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leqcia 14 

9. biologiuri procesebis zogierTi diferencialuri 
modeli. martivi diferencialuri gantolebebi 

9.1. populaciis raodenobis dinamikis modeli 

populaciis raodenobis dinamika (e. i. cocxal individTa saerTo raodenobis 

cvlileba populaciaSi Sobadobisa da sikvdilianobis gaTvaliswinebiT) erT-erTi um-

niSvnelovanesi sakiTxia populaciis ekologiaSi. Tu populacias izolirebulad, 

kvebis resursebs ganusazRvrelad, xolo axali Taobis nazrds zrdasrul individTa 

raodenobis proporciulad CavTvliT, maSin populaciis raodenobis dinamika xa-

siaTdeba 

                              (9.1.1) 

diferencialuri gantolebiT, sadac 
 

populaciis raodenobaa drois t momentSi,  _ proporciulobis koeficienti. 

(9.1.1) warmoadgens martivi diferencialuri gantolebis [radgan ucnobi funqcia di-

ferencialis (gawarmoebis) niSnis qveSaa, mas diferencialuri gantoleba ewodeba] 

magaliTs. vTqvaT,  populaciis raodenobaa sawyis  momentSi, e. i. 

                              (9.1.2) 

da vipovoT populaciis  raodenoba drois  momentSi. (9.1.1)-dan gveqneba 

, e. i. .                   (9.1.3) 

vaintegroT (9.1.3) -dan t-mde: 

, 

saidanac 

. 

cxadia, 

. 

potencirebiT da (9.1.2)-is gaTvaliwinebiT miviReT, rom 

.                             (9.1.4) 

(9.1.2) pirobas sawyisi piroba ewodeba, xolo (9.1.1), (9.1.2) amocanas _ koSis 
amocana. amrigad, am ukanaskneli amocanis amonaxsni vipoveT (9.1.4) saxiT. 
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9.2. ferhulstis modeli populaciis raodenobis dinamikaSi 

populaciis dinamikis ufro zust aRweras iZleva ferhulstis*) gantoleba, 
romelic miRebulia 1845 wels. is iTvaliswinebs populaciaSi SidasaxeobaTa 
konkurencias, romelic populaciis zrdis siCqares aferxebs, rac bevri mizeziT 

aixsneba: brZoliT adgilisa da sakvebisTvis, infeqciis gavrcelebiT da a. S. 

am gantolebas aqvs 

 

saxe, sadac  populaciaSi SidabrZolis koeficientia, romelic sxvadasxva popula-
ciisTvis sxvadasxvaa. 

 

 

9.3. epidemiaTa Teoriis diferencialuri modeli 

vTqvaT, infeqciis gadacemis procesi bevrad ufro swrafia, vidre avadmyofobis 

mimdinareoba. Cven gvainteresebs infeqciis gadacemis procesis Seswavla. vuSvebT, rom 

daavadebuli individebi koloniidan ar gadian da infeqcias janmrTel individebs 

gadascemen. 

vTqvaT, a inficirebulTa raodenobaa, xolo n arainficirebulTa raodenoba saw-

yisi momentisTvis; 
 

 _ arainficirebulTa raodenoba, xolo 
 

inficirebulTa raodenobaa drois t momentisTvis. cxadia, yvela momentisTvis
*) Sualedidan adgili aqvs 

.                              (9.3.1) 

tolobas.  

radganac infeqcia inficirebulTa da arainficirebulTa Sexvedris dros gadaecema, 
amitom arainficirebulTa raodenoba SexvedraTa raodenobis, e.i. xy namravlis 

proporciulad klebulobs. amitom arainficirebulTa raodenobis Semcirebis siCqare 

,                               (9.3.2) 

sadac  proporciulobis koeficientia. (9.3.1)-dan ganvsazRvroT y-is 

mniSvneloba da CavsvaT (9.3.2)-Si, miviRebT 

. 

jer gavixsenoT modelTan dakavSirebuli zogierTi cneba.  

baqteriebi  umetesad erTujrediani organizmebis jgufi. ganekuTvneba „atomamdel“ 

 birTvamde molekulur formebs  prokariotebs. sferuli (kokebi), Reroseburi 

(bacilebi), Zafiseburi dagrexili (vibrionebi), spiraliseburi; ikvebebian sxvadasxva 

                                                           
*) pier f. ferhulsti (Verhulst) (1804-1849) – belgieli maTematikos-biologi 
*)  Sualedi erTi Taobis sicocxlis xangrZlivobaze naklebi unda iyos. 
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organuli nivTierebebiT an qmnian araorganulidan organul erTujredian 

nivTierebebs. 

