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OSCILATION CRITERIA FOR FIRST-ORDER
DIFFERENTIAL EQUATIONS WITH DELAY ARGUMENT
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Abstract. In the work the following differential equation

2t)+pt)x(act) =0, t>0
is considered, where p € Lj,.(Ry, Rt),0 € C(R4+;R), 0(t) <t,fort € Ry and limy_, o 0(t) =
+00. New oscillation criteria of all solutions to this equation are established.
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1. Introduction

In the present paper, using the ideas contained in [1], we establish some new oscillation
criteria for the equation

2 (1) + p(t) 2(0(1) = 0, (L1)

to be oscillatory, where
P € Lioe(Ry; Ry), 0 € Cloc(Ry; R), o(t) <t for t € Ry (1.2)

and
lim o(t) = +o0.

t—4o0

It is a trivial fact that a first order linear ordinary differential equation cannot have os-
cillatory solutions (see definition below). Specific criteria for the oscillation of linear delay
differential equations were for the first time proposed by A.D. Mishkis (see [2]). The oscil-
latory properties all proper solutions of delay differential equations, see in monographs [3,4]
and the references therein.

Theorem 1.1 ([5] Theorem 1). If

t
1
lim inf/ p(s)ds > —,
t=ree Jo(r) €

then all proper solutions of equation (1.1) are oscillatory.

Theorem 1.2 ([6] Theorem 3). If

t
/ p(s)ds <
o(t)

then equation (1.1) has an eventually nonoscillatory solution.

for large t, (1.3)

Q| =
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In particular, Theorem 1.2 can be formulated in the following way

Theorem 1.2". If

t
1
limsup/ p(s)ds < —, (1.4)
t—+o0 Jo(t) e

then equation (1.1) has an eventually nonoscillatory solution.
Remark 1.1. We show below (Theorem 2.3) that in some case, the condition

¢
1
limsup/ p(s)ds > —, (1.5)
t—+oo Jo(t) €
is sufficient for every proper solution of equation (1.1) to be oscillatory.
Below we will use the following notation:
to € Ry, 0(t) =max{o(s):s € [to,t]}, n(t) =max{s:o(s) <t}

fort e Ry, m(t) =n(t), ni =moni—1, (i =2,3,....

Definition 1.1. Let tp € Ry. A continuous function x : [ty,+00) — R is said to be
a proper solution of equation (1.1), if it is locally absolutely continuous on [ (tg), +00),
satisfies (1.1) almost everywhere in n;(t), +00) and sup{|z(s) : t < s < 400} > 0 for ¢t > 1.

Definition 1.2. A proper solution of equation (1.1) is said to be oscillatory, if the set of
its zeros is unbounded from above. Otherwise it is said to be nonoscillatory.

Definition 1.3. Equation (1.1) is said to be oscillatory, if any of its proper solutions is
oscillatory.

Lemma 1.1. Let

he CHRy), WE)>0 for teRy and lim h(t) = +oo. (1.6)

t——+o0

Let moreover
h(a(t)) > a(h(t)) for teRy (1.7)

and equation (1.1) has an eventually positive solution. Then the differential inequality
y'(t) +pu(t) y(o(t) <0 (1.8)

also has an eventually positive solution, where
pu(t) = h'(t) p(h(t)). (1.9)
Proof. Suppose that equation (1.1) has an eventually positive solution x : [ty, +00) —
(0, +00). Then by (1.6) there exists t; > ¢y such that
2/ (h(t)) + p(h(t)) z(o(h(t))) =0 for ¢>t;. (1.10)
Put y(t) = x(h(t)). Since y'(t) = 1'(t) 2’ (h(t)), from (1.10) we have
J(1) + K () p(h(t) o(o(h(1)) =0 for ¢ t.
Therefore, since x(t) is a decreasing function, by (1.7)we have

y'(t) + 1 (&) p(h(®) y(c(t)) <0 for t>t.
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Hence y(t) = x(h(t)) is an eventually positive solution of inequality (1.8), where pj(t) is
defined by (1.9).
Corollary 1.1. Let
ceCOMR,) and o(t) <1 for t>to, (1.11)
and the equation (1.1) has an eventually positive solution. Then for any ¢ > 0, the inequality
y'(t) +pt+e)yo(t) <0 (1.12)
also has an eventually positive solution.
Proof. According to (1.1), it is clear that (1.7) is fulfilled, where h(t) = t+cand ¢ € Ry,
which proves the validity of the corollary.
2. Differential inequalities
Consider the differential inequality
y'(t)signy(t) +p(t)|y(t)] <0, (2.1)
where the functions p and o satisfy conditions (1.2). Using the ideas contained in [1], we
establish some oscillation criteria for the differential inequality (2.1).
Remark 2.1. A proper solution of the differential inequality is defined as in the case of
a differential equation.
Theorem 2.1. Let for somen € N
¢ 5(t)
lim sup/ p(s) exp {/ p(8) Yn(s) ds}df > 1, (2.2)
t—too J4(t) ()
where .
P1(t) =1, Yp(t) =exp { /( )p(ﬁ) Yr—1(§) df} k=2,...,n. (2.3)
o(t
Then the differential inequality (2.1) is oscillatory.
Proof. Suppose, the contrary, that inequality (2.1) has a nonoscillatory solution y[to, +00) —

