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Abstract. The analytic representation formulas of solution are proved for the nonlinear
perturbed controlled functional-differential equation with a delay parameter. In formulas the
effects of the continuous initial condition and variation of the initial moment are revealed. The
representation formula of solution plays an important role in the investigation of optimization
problems, allows one to get an approximate solution of the perturbed equation and to carry
out a sensitivity analysis of mathematical models.
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1. Introduction

In the present paper is found an analytic relation (representation formula) between solu-
tion of the original Cauchy problem

x(t) = f(t,a:(t),a:(t — To),UO(t),uO(t — 9)),t S [too,tl], (1.1)
z(t) = wo(t),t < too

and solution of corresponding perturbed (with respect to initial moment tqg, delay 7, initial
function ¢g(t) and control function ug(t)) problem are found. Continuity at the initial mo-
ment means that at the initial moment values of the initial function and trajectory always
coincide. The representation formula of solution plays an important role in the investigation
of optimization problems [1-8] and in carring out a sensitivity analysis of mathematical Mod-
els [9-11]. Finally, we note that the case when equation (1.1) does not contain ug(t — #) and
the initial moment is fixed the representation formulas of solution are proved in [12, 13].

2. Formulation of main results

Let R™ be the n-dimensional vector space of points = (z!,...,2™)T and let O Cc R*, U C
R"™ be convex, open and bounded sets; let t1 > tga > tg1, 72 > 71 > 0 and let # > 0 be
given numbers, with tg2 + 70 < t1. Suppose that the n-dimensional function f(t,x,y,u,v) is
continuous on the set I x O? x U%, where I = [to,t1] and continuously differentiable with
respect to x,y,u,v. It is clear that, for the compact sets Ko C O and Uy C U there exists a
number My = My(Ko, Uy) > 0 such that

L&y, uv)| + [f O+ Ly O]+ [fu() + [f()] < Mo, (2.1)
V(t,x,y,u,v) € I X Kg X UOZ.
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Further, denote by ® and 2 the sets of continuous differentiable functions ¢(t) € O, t € [T, tp2],
where 7 = tp; — max{7e, 6} and piecewise continuous functions u(t) € U,t € I = [7,t1],
respectively, with the set clu(l;) C U.

To each element

w = (to, 7, 0(t),u(t)) € W = (to1, to2) X (11, 72) X & x Q
we assign the controlled functional-differential equation
(t) = f(t,x(t), z(t — 7),u(t),u(t —0)),t € [to, t1] (2.2)
with the continuous initial condition

z(t) = ¢(t),t € [T, o). (2.3)

Definition 2.1. Let w € W, a function z(t) = x(t;w) € O,t € I is called a solution
of equation (2.2) with the condition (2.3) or a solution corresponding to the element w and
defined on the interval I; if x(t) satisfies condition (2.3) and is absolutely continuous on the
interval [to, 1] and satisfies equation (2.2) almost everywhere (a. e.) on [to, t1].

Let us introduce the notations:

] = ltol + I+ llpll + llall, Wewo) = {w € W+ fuw— wo| < ¢},

where
el = sup { (@] + lp(t)] : t € [7toal ., llull = sup {[u()] : ¢ € 1},
e > 0 is a fixed number and wo = (tg0, 70, Yo (), up(t)) € W is a fixed element; furthermore,

dto = to — too, 0T =T — o, 0(t) = o(t) — o(t), du(t) = u(t) — uo(t),
dw = w — wo = (dto, 6T, d¢p(t), du(t)), |[dw| = |5to| + |67| + [|0¢][1 + ||dul.

Let z(t) = z(t;wo) be a solution corresponding to the element wg = (too, 70,
©wo(t),up(t)) € W and defined on the interval ;. Then there exists a number ; > 0 such
that to each element w = wp + dw € W, (wog) corresponds the solution z(¢; wo + dw) defined
on the interval I; (see Theorem 3.1, in Section 3).

