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In the present paper we consider the geometrically nonlinear and non-shallow spherical shells,
when components of the deformation tensor have nonlinear terms. Using the method of
I. Vekua and the method of a small parameter 2-D system of equations for the nonlinear
and non-shallow spherical shells is obtained. Concrete problem has been solved.
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There are many different methods of passage (reduction) from three- dimensional
problems of elasticity to two-dimensional problems of the theory of shells. I.Vekua
has obtained the equations of shallow shells [1],[2]. It means that the interior geom-
etry of the shell does not vary in thickness. This method for non-shallow shells in
case of geometrical and physical non-linear theory was generalized by T.Meunargia
[31[4]-

A complete system of equations of the three-dimensional nonlinear theory of
elasticity can be written as:

9i/go' + /3@ = 0, (az- - aii)’
o' = \(RIU + S0UoU ) (R +0D))

+1(ROU + RIOT +0USU) (R; +0,0)),

where z!, 22, 2% are curvilinear coordinates, ¢ is the discriminant of the metric

tensor of the space, ® is an external force, o’ are contravariant stress vectors,
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X and p are Lame’s constants, R; and R’ are covariant and contravariant base
vectors of the space and U is the displacement vector

In the present paper we consider the system of equilibrium equations of the
two-dimensional geometrically non-linear and non-shallow spherical shells which
is obtained from the three-dimensional problems of the theory of elasticity for
isotropic and homogeneous shells by the method of I. Vekua.

The displacement vector U (x!, 2%, 23) is expressed by the following formula [2]

73

U(z!', 2%, 2%) = u(z?, 2?) + fv(xl,xZ).

Here u(z!, 2?) and v(z!, 22) are the vector fields on the middle surface 23 = 0,
2h is the thickness of the shell, 23 is a thickness coordinate (—h < 2® < h), z! and
22 are isometric coordinates on the spherical surface.

The system of equilibrium equations of the two-dimensional geometrically non-
linear and non-shallow spherical shells may be written in the following form (ap-

proximation N = 1):

(0) 0) 0 (0)
01 o011 + O (021 +e (0)13 + F1 =0,

0 0 0 (0)
O (012 + 0o (0)22 + +e (0)23 + F2 =0, (1)

(0) 0) 0) (0)
O1 013 + O 023 —€ 011 + F3 =0,

1) 1) (0) (1) (1)
O1 011+ 02 091 — 3 031 +¢€ 013+ F1 =0,

1 1 0 1 (1)
7} (0%2 + 02 (0’)22 -2 (0)32 +e (0')23 + F2 =0, (2)

1 1 0 1 1 (1)
o (0%3 + 0y (0’)23 -3 (0)33 —€ <(0’i1 + (0;2> + [3=0,

where

+
0'3(1'1,.%'2, :Eh) = (0')3

h
Here P,, are Legendre polynomials of order m, e = — is a small parameter, Ry is
0
the radius of the middle surface of the sphere.
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Let us construct the solutions of the form [5], [6]

K K
u; = wek, vy = Zviak, (1=1,2,3), (3)
k=1 k=1

where u; and v; are the components of the vectors u and v respectively.
Formal substitution of (3) into (2) and (1) shows that the series (3) may satisfy
equations (1), (2) if the following equations are fulfilled [4]:

k k
0 [ 10w 26* ov k
2 0 [ Louy 2 + _
ph? | S5 | 20 P £ 20T = Xy, (4)
k k
ph?v? 7133 -3 [)\9—1—()\—1— 2u) 53] = X3,
k
a2 19, +2(A + )h28—@—3 2h6—5‘°’+5 —y (5)
oz | A oz ph" 5= =3p | 2ha= + v | =Y,

4R? 4
where z ="+, (14 2z)%’ A 020z

k k k k
g_l 8U+ 8u+ (E)_l 8"[) + 8@+
A 0z 0z ’ A 0z 0z

Introducing the well-known differential operators

o_1(o ;0N o0 _1(0 .0
0z 2\ ox! ox2)’ 9z 2\ 9xl ox? )’

k E kK
X +,Y +,X 3,Y 3 are the components of external force and well-known quan-

0 k-1 0 k—1
tity, defined by functions u 4, ..., u ;,v j,..., v ;.
The complex representation of general solutions of systems (4) end (5) are written
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in the following form

k 5A+6p 1 A, Oy’ (¢)d€dn 1 A(¢, ¢)dédn

Y+ = 3/\+2,u7r// C(—% +(7r// (—% )SO(Z)
D D

— Ah 0x(z, Z)
— ) - 6(AN+p) 0z

ba=x(:19) - grags (V0 + 7).

koo 20+ 2u)h? A(¢ Q) f'()dédn

Uy = 31 f(z)—i—/ (-2

fa=g()+ 30 - = [ [AGO [76)+ T ¢ - 2ldedn
D

where ¢ = £ 4+ in, p(2),4(2),f(z) and g(z) are arbitrary analytic functions of z,
X(z, Z) and w(z, z) are the general solutions of the following Helmholtz equations,

respectively:

3N+ )
Ay — K2y = 2V TP p2
X=X =0 </{ /\4—2uh>7

Aw—~7*w=0 (72:]?2).

D is the domain of the plane Oz'z? onto which the midsurface S of the shell is
mapped topologically.

Here we present a general scheme of solution of the boundary value problem
when the domain D is a circle of radius ryg.

