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1. Main Results
Let f € (T2)7 T? = [~7, 7% be a 27-periodic functions with respect to each

variable. The two-dimensional Fourier series of f with respect to the trigonometric
system is the series

+oo
s [f] — z f(m, n) eim:veiny7

where
- 1 [T [T . .
flm,n) = 42/ flx,y)e e "™ dady
4 —mJ -7

are the Fourier coefficients of the function f.
Let C(T?)be the space of continuous functions are 27-periodic with respect to
each variable with the norm

[flle = sup [f(z,y)].

z,yeT?

Let f € C(T?). The expression

w0, fle = sup {IF (- +u, - +v) = f(, )]s w? + 07 < 6%}
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is called the total modulus of continuity of the function f.
The partial modulus of continuity are defined by

w1 (0, fle = sup {IF (- +u, o) = FC o)l s |ul <63,

wa(0, f)e = sup || f (- +v) = £(,-)

o ¢ [ol <6}

We also use the notion of a mixed modulus of continuity. They are defined as
follows:

w12(01,82, Fle = sup {F(+ 1, +0) = F A1) = f,-+0) + £

Hul < 0ol < 6}, f € C(T?).

The Riesz’s means of the Fourier series has been studied by a lot of authors.
We mention for instance the papers of Szasz [11] and Yabuta [12], devoted to the
logarithmic means. Similar means with respect to the Walsh and Vilenkin systems
were discussed by Simon [10], and Gat [5]. The Norlund logarithmic means has
been studied in ([1-7],[10-12]).

In this paper we investigate the approximation properties of two-dimensional
logarithmic means of double trigonometric Fourier series of f defined as follows:

n—1m—

Sz,] f,a:y
(n—1) " n_zk‘

tnm(fs2,Y)

where Sy n(f,2,y) is the partial sum of double Fourier series of f defined by

M N

nlfr)= 303 Fommeneen

—M n=—N

It is evident that

tnm(fsz,y) (z,y) /_ /_ flx+t,y+s)— flx,y)] Fn(t)Fin(s)dtds,

where

and Dy(t)is Dirichlet kernel.
For one dimensional trigonometric Fourier series Goginava and Tkebuchava [6]
proved that the following are true
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Theorem A [6]. Let f € C(T) and

w(d, f)e = 0<log(11/6))

then

l1tn(f) = flle = oasn — oc.

Theorem B [6]. There exists a function f € C(T) such that

w(d, fle =0 <10g(11/5)>

and t,(f,0) diverges.
It is well-known that the following statement is true [13].
Theorem C (Zhizhiashvili). Let f € C(T?), then

Snm(F) — Flle < e (= 1), Tog(n +1) + ws (- £) log(m + 1)

f), Jog(n + 1)log(m + 1) }.

1 1
+wi,2 (E’E

From (1) and (2)Let A=(ammn; k) denote a positive rectangular matrix, i. e.,
Amnjk=0 for j > m or k > n, a apmpjxr > 0 foreach 0 < 7 < m,0 <k < n
and

m n

Z Zamn]’k =1.

§=0 k=0

For any double sequence (S;1), define

m n
by = E E Amnjk * Sjk, m,n=20,1 2, ...
7=0 k=0

The sequence (Sji) is said to be summable by A if t,,, tends to a finite limit as
m,n — oo.

A double rectangular matrix A is said to be regular if it sums every bounded
convergent double sequence (Sj;) to the same limit. Necessary and sufficient con-
ditions for the matrix A to be regular are known (see, e.g. [9]):

m
m}TiLIEOOZamnjk =0 (k=0,1,..), (1)
j=0

n
m}rilrgooZamnjk =0 (j=0,1,..). (2)
k=0
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Since

n—1m-—1
lenm($) =11, = 7= 3 3 =Tl

m =0 7=0

from (1) and (2) we conclude that the following theorem is true.

Theorem 1.1: Let f € C(T?) and

w8 e =0 <<W>2> |

Then

||tn,m(f)—f”c—>0 as m,n — 0.

In the paper we investigate sharpness of Theorem 1.1. In particular, the following
is true

Theorem 1.2: There exist a function f € C(T?) such that
1 2

Proof: (of Theorem 1.2) We choose a monotonically increasing sequence of posi-
tive integers{ny; k > 1} such that

and t, »(f,0,0) diverges.

ni Z 27
nk < ’)/Lk+1, (3)
k—1
221’” 22”1‘
7 < 5 (4)
= " "k
k—1 2
ng \2 22n 1
— 5
) S (5 <3 )

We construct a function f defined as follows. Set

fe) =3 fk(ﬂf)n'ka(y)7
k=1 k
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where