Theorem 2.1. Let xo(t) = x(t;wy) be a solution corresponding to the element wy =
(too, 10, wo(t),uo(t)) € W and defined on the interval Iy. Then there exists a number €9 €
(0,e1) such that, for arbitrary

dw € W, = {(5w eEW —wp: |[dw| < e, 0ty < O}
on the interval [top,t1] the following representation holds:

x(t;wo + dw) = xo(t) + dz(t; dw) + o(t; dw), (2.4)
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where
S (t; Sw) = Y (too; 1) (¢0(t00) - f0_>6t0 + B(t; w)
and
too
B(t; dw) = Y (too; t)de(too) + / Y (s + 105t) fyls + 10]dp(s)ds
too—To0
—{ t Y (s;t) fylslEo(s — To)d8}57'
too
¢
—|—/ Y (s;t) [fu[s]5u(s) + fols]ou(s — 0)} ds.
too
Here
am O(Itéi]u) = 0 uniformly for ¢ € [tgo, t1];

fo = f(too, po(too), wo(too — 0), uo(too—), uo(too — 0—)),

fuls] = %f(s,a?o(s),xo(s —10),up(s),uo(s — 0));

Y (s;t) is the n x n matriz function satisfying the equation

Yi(s;t) = =Y (s5t) fols]) — Y (s + 705 t) fy[s + 7o), s € [too,t], t € (too,t1]

and the conditions

Y(t;t) = E; Y(s;t) =0, s > t;

FE is the identity matriz and © is the zero matriz.

(2.6)

(2.8)

(2.9)

Theorem 2.1 corresponds to the case when the variation at the initial moment ¢yg occurs

from the left.

Some comments. The function dx(¢;0w) is called the first variation of the solution
xo(t) on the interval [too,?1]. The expression (2.5) is called the variation formula of solution.
The term “variation formula of solution” has been introduced by Revaz Gamkrelidze and

proved for the ordinary differential equation in [1].
The expression

Y (toos t) (%(too) - fo_>5to

in formula (2.5) is the effect of perturbation of the moment ¢y and the continuous initial

condition.

The addend
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too

Y (too; t)d¢(too) + / Y (s + 705t) fyls + 10]0p(s)ds

too—To0

in formula (2.6) is the effect of perturbation of the initial function g ().
The expression

in formula (2.6) is the effect of perturbation of the delay parameter 7.
The addend

t

Y (s;t) fylsl@o(s — To)ds}éT

too

Y (s:1) [ Fulsl6u(s) + fuls)ou(s — 9)] ds

to

in formula (2.6) is the effect of perturbation of the control function wug(t).
On the basis of the Cauchy formula [6] we conclude that the function

6()0(t>7 te [’f’,too),
6x(t) = ¢ (¢o(too) — fo )oto + de(ton),t = too,
51‘(75; 51&)), t e [too, tl]

satisfies the linear functional-differential equation
5x(t) = fo[t]ox(t) + fy[t]dx(t — 10) — fylt]Zo(t — 70)dT
+ fultlou(t) + fo[t]ou(t — 0),t € (too, t1]

with the initial condition

dx(t) = dp(t),t € [, t00), 6x(too) = (Po(too) — fo )dto + dp(too)-

(2.10)

(2.11)

Formula (2.4) allows us to construct on the interval [tgp,¢1] an approximate solution of the

perturbed equation

B(t) = f(t,2(t), 2(t — 10 — 67), uo(t) + du(t), uo(t — 0) + su(t — 6))

with the initial condition

x(t) = @o(t) + dp(t),t € [T,too + Oto),
where 0ty < 0.

(2.12)

(2.13)

In fact, for a small [dw| from (2.4) for solution z(¢;wy + dw) of the perturbed problem

(2.12)-(2.13) we have

x(t;wo + dw) ~ xo(t) + dz(t; dw), t € [too, t1].
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Thus, zo(t) + d0x(t;dw) can be considered as approximate solution on the interval [too, t1].
It is clear that, the first variation dx(¢; dw) can be calculated in two ways: first -by finding
the solution Y'(s;t) of problem (2.8)-(2.9); the other- by finding the solution of the problem
(2.10)-(2.11).