virusebi  mcire zomis araujredovani nawilakebi, romlebic Sedgeba nukleinuri 

(maRalmolekuluri organuli naerTebi Sedgeba azoturi safuZvlis, naxSirbadis da 

fosforuli mJaveebis narCenebisgan) mJavisagan da cilovani (cilebi  
maRalmolekuluri organuli nivTierebebi Sedgeba 20 tipis aminomJavisgan da 

warmoadgenen organizmebis sicocxlisunarianobis procesebis safuZvels) garsisagan. 

forma Reroseburia (Cxiriseburi) 10 dan-3000 nanometramde da ufro didebic; 

ujredSiga parazitebia. iyeneben maT fermertul aparats da gardaqmnian momwifebuli 

virusebis sinTezad. iwveven daavadebebs.  

istoriidan cnobilia faqtebi, rodesac sxvadasxva epidemiuri daavadebisgan (qole-

ra, Savi Wiri, gripi da sxva) mravali adamiani iRupeboda. imisTvis, rom  efeqturad 

vebrZoloT am daavadebaTa gavrcelebas, saWiroa, winaswar ganisazRvros, Tu ra Sede-

gi mohyveba daavadebis sawinaaRmdego RonisZiebebs, e.i. saWiroa moxdes sxvadasxva Ro-

nisZiebis Catarebis Sedegad avadmyofTa raodenobis dinamikis prognozireba. aqedan 
gamomdinare, mivdivarT iseTi maTematikuri modelis Seqmnis aucileblobamde, rome-

lic daavadebis gavrcelebis garkveuli prognozirebis saSualebas iZleva. 

simartivisTvis jer ganvixiloT situacia, rodesac araferi keTdeba ama Tu im epi-

demiis gavrcelebis winaaRmdeg, e.i. movaxdinoT epidemiis gavrcelebis bunebrivi pro-

cesis prognozireba. 

cxadia, maTematikuri modeli epidemiis gavrcelebaze sxvadasxva faqtoris gavle-

nas unda iTvaliswinebdes. magaliTad, gaTvaliswinebuli unda iyos is kanonebi, ro-

melTa mixedviTac xdeba ama Tu im virusis gamravleba, calkeuli adamianis imunite-

ti ama Tu im daavadebis mimarT, infeqciis matarebeli adamianebis Sexvedris albaTo-

ba janmrTel adamianebTan da mravali sxva faqtori. sxva sityvebiT rom vTqvaT, epi-
demiis ase Tu ise sruli modeli unda Seicavdes im kvlevis Sedegebs, romelsac 

mecnierebis sul cota oTxi dargi mainc awarmoebs, kerZod, mikrobiologia, medici-

na, farmakologia da socialuri fsiqologia. 

radgan Cveni mizani mxolod sailustrcio modelis Sedgenaa, amitom maTematikuri 

modelis Sedgenisas bevr faqtors ar gaviTvaliswinebT. amis miuxedavad, aseTi uxeSi 

modelis saSualebiTac ki SeiZleba epidemiis gavrcelebis meqanizmis aRwera mis gar-

kveul etapze. 

amrigad, ganvixiloT adamianebis jgufi, romelic  individisgan Sedgeba. vTqvaT, 

 momentSi am jgufSi moxvda avadmyofi 0N  adamiani (infeqciis wyaro). vigulis-

xmoT, rom am jgufisgan arc erTi avadmyofis CamoSoreba (mag., karantinis saSuale-

biT) ar xdeba, aseve ar aris arc gamojanmrTelebisa da arc sikvdilis SemTxvevebi. 

aseTi daSvebebi sruliad bunebrivia epidemiis dawyebidan drois mcire intervalis 

ganmavlobaSi. CavTvaloT agreTve, rom nebismieri adamiani infeqciis wyarod iTvleba 
maSinve, rodesac is daavaddeba. 

aRvniSnoT t momentSi daavadebuli adamianebis raodenoba  simboloTi, xolo 

jerjerobiT janmrTeli adamianebis raodenoba _  simboloTi. cxadia, Cveni daS-

vebebis pirobebSi t-s nebismieri mniSvnelobisTvis samarTliania 

                           (9.3.3) 

toloba. rodesac , maSin 0)0( Nx  . 

N
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cxadia, daavadebuli adamianebis raodenobis cvlilebis siCqare damokidebulia 

avadmyofi da janmrTeli adamianebis Sexvedraze, e.i. SeiZleba CavTvaloT, rom es siC-

qare  namravlis proporciulia. am daSvebis safuZvelze SegviZlia davweroT 

 

an, Tu (9.3.3) tolobas gaviTvaliswinebT, bernulis*) 

                          (9.3.4) 

gantoleba, sadac  garkveuli mudmivia. miRebuli diferencialuri gantolebis-
Tvis ganvixiloT koSis amocana 

0)0( Nx                                (9.3.5) 

sawyisi pirobiT. 