The boundary value problem (in displacements) for any k takes the form

k B 5A 4641 gp’ d{dn ¢, d{dn
)t ] [Aegeg (1 ] [re0) o
— Ao Ox(z,2)y K B
O 5o os Jn = O (=m0 (6)
by = {xz2)- m(w()+<ﬂ()> = Gs 7)

- (/\4;)2u e / / Q%f’ )dédn
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_ jr//A(CéC_)Ci_fdn 7(2) _2hg/(z)+25w((;, z)}ro = §+, (|z] = 70), (8)
D
5 3 N = {Q(Z) +ﬁ_ Wlh//A(CaC_) [f’(z) —l-m} In|¢ — z|d§d77}ro — 53(9)
D

(k=0,1,... z=re", ¢=pe”),

k k k k
where G4, G3, J+, J3 are the known values.

Let us introduce the functions ¢’(z), 1¥(2) and x(z, Z) by the series

¢ (2) = Z apnz", Y(z) = anz”, Xx(z,2) = Z on Iy (kr)e™, (10)
n=0 n=0 —00

k ) ) k S .
G = Ape™. Gy =3 Bem?, (11)
—0o0 —00

where I,,(kr) are Bessel’s modificed functions.
By substituting (10), (11) into (6) and (7) we obtain the system of algebraic
equations:

BA+6udy 0o Arch

T Q'u%ao - %ao - mh(/{ro)ao = A,

Iy(kro)ay — 3>\2_)|\_h2 (ap + ap) = Bo,

gi i SZ&%I nol 12(1? jin(Rro)on—1 = dn, (n > 2).
dor( Qn+1 + rg’_n 12();\Hﬁ M)In(/{ro)a,n 1=—A_,, (n>0),
I, (7)o 33}‘2#7{;% B, (n>1)

For coefficients a,,, b, and a,, we have:

AchlIni1(kmo) )
o ( 1) ( +1 12(\ + p) Ly (kro) (n>1)
" (5A+ 6 )(5n_1 B )\2h2ﬁr6‘In+1(ﬁr0) ’ -
M T 6O+ m) o)

AkhlIpi1(kTo) )
2Ahr | Aps1 +
0 ( - 12<)‘ + M)IH(KTO) (TL > 1)
Sn1 NRPkrglupa(sro) |70 T
Yy 6(A + p) I, (kro)

o = ——— | Bp+

(BA +6p)
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i (3A +2u)do (An+2 +

n
o

Achlpio(kro) >
1200 + ) Ingr (k7o) "
on  N2RZRri L (ko)

5\ + 6 —
(BAH61) 5T = 60T )T (s70)

b, =

AkhIy(Kkro)
12()\ + N)T(T)Ljn-i-l (RT’())

AshlI,
N+ (An+2 4 Anhluss(rro) +1>
12(/\ + M)In—kl(l‘ﬁao) (n > 0)
On )\2h2/<;r6‘+1ln+2(nrg) ’ -

5A+6 —
BA ) kT = 60+ i) s (r0)

AkhIy(Kro)

(3X + 2p1) <R€A1 t 0)
ap = 12(A + ) Io (ko) LA 2T g

2(/\ n 2M)(i() _ )\2h2/€7"011(,‘£7’0) 8()\ + M) 50
ro  3(A+ p)lo(kro)
AxhIq(kro) B )
12(X + p)Io(kro)
N2h2krd I (kro)’
3N+ )

X | Bpy1 +

4 A
By Ah (Re 1+

- Io(/ﬂ"())

@
2()\ + 2#)50]0(/67‘0) —

2n+1

To
here 4 —8R2/ L _ap.
v " o (1+p?)? ’
Let us introduce the functions f/(z), g(z)and w(z, z) by the series

f'(z) = chz”, g(z) = Zdnz”, w(z,z) = Zﬁnln(’yr)eme. (12)
n=0 n=0 — 0

k o] . k o0 .
Ji =3 Mye™, Jy=Y Ny’ (13)
—00 —00

We now find the coefficients c,, d,, and 3, from the following system of algebraic
equations:

7 1)
gfl(W’o)ﬁo + i(Co + ¢o) = M,

- 1)
do + do — ﬁo(co + ¢p) = No,

On

n Cn—1 = M, (TL > 2)7

) _
E’yIn('YTO)anl + 7“01
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i
gln(fym)ﬁ_n_l — 2h(n + 1)rldps

2(\ + 2u)h?
+(50+(3MN)(”+1>> roCny1 = M_p, (n>0),
Ty n—thcn:Nn, (n>1).

The solutions of the system have the following forms:

— I, (~yr 2h(n +1
M—n+I"(WMn+2+()Nn+1
Cn+1 e n+2(77"0) TO ’ (n > O)
<In<wo> _ 2) Ontt o, 20200+ DA T S
Inia(yro) rot? 0 3
— L, 1(ym 2hn
1 5 M—n+l + WMn+l + 7Nn
d,=— | N, + — n+1(770) o
o nry <In—1(’y7“0) 2) on sl 2\ + 2u)nh?ry=t |
- T
Int1(yro) 7"6”1 070 3u
2i
I
" Yn+1(770)
— L_1(yr 2hn
S5 M—n+1 + MMn+l +—N,
x | My — — n+1(770) To
rgt! <fn—1(77‘o) 2) On | 5om1 2\ +2u)nhrg " |7
—F 2| — T
Int1(7ro) pp1 00 3u
ReA - ReA 2ImA
CoJrEo:ﬂa d0+d0=No+7e 17“0’ ﬁozim L.
0o h 7T (yro)
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