Theorem 2.2. Let xo(t) = z(t;wy) be a solution corresponding to the element wy =
(too, 70, po(t), ug(t)) € W and defined on the interval Iy. Then for each fived to € (too,too+9),
where § > 0 and top + § < tog there exists a number e € (0,21) such that, for arbitrary

Sw e SWE = {5w eW —wp: |ow| < s, dto > o}

on the interval [to,t1] the representation (2.4) holds, where

bx(t; 5w) = ¥ (to0; 1) (¢0(too) — 1 ) o + B(t; ). (2.14)

Theorem 2.2 corresponds to the case when the variation at the point tgy occurs from the
right.

Theorem 2.3. Let xo(t) = z(t;wy) be a solution corresponding to the element wy =
(too, 10, wo(t),uo(t)) € W and defined on the interval I;. Moreover, let

fo =1y = fo

Then for each fized to € (too, too + 0), where 6 > 0 and tog + 0 < to2 there exists a number
g9 € (0,e1) such that, for arbitrary

ow € oW, = {511) eW —wp: |dw| gag}

on the interval [to,t1] the representation (2.4) holds, where

(S.I‘(t; 5’[1)) = Y(too; t) ((ﬁo(too) — f()) 5t0 + ﬁ(t; (5w)

Theorem 2.3 corresponds to the case when the variation at point tgy occurs from both
sides and is a corollary to Theorems 2.1 and 2.2.

3. Auxiliary assertions

Theorem 3.1 ([6], p. 18]). Let zo(t) = z(t;wp) be a solution corresponding to the
element wo = (too, 70, po(t), uo(t)) € W and defined on the interval Iy = [7,t1]. Then there
exists a number €1 > 0 such that to each element w = wo + dw € Wy, (wg) corresponds
solution z(t) = x(t; wo +dw) defined on the interval Iy with x(t) € Ky and ug(t)+du(t) € Uy,
where K1 C O is a compact set containing a neighborhood of the set xo(I1) and Uy C U is a
compact set containing a neighborhood of the set clug(Iy).

Theorem 3.1 allows one to introduce the increment of the solution z(t) on the interval
I

Az(t) = Az(t; dw) = x(t; wo + dw) — zo(t),
tel,dw=w-—wy e oW, .
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Theorem 3.2. There exists a number o € (0,e1) such that

max |Az(t)| < O(dw) (3.1)

tel
for arbitrary dw € 6W_,. Moreover,

Az(too) = d(too) + <¢0(t00) - f§)5t0 + o(éw). (3:2)
Here
m O(dw)
I6w]—0  |dw|

Proof. Let €3 € (0,¢1) be insomuch small that for arbitrary dw € 6W_, the following
inequality

too—T<t0, too — 10 < to (33)
holds, where 7 = 19 + d7 and ty = tgp + 0tp. On the interval [tgp,¢1] the function Ax(t) =

x(t) — xo(t), where z(t) = z(t; wo + dw), satisfies the equation

Az(t) = a(t; dw), (3.4)

where

a(t;ow) = f(t,x(t), z(t — 7),u(t),u(t — 0)) — f(t,x0(t), zo(t — 70),uo(t), uo(t — 0)),

u(t) = up(t) + ou(t).
We rewrite the equation (3.4) in the integral form

t
Aa:(t) = A.I(t()()) +/ a(s; 5w)ds,t S [too,tl].
too
Hence it follows that
|A:c(t)\ < \Am(t00)| + al(t; too, (511)), (35)
where
t
aq(t; too, ow) = / la(s; dw)l|ds.
too

Let us prove the formula (3.2). We have

Axz(too) = z(too) — o(too) = ¢o(to) + dp(to)

too

+ [ f(6a(t), et = 7),ult), u(t — 8))dt — po(ton) (3.6)

to
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(see (3.3)). It is clear that

olto) ~ poltan) = [ Go(t)dt = goltan)oto + o),

too
where
too
dw) = / — ¢ d
o) = [ (400) = golton) )
and
dp(to) = dp(too) + dp(to) — dw(too) = dp(too) + B(dw),
where
B6w) = [ (bt
to

It is easy to see that

la(dw)| < 0w| max [po(t) — ¢o(ton)| = o(dw)

te[to,too]
and
1B(0w)] < [6w]* = o(dw).
Thus,
vo(to) + dp(to) — woltoo) = $(too)dto + dp(too) + o(dw). (3.7)
Furthermore,
too
[ w00t = ). ult),utt = 0))dt = 1 (6w) +72(6w),
to
where
too
Al (5w) = f(tv 900(75)’ @O(t - 7-0)7 UO(t), uo(t - 9))dt’
to
and

na(0w) = [ [#t00). (e = ). ut),utt - 0)

to

_f(t7 (po(t)’ SOO(t - 7—0)7 uﬂ(t)a UO(t - 9)) dt.

