a, b], as l, n →∞, l
n → 0.

Proof : Taking into account the results that hade been obtained before lemma 1,
it is easy to see, that to prove the theorem it is enough to estimate J l,α

n (x).
We have

J l,α
n (x) =

1
l

∫ l

0
(f(x + t) + f(x− t)− 2g(x))Gl,α

n (t)dt

=
1
l

(∫ l

n

0
+
∫ δ

l

n

+
∫ l

δ

)
(f(x + t) + f(x− t)− 2g(x))Gl,α

n (t)dt

= Al,α
n (x) + Bl,α

n (x) + C l,α
n (x).

Let’s assume

ϕx(t) := f(x + t) + f(x− t)− 2g(x),

λ(t) :=
∫ t

0
|ϕx(u)| du.

By the condition (6), ∀ε > 0, ∃δ > 0 such that for 0 < t ≤ δ we have

λ(t) < ε · t.

Thus

Al,α
n (x) ≤

∣∣∣∣∣1l
∫ l

n

0

∣∣∣Gl,α
n (t)

∣∣∣ dλ(t)

∣∣∣∣∣ ≤ 2n

l
λ

(
l

n

)
< 2ε.
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Besides,

Bl,α
n (x) ≤ 1

l

∫ δ

l

n

∣∣∣Gl,α
n (t)

∣∣∣ dλ(t) ≤
(

l

n

)α

· 2Bα

∫ δ

l

n

1
tα+1

dλ(t)

= 2Bα

(
l

n

)α
[

1
δα+1

λ(δ)−
l
(

l
n

)(
l
n

)α+1 + (α + 2)
∫ δ

l

n

1
tα+2

λ(t)dt

]

< 2Bα

(
l

n

)α

· ε

[
1
δα

+
(n

l

)α
+ (α + 1)

∫ δ

l

n

1
tα+1

dt

]

= 2Bα

(
l

n

)α

· ε
[

1
δα

+
(n

l

)α
+ (α + 1)

1
α

(
1
δα

+
(n

l

)α
)]

< Dαε.

Now, for the estimation of C l,α
n (x), we use the second mean value theorem and

we get

∣∣∣∣g(x) · 1
l

∫ l

δ
Gl,α

n (t)dt

∣∣∣∣
=

∣∣∣∣∣g(x)
1
l

∫ l

0

(
sin
((

n + 1
2 + α

2

)
πt
l −

πα
2

)
Aα

n

(
2 sin πt

2l

)α+1 +
2θα

n
(
2 sin πt

2l

)2
)

dt

∣∣∣∣∣
=| g(x) · 1

l
· 1(

2 sin πδ
2l

)α+1

∫ ξ

δ

Γ(α + 1) sin
((

n + 1
2 + α

2

)
πt
l −

πα
2

)
nα

dt

+g(x) · 1
l
· 1 · l2

4n
(
2 sin πδ

2l

)2 ∫ l

δ

2θα

t2
dt

∣∣∣∣∣≤ M1(α, δ)
(

l

n

)α+1

| g(x) |

+|g(x)| l
n
·
(

1
l

+
1
δ

)
· 2θα → 0, as l, n →∞ and

l

n
→ 0.

Thus, we have C l,α
n (x) < ε. Hence, the theorem is proved.

�

Theorem 2.4 : Let the conditions given in lemma 2 be satisfied. Besides, let
0 < α ≤ 1,

lim
h→0

1
h

∫ h

0
|f(x + t) + f(x− t)− 2g(x)|dt = 0, ∀x ∈ [a, b], (7)

and f ∈ E, then

σl,α
n (x) ⇒ g(x)

on [a, b], as l, n →∞, l2

nα → 0.

Proof : The proof is analogous to the previous theorem, if we take into account
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that l2

nα → 0 =⇒ l
n → 0. The only difference is that, estimation of the corre-

sponding integral on [δ, l] interval happens by lemma 2, instead of lemma 1. �
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