(9.3.4), (9.3.5) warmoadgens epidemiis gavrcelebis umartives models, romlis sa-
SualebiTac drois nebismier t momentSi daavadebuli adamianebis raodenobis gansaz-

Rvra SeiZleba. 

amovxsnaT es amocana. am mizniT SemoviRoT 

 

aRniSvna, saidanac miviRebT, rom 
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Tu am ukanasknel tolobas gaviTvaliswinebT, (9.3.4) gantoleba SeiZleba Semdegi 
saxiT CavweroT: 

,                          (9.3.6) 

radgan 0)0( Nx  , amitom 
0

1
)0(
N

U  . 

advilad SeiZleba davamtkicoT, rom 
0

1
)0(
N

U   sawyisi pirobebis gaTvaliswinebiT 

(9.3.6) gantolebis amonaxsns warmoadgens Semdegi funqcia: 

N
e
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saidanac miviRebT, rom 
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00

0 .                        (9.3.7) 

marTlac, Tu gamoviyenebT (3.1.13)*) formulas, gveqneba, rom 

                                                           
*) es modeli moyvanilia Semdeg wignSi:  W.E. Boyce, R.C. DiPrima, Elementary Differential Equations and 

Boundary Value Problems, John Wiley & Sons, 2001, ix. gv. 87 
N.T.J. Bailey, The Mathematical Theory of Infections Disiases and Applications, New York: Hafner Press, 1975 
*) ixileT n. CinCalaZe, g. jaiani. umaRlesi maTematika, nawili II, diferencialuri 

modelebi. Tbilisis universitetis gamomcemloba, 2009. 

)()( tytx 

)()( tytx
dt

dx


)( xNx
dt

dx
 

0

)(

1
)(

tx
tU 

  NU
dt

dU



5 
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aq CavsvaT  da davakmayofiloT sawyisi piroba, maSin 
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(9.3.7)-is orjer gawarmoebiT miviRebT, rom 

 
   

 
 

 
.

)(

)()(

)(

)(2)()(

)(

)(

3

00

0
2

000
32

4

00

00
2

0
322

0000
3

2

00

00
2

2

2

Nt

NtNt

Nt

NtNtNtNt

Nt

Nt

eNNN

eNeNNNNNN

eNNN

NeNNeNNNeNNeNNNN

eNNN

eNNNN

dt

d

dt

xd

dt

d

dt

xd






















































 

aqedan gamomdinareobs, rom ,0
2

2


dt

xd
 rodesac ,

ln
0

0

N

N

NN

t




  marTlac mricxvelSi 

kvadratul frCxilebSi moTavsebulis nulTan tolobidan (  Nte  ze Sekvecis Semdeg) 

gveqneba, rom 00 )( NeNN Nt    aqedan ,1
)(

0

0 
  Nte
N

NN   bolo tolobis galogariT-

mebis Semdeg miviRebT ,0
)(

ln
0

0 


Nt
N

NN
  amrigad, .

)(
ln

0

0

N

N

NN

t




  

kerZod, Tu ,10 N  



























 



 


 t

NtNt
t dNdtN

dtecedtecetU

tt

00

00)( 




 


















 

 1
11

0

NtNt
t

NtNt e
N

cede
N

ce 




0t

)(

1
)(

tU
tx 

)(tx

2

2

dt

xd



6 
 

rodesac*) ;
)1(ln

N

N
t




  

Tu , maSin ; 

Tu , maSin . 

amrigad,  funqcia, romelic avadmyofTa raodenobis zrdis siCqares gamoxatavs, 

 momentamde izrdeba, xolo Semdeg iklebs. es Sedegi, uxeSi maTematikuri 

modelis miuxedavad, sakmaod kargad eTanxmeba eqsperimentul monacemebs, gansakuTre-

biT epidemiis sawyis etapze. 

eqsperimenti kompiuterze. epidemiis gavrcelebis analizi saqarTveloSi, TbilisSi 

da regionebSi.  

jer lokaciisTvis davadginoT tempi (rate) n  dRisTvis (magaliTad 7 dRisTvis). 
kvlevis dawyebis dRes Sesabamis lokaciaze (adgilze) daavadebulTa raodenoba mi-

viRoT sawyis 0N  mniSvnelobad. momdevno pirvel ( 11 t ) dRes daavadebulTa raodeno-

ba imave lokaciaze avRniSnoT 1N -iT. es mniSvneloba CavsvaT (9.3.7)-is marcxena mxa-

reSi da vipovoT  -s mimarT gantolebis 1 amonaxsni (magaliTad, Maple-is an 

MatLab-is gamoyenebiT). meore ( 22 t ) dRes daavadebulTa raodenoba aRvniSnoT 2N -

iT. es mniSvneloba CavsvaT (9.3.7)-is marcxena mxareSi, xolo 1N -is mniSvneloba Cav-

svaT 0N -is nacvlad (9.3.7)-is marjvena mxareSi  -s mimarT miRebuli gantolebis 

amoxsniT miviRebT 2 -s mniSvenelobas da a.S.  
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9.4. populaciis malTusis diferencialuri modeli 

malTusis models safuZvlad udevs martivi debuleba _ populaciaSi individebis 

raodenobis cvlilebis siCqare t momentSi individebis raodenobis pirdapirpro-

porciulia. 

vTqvaT,  raime populaciaSi individebis raodenobas warmoadgens t momentSi. 