On the basis of (2.1) it is proved that for the compact sets K1 C O and U; C U there exist
a number L > 0 such that
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|f(t, 21,91, u1,v1) — f(t, 22, y2,u2,v2)| < L<|$1 —ma| + |y1 — yo| + |ur — uz|

+lvp — v2|)7W € [tor, t1], V(z1, 2, y1,y2) € K71, V(u1, uz,v1,v2) € U}

(see [6], p. 29).
Let us now transform ~; (dw) and ~2(dw). We have

Y1 (dw) = ;00 f(t, ©0(t0o), po(too — 70), uo(too—), uo(too — 0—))dt
+ [ [ttt et = o). ute) e - 0)

—f(t;0(too)s poltoo — 70), uo(too—), uo(too — 9—))] dt

= —fy 0to + 711 (0w)
(see (2.7)). Next,

a5l < 2 [ [lolt) = eotton)| + et = 7) = nlton =)

Flut) — uo(too—)| + [u(t — 0) — uo(too — 9—)|] dt < L|dw|yia(ow),

where

y2(dw) = sup |[p(t) — woltoo)| + [¢(t — 7) — wo(too — 70)|
tE[to,too]

Hut) = uo(too )| + u(t — 6) = uo(too — 0-)]]-

It is clear that

Y12(dw) — 0 for |dw| — 0,

711 (0w) = o(dw).
Thus,

71 (0w) = —fy 6t + o(dw).
It is easy to see that

(0w <L [ (ja(t) = woft)] + eo(t = 7) + gt = 7) = ot = )

to

Hau()] + [sult — 0)])dt = L/ "2 (t) = o(b)|dt + o(ow):

to

(3.8)
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For t € [to, too] we have
[2(t) — @o(t)] = |2(to) + t f(s,2(s),2(s — 7),u(s), u(s — 0))ds — po(t)|
= [po(to) + dp(to) + t f(s,2(s),2(s — 7),u(s),u(s — 0))ds — po(t)|

< {Igetto)l + [ 17(s.2(9) s = ) uls) uls — 6))lds

to

+ [ golas} < 0w (39)

to

(see Theorem 3.1).
Consequently,

Y2(0w) = o(dw) (3.10).

From (3.6) by virtue of (3.7), (3.8) and (3.10) we obtain (3.2).
Let us now prove the inequality (3.1). We note that dw € dW_, i. e., tg < too, therefore

Au(t) = do(t),t € [7,10),
z(t) = o(t), [to, too]-
On the basis of (3.9) we have

max |Az(t)| < O(ow). (3.11)

tE[ﬂA',too]

We will estimate now aq (t; too, dw), t € [too, t1]. We have

aq (t; top, dw) < L/ [|a:(s) —xzo(s)| + |x(s — 7) — zo(s — 70)]

too

t
+[ou(s)| + [ou(s — 9)@ ds < L/ |Ax(s)|ds + Lai1(t; too, ow) + 2L(t1 — too)|dw]

too

t
< O(ow) + L/ |Ax(s)|ds + Lau (£ too, o),

too

where

t
a1 (£ oo, Ow) :/ (s — 7) — w0 (s — 70)|ds.

too

We introduce the notations

s1 = min{tg + 7,t0 + 70}, s2 = max{too + 7, too + 70}

It is not difficult to see that
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s1 > top and |sg — s1| = O(dw)

(see (33)) Next, if t € [too,sl] then t — 7 < tgand t — 19 < typ < tgo; if t € [Sg,tl] then
t— 7 > tgo and t — 19 > tgg; there exist numbers M > 0 and N > 0 such that