. ne L
fl‘?(l‘) = s (22 T 5)1‘ ' 1[6"lek,6-m(nk)‘7nk] (l‘),

k=1,2,..., x € [—m, 7,
where 14 is the characteristic function of a set A and

s
m(ny,) = max {5 S5y S %IH} » Yy, = m

First we prove that

1 2
b flo=0 <<1g<1/5>> ) ' (©)

For every sufficiently small 6 > 0 there exists a positive integer k such that

L P
92n +1/2 = ° S 22 1 1/2

Since
(24 6) = f(z)| = O(62°™),1 = 1,2....k — 1,

from (3) and (4) we get

k—1

1 — 1
F+0.9) = Fw )l <D oy U4 0) = fu (@) +22 2
=k

=1 "

k—1
2%m 1 22— 1
So(s 52 vo (k) =0 () ro (L)
" T, M1 T,

Consequently,

2
w18, f)o =0 ((M) ) - (7)

Analogously, we obtain
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wa(8, f)e =0 <<1og<11/5)Q> |

Since

w(d, fle < wi(, flo+wa(d, f)c

from (7) and (8) we get (6)
Next, we shall prove that tg2n, 92n, (f,0,0) diverges.
It is clear that

‘t22"k ,227%k (fv 0, 0) - f<07 O)‘ = ‘t22"k,22"k (f? 0, 0)|

= ’/W " f(t’ 5)172271,c (t)F22nk (s)dtds

> < ( " o () Py, <t>dt)2 - Zl ( " () Py <t>dt)2

— N n _
™ i=1 ™

o0 T 2
Cc
- 2 < Fri (8) Fgzms (t)dt> =1—1I—-1III

—T

Since (see [6])

lzan22n (.’I})
 sin(22 4 L) 2252 2 sin? ((k +1)2)
N 2sin § — k(k+1)(k+2) 2sin?(x/2)
1 sin(2%" + 1) sin? 2271y

Tom@E 1) * 2sin(2/2) 2sin? (2/2)
N 1 sin?(2”" + Dz 3sin(22" + L)z
220 4sin? (x/2) 4 2sin(z/2)

n

cos(2?" + 1)z sin kz

2sin (x/2) (kzl k )

53
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we have

™ 2
C
- ([ sutFyir) =

S c /2"k+1/)2 sin (22nk + 1/2 t 22i2 Sin2(i + 1)%
—\n} —— 2sin(t/2) — i+ 1)(i+ 2)  2sin?(¢/2)
c 1 /2;7:::”1/2 sin?(227 + 1/2)t sin? 2%~ ltdt
2sin(t/2) 2sin?(t/2)

227k 11 /2

mm(nyg)
c 1 Ly sin?(22" 4 1/2)t
—_ sin (2™ +1/2) ¢ dt
n? 22n - ( /2) 4sin?(t/2)
2°Mk 41/2

c | [FRE sin? (22 4 1/2) »
- ‘
W | s 2sin (t/2)

- — - -
i | s 2sin (t/2) = 1

= (I — I — I3 — I, — I5)°.

It is evident that

Tm(ng)
1 2k 412 1 1
I, Is, Iy, 15:0(2-/ s d> <>
n Ll ng

k 227k 112

Since (see [14])

2i+1
UL N D (S S

- )

t
2 T 2

sin(i +1) -

2%—1
for t e Ink, In = U [Olmna an}»

m=1

dt‘

(10)

(11)
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where
7w (12m + 1) (12m+5)
_ _ - GemAo) —1,2,.
and
2n . k
sin (227 +1/2)t > 1/2, |3 <o < oo,
k=1
for I; we have
2" - 2nk 1
1 Bm ny 1
2% (i+1)° / Sdt>e>0. (12)
nj, i(i+1)(i+2) —~ Ja,.., 0
Combining (11) and (12) we conclude that
I>c>0. (13)

Now, we estimate II. Since [6]

[tn(f) = fllc < c-w(l/n, f) log(n+1)
and
1 22n7¢ .
w(fnq722nk> :0<22nk>’ 2_1727 7k_17

from (4) and (5) we get

k—1 1 k—1 1 1 2
2
110Nl (fa) - (< CY (o (g J) 0

=1 =1

k—1 92n; k—1 22n, c

2
< C Z 2277% 227‘Lk nz S E 0( ) as k 0
i=1 =1
It is obvious that
n—1

1
E,|, =0 :
1Pl (bgn

n—1 .
1 log (i + 1)
© <logn . Z ]

=0 (log(n+1)).
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Then we have

e}

1 1
HI=0( Y - [Feulf | =03 —5ni) (15)
i=k+1

2 2
1
=0 < i > :O(n—i):O(j)zo(l) as k — oo.
Nk+1 ng

After substituting 13, (14) and (15) in (9) we obtain

Hm  |tg2n, 22w (f,0,0) = £(0,0)| > 0.
k—00 ’
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