R. Tt can be assumed without loss of generality that y : [tg, +00) — (0, +00) is eventually a
solution of inequality (2.1) and

y'(t) +p(t)y(o(t)) <0 for m(ty) <t <s < +oo. (2.4)
From (2.4) we get
s y(a(§))
y(S)ZeXp{ IRGE }y<t> for > n(to)
e C ()
y(o
y(a<t>)zexp{ / RCE dg}y@) for ¢ > m(to). (2.5)

Hence by (2.5) we have

y(o(t)) = V() y(t) for t=>ni(te) (i=1,...,n), (2.6)
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where the functions W,(¢) are given by (2.3).
According to (2.1) and (2.6) there is ¢, > n(tp) such that

ts o(t«)
/ p(§) exp {/ p(s)\Pn(s)ds}dﬁ > 1. (2.7)
o(ts) 3(&)
On the other hand, from (2.4) and (2.5), because ¢ is a nondecreasing function, we have
5(tn)
y00) 2 ew{ [0 wa(@afu(o(e)) or o) <t <t
5()
Since y(o(t)) > y(d(t)), from (2.3) by (2.8) we get
5(t)
v nten] [ pew. i) <o 2:8)
5(t)
Integrating (2.8) from 6(t4) to s, we obtain
te 8t
. 5(t. n(s)ds pdt — 1) <0.
e v ([ e ] [ powaois 1) <o

This however contradicts (2.7). The obtained condradiction proves that inequality (2.1) is
oscillatory.
Corollary 2.1 Let

¢ 5()
limsup/ p(§) exp {/ p(s)ds}df > 1.
t—=too Jo(t) (8

Then the differential inequality (2.1) is oscillatory.
Theorem 2.2 Let

t
. 1
ltlin-klgf /U(t)p(s)ds > (2.9)

Then the differential inequality (2.1) is oscillatory.
Proof. To prove the theorem, if suffices to show that from (2.10) it follows (2.2). Note
that condition (2.10) implies

1
liminf [ p(&)d€ > —. (2.10)
By (2.10), there exist tg € R4 and ¢ > % such that
t
/ p(§)dE > ¢ for t>tp. (2.11)
o(t)

By (2.11), there exist tg € R4 and ¢ > % such that

/t p(§)d§ > ¢ for t>to. (2.12)
o(t)
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Choose a natural number ng such that (ec)™ > ;%. Because §(t) > o(t), from (2.12) we
obtain ¥;(t) > (ec) (i =1,2,...,np), for large t. Therefore

/ ;) p(s) exp { / j(:) PIE) g <5>d5}ds

a(t)
> (ec)™ /5:t)p(8) (/6(; p(f)dﬁ) ds fort > t;. (2.13)

On the other hand, by (2.12), for any ¢ > t1, there exists t* € [0(¢), ] such that

* . 5(t)
/ p(s)ds = = and / p(s)ds >
5(t) 2 8(t%)

for t>t.

N o

Since

which means that (2.2) is fulfilled.
Theorem 2.3 Let

ce CYO(RL), o(#)<1 for teRy, (2.14)
and for a large ¢ > 0
t+c t
lim inf (/ p(s)ds —/ p(s)ds> > 0. (2.15)
t=+00 \ Jo(t)+c o(t)
Then the condition .
1
1imsup/ p(s)ds > — (2.16)
t—+o0 Jo(t) €

is sufficient for equation (1.1) to be oscillatory.
Proof. According to (1.16), there exist {¢};°] and € > 0, such that

ti 1
/(t)p(s)dsz “;5 i=1,2,.... (2.17)

Suppose, to the contrary, that there exists an eventually positive solution x : [tg, +00) —
(0, 400) of equation (1.1). By Corollary 1.1, the differential inequality

y'(t) +pt+ti)y(o(t) <0 (2.18)

has an eventually positive solution.

Hand by (2.17)
t t+t; t;
/U p(s + ti)ds — / p(&dé / LT

(t) a(t)+t

+ [ nee

(ti
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t; 1+€ ti t+t;
d - d§ — d¢ |.
JIRCIE ( IREGISY G 5)

t
1
liminf/ p(s+t;)ds > re
t—oo O’(t) e

t; t+t;
—limin / pfd{—/ p(&dE .
t—+o0 o(ti S o(t)+t; ©

According to (2.15), for large ¢ =iy € {1,2,...} we have

Hence

t
lim inf/ p(§ + ig)dE > 1 .
t—o0 O'(t) [

Therefore by Theorem 2.2, inequality (2.13) is oscillatory. The obtained contradiction proves
that equation (1.1) is oscillatory.

Remark 2.2. The sufficiently of (2.16) for equation (1.1) to be oscillatory is proved in
[1] under the real additional conditions of p being bounded and ¢ being uniform conditions
in neighbourhood of 4oc0.
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