[2(s — 7) — xo(s — 70)| < M, t € [too, 1]
and
|Zo(t)| < N, a. e. on I;

(see Theorem 3.1, Definition 2.1 and (2.1)).
Let t € [too, 81] then

1
a11(t; too, dw) < aq1(s1;teo, dw) = / lp(s —T) — @o(s — 10)|ds

too

S1 S1
s/|w@—ﬂw+/|m@—ﬂ—m@ﬂwwsm—mmw|

too too
S1
<,
too

Let t € [s1, s2] then

/ N |¢0(€)|d§‘d5 < (t1 — too)|6w| + (t1 — too)[|woll1]0w| = O(dw).

—70

t
a1 (t; too, dOw) = aq1(s1; too, dw) + / |x(s — 7) — zo(s — 70)|ds
s1

< O(0w) + M|sy — s1| = O(0w).
Let t € [sq,t1] then so — 7 > to9 and so — 79 > too. We have
¢
a11(t; too, 0Ow) = ay1(s2;too, dw) + / |x(s — 7) — zo(s — 70)|ds
82

§O(5w)+/ |a:(s—7')—x0(s—7')|ds+/ |xo(s — 1) — xo(s — 70)|ds

/maows@

S—T0

= O(w) + /S: |Az(s —T)|ds + /S:

< O(dw) + /tT A (s)|ds + (t — 52)N|67]

S2—71

< O(dw) + /t |Ax(s)|ds + (t1 — too) N |ow|

too

= O(0w) -l—/ |Az(s)|ds.

too

By using the last relations we obtain



28 Berdawood K., Berikelashvili G., Dvalishvili Ph., Tadumadze T.

t
ans (£ too, 6w) < O(6w) + / |Aar(s)|ds, ¢ € [too, t].

too

Consequently, we get

t
aq (t; too, ow) < O(dw) + 2/ |Ax(s)|ds.

too

From (3.5) according to (3.2) and (3.12) we have

|Az(t)] < O(dw) + 2/t |Ax(s)|ds,t € [too, t1]-

too

By the Gronwall-Bellman inequality we get

|Az(t)] < O(6w)e?Htt00) — O(§w), t € [too, t1].

According to (3.11) and (3.13) we obtain (3.1).
Theorem 3.3. There exists a number o € (0,e1) such that

<
max |Az(t)] < O(dw)

for arbitrary dw € 5W€‘g. Moreowver,
A.Z‘(t(]o) = 5@(7500) + (gbo(too) — fa_)(sto + O((SZU).

Theorem 3.3 is proved by analogy to Theorem 3.2 without principal changes.
4. Proof of Theorem 2.1
The function Az(t) satisfies the equation

Az(t) = folt|Az(t) + fy[t]Az(t — 70) + fultlou(t) + fo[t]ou(t — 6)
—H)(t; 5w),t S [too,tl],

where

b(t; dw) = a(t; ow) — fu[tlAx(t) — fy[t]Az(t —70) — fult]ou(t)
_fv [t]5u(t - 9)

(3.12)

(3.13)

(4.1)

(4.2)

By using the Cauchy formula [6, p. 31], one can represent the solution of the equation (4.1)

in the form

Ax(t) = Y (too: ) Ax(to) + | Y(s:t) ( Fulsou(s) + fulslou(s — 9)>ds

too

+b1 (t; too, 5111) + b2 (t; too, (571)),
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where
too

b (t; too, ow) = / Y (s + 705t) fyls + 0] Az(s)ds,

too—To

t
bQ(t;tgo,éw):/ Y (s;t)b(s; 0w)ds

too

and Y'(s;t) is the matrix function satisfying the equation (2.8) and the condition (2.9). The
function Y'(§;t) is continuous on the set

= {(s,t) L5 € [too ], t € [too,tl]}
(see [6], Lemma 2.6). Therefore,
Y (too; t)Az(too) = Y (too; t) [590(7500) + (Sbo(too) - f6>5t0] + o(t; dw) (4.4)
(see (3.2)). One can readily see that

to too
b1 (t; too, dw) = / Y (s + 7105t) fyls + 10]dp(s)ds + Y (s + 705t) fyls + 7o) Az(s)ds

too—To to

too too
= /t Y (s + 705t) fy[s + 10]dp(s)ds — Y (s 4 10;t) fyls + 10]d¢(s)ds

00—7T0 to
too too
+ Y (s + 710;t) fyls + 10] Az(s)ds = / Y (s 4+ 10;t) fyls + 10]d¢(s)ds
to too—70
“+o(t; ow) (4.5)

(see (3.1)). We introduce the notations:

flt; s, dw] = f(t, zo(t) + sAx(t), xo(t — 10) + s(zo(t — 7) — xo(t — 70)
+Ax(t — 7)), up(t) + sou(t), uo(t — 0) + sou(t — 6))
ox(t; s, 0w) = fz[t; s, ow] — fu[t].

It is easy to see that

a(t; dw) = /01 c%f[t;s,dw]ds = /01 {fx[t; s, 0w|Az(t)

+fylts s, dw](xo(t — 7) — 2o(t — 70) + Az(t — 7)) + fult; s, ow]ou(t)

+fu[t; s, dow]ou(t — 9)}(15 = [/01 ox(t; s, 5w)ds} Ax(t)

+[/01 oy(t; s, 5w>ds} (zo(t —7) — xo(t — 70) + Ax(t — 7))
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+ [ oatts.owpas)oute) + [ [ outs s, owas]oute o)

+fo[t]Az(t) + fyltl(xo(t — ) — xo(t — 70) + Az(t — 7)) + fult]du(t)
+fo[t]ou(t — 6).

Taking into account the last relation for ¢ € [too, t1], we have

bg(t; too, 5w) = bgl(t; (5’[1)) + bgg(t; (511)) + bgg(t; (511)) + bg4(t; (5’LU)
+b25(t; dw) + bag (1 dw),
where

t

bo1 (t; 0w) = Y (& t)or (& 0w)Ax()dE, 04(&; dw) = /01 0z(&; s, 0w)ds;

too
t

baa(t; 0w) = [ Y(&t)oy(8;0w)(wo(§ — 7) — xo(§ — 70) + Az (€ — 7))dS,

too
t

1
oy (& 0w) :/0 oy(&; s, 0w)ds; bas(t; dw) = Y (& t)ou(&; ow)du(§)dE,

too
t

uleiow) = [ (s, Sw)dsiboa(tow) = [ V(€ t)o (€ dw)ouls — 0)de,
0

too
t

1
0o €5 60) = /0 0o(€; 5, 6w)ds: bas (t:6w) = [ V(&)1 €] lzo(€ — 7) — xo(€ — mo))dE;

too
t

bas(t;0w) = [ V(& 8)fyl€][Az(§ — ) — Az(§ — 70)]dE

too

(see 4.2). The function z((t),t € I, is absolutely continuous. For each Lebesgue point
€ € (too, t1] of the function &g (& — 79) we get

&0
ro(§ —7) —x0(§ —T0) = /g Zo(s — 70)ds =

= —o(§ — 10)0T + (& 07), (4.6)
and with

~ § oT)
\5T|ﬂo ’ ) =0

We denote now (§;07) by v(§; 0w). It is clear that

V(& 0| _ ‘v (§67)
[6w|—0 |(5’w| |6T|4’0

’ —0. (4.7)

Thus, (4.6) is valid for almost all points of the interval (tgo,¢1). From (4.6), taking into
account the boundedness of the function #y(t),t € I; it follows that
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|zo(€ — T) — 20(€ — 70)| < N|§7] < Nl|dw| = O(w) (4.8)
and
V(& 0wl v (&GOT)| (. 1/5 o
5] < ‘ 5 ’ = ‘.”L’o(f T0) + 5 J; zo(s — 70)ds| < const. (4.9)
It is clear that for & € [too, $1]
[Az(§ —7) — Az(€ — 10)| = |6p(§ — 7) — 6 (§ — 70)]
‘ / § dg = o(dw) (4.10)
§—Ti
and for £ € [s1, s2] we have
|[Az(§ — 1) — Az(§ — 10)| < O(0w) (4.11)
(see (3.1)).
Let & € [so,t1] then & — 7 > tgo, & — 70 > too. Therefor,
§— 7'0 A
A€ —7) - Au(e —Toy_‘/ Als)|ds
&— 7'0
‘/ \Ax )+ |ro(s — 7) — xo(s — 10)| + |du(s)]
F|ou(s — e)|]ds) < o(dw) (4.12)

('see (3.1),(4.8) ).
According to (3.1), (4.6) for expressions by ;(t; 0w),i = 1,6 we obtain

lbaa (8 6w)]| < [[Y[[O(Gw)ora(6), 7 (S0) = / oulE; Sw)lde;

too

lbaat; 0w) | < [V O(6w)ay (1), 0y (6w) = / oy (6 5w) de;

too

Ibas (8 6w)]| < [Y[[O(Gw)oru(6w), o (1) = / 0w 0w)de;

too

[baa(t; 6w)]| < [[Y[[OGw)ory (1), 00(60) = / o & Suw)|de:

too

Y (&54)fy[€la0 (€ — 70)dE| o7 + 7 (t; dw),

bos (t; dw) = —[ t

too

where

t

Y| = sup{|Y (& 0)] : (&,8) € I}, it 0w) = [ Y (&) fyl€]v(E; dw)d

too

By the Lebesgue theorem on the passage to the limit under the integral sign, we have
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li dw) =0, li dw) =0, li ow) =0, li dw) =0
Sum0 oz(0w) ? Swm0 7y(0w) ? swm0 ou(0w) ’aul;riloav( w)

and

i GO _ o
dw—0 |6w|

uniformly for t € [too, t1], (see (4.7), (4.9)). Thus,
bai(t; ow) = o(0w),i = 1,4;

bus(tidw) == | [ V(&)1 la0(€ — m)de] o7 + ofts ).

too

Further,

[bag (t; dw)| < [|Y] /t 1 [fyl€ll|Az(€ = 7) — Aw(§ — 70)|d§ = o(6w)

(see (4.10)-(4.12)). Consequently,
t

baltitoo, 0w) = —| | V(&) €lio(§ — mo)dg |07 + o(t; duw) (4.13)

too

From (4.3) by virtue of (4.4), (4.5) and (4.13), we obtain (2.4), where dx(¢; dw) has the form
(2.5).

5. Proof of Theorem 2.2

Let tg € (too, too+9), where § > 0 and tgg+0 < tg2. Moreover, let 5 € (0, 1) be insomuch
small that to = tog + 0tg < i for arbitrary

dw € SWE = {6w EW —wp: |ow| < 9, dty >o}.

The function Az(t) satisfies the equation (4.1) on the interval [to, ¢1]. Therefore, by using the
Cauchy formula, we can represent it in the form

Ax(t) = Y(to: ) Az (o) + | Y(s:t) ( Fulsu(s) + fulslou(s — 9)>ds

to

+b1(t;t0,6w) —i—bg(t;to,dw), (5.1)

where Y'(£;¢) is the matrix function satisfying the equation (2.8) and the condition (2.9).
The function Y (£;t) is continuous on the set [tog, o) % [fo,t1], therefore

Y (to;t) Az (to) = Y (too: t)[0¢(too) + (¢(teo) — f3)dto] + o(t; dw) (5.2)

(see Theorem 3.3). It is not difficult to see that



Representation Formulas of Solution for a Perturbed Controlled ... 33

too to
(tito.du) = [ Y(E+ ORI+ mlse(€ds+ [V (E+mit)fle+ mlAa()de
too to—7o
= [ vier s+ mlso(©de +otiow) — [TV (E+ i)l + mlso(de
too
= [ vier i+ mlse(€)de + oftis Gx)

In a similar way, with nonessential changes, for ¢ € [fo, 1], one can prove

ba(t; to, dw) = —{ Y (&;t) fyl€lEo(€ — T0)dE | 6T + o(t; dw) (5.4)

too

Taking into account (5.2)-(5.4), from (5.1) we obtain the formula (2.4) on the interval [to, 1],
where dx(t; 0w) has the form (2.14).
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