Tu A im individebis raodenobaa, romlebic drois erTeulSi ibadebian, xolo B _ im 
individebis raodenoba, romlebic drois erTeulSi kvdebian, maSin balansis meTodis 

gaTvaliswinebiT SegviZlia davaskvnaT, rom arsebobs sakmaod seriozuli safuZveli 

imisTvis, raTa  sididis cvlilebis siCqare Semdegi 

                              (9.4.1) 

diferencialuri gantolebis saSualebiT ganvsazRvroT, sadac 

, ,    

xolo 

,  

Sesabamisad dabadebisa da sikvdilianobis koeficientebs warmoadgenen. (9.4.1) ganto-

leba SeiZleba ase gadaiweros 

.                  (9.4.2) 

 

9.5. `mtacebeli _ msxverplis~ maTematikuri modeli 

$9.4-Si arsebiT cvladad miviReT ama Tu im populaciaSi individebis raodenoba da 

SevecadeT, Segveqmna romelime erTi calkeuli populaciis ganviTarebis maTematikuri 

modeli im pirobiT, rom populacia izolirebulia. 

axla gadavdgaT Semdegi nabiji da ufro metad davuaxlovdeT realur situacias. 

ganvixiloT ori saxeobis urTierTqmedeba. SeviswavloT ori `izolirebuli~ po-

pulaciis ganviTarebis dinamika sxvadasxva faqtorebis gaTvaliswinebiT. 

sxvadasxva saxeobis or populacias Soris urTierTqmedebis meqanizmebi SeiZleba 
sam kategoriad davyoT: 

a) konkurencia, rodesac erTi saxeobis ganviTareba damTrgunvel zegavlenas ax-

dens meoris ganviTarebaze; 

b) komensalizmi, rodesac erTi saxeoba meoris ganviTarebis stimulirebas axdens; 

g) mtacebloba, rodesac erTi saxeoba (`mtacebeli~) meore saxeobiT (`msxver-

pliT~) ikvebeba da, maSasadame, misi raodenobis Semcirebas iwvevs, xolo `msxverpli~ 

xels uwyobs `mtaceblebis~ raodenobis zrdas. 

Cvens mizans ar Seadgens saxeobaTa urTierTqmedebis am meqanizmebis detaluri gan-

xilva. SevecdebiT, maTematikuri modelis saSualebiT aRvweroT iseTi ori saxeobis 

populaciis ganviTarebis dinamika, romlebic erTmaneTTan `mtacebeli _ msxverplis~ 
principiT urTierTqmedeben. 

N t( )

N t( )

N t( )

dN

dt
A B 

A N B N 

  ( , )t N   ( , )t N

 
dN t

dt
t N t N N t

( )
( , ) ( , ) ( )  
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maTematikuri modelis Sedgenisas vigulisxmebT, rom rom msxverpls yovelTvis 

aqvs sakvebis mopovebis saSualeba, xolo yoveli Sexvedrisas mtacebeli aucileblad 

klavs msxverpls, romelic misi erTaderTi sakvebia. cxadia, rom am daSvebis Sedegad 

miviRebT sakmaod `idealizebul~ models, romlis gamoyenebac mxolod zogierT Sem-

TxvevaSi SeiZleba, Tumca am modelis saSualebiT SesaZlebelia bevri saintereso, 

praqtikisTvis mniSvnelovani daskvnis gakeTeba. 

Tu am situacias ganvixilavT, cxadi gaxdeba, rom mtaceblebis raodenoba manam ima-

tebs, sanam maT sakmarisad aqvT sakvebi, e. i. sanam msxverpli sakmarisi raodenobiTaa. 

bolos da bolos dadgeba momenti, rodesac mtaceblebis zegavleniT msxverplis 

raodenoba imdenad Semcirdeba, rom mtaceblebs sakvebi ar eyofaT da daiwyeba maTi 

raodenobis Semcireba. es iqamde migviyvans, rom mtaceblebis raodenobis Semcirebis 
gamo daiwyeba msxverplis raodenobis mateba. es kvlav miscems stimuls mtaceblebis 

raodenobis zrdas da a. S. cikli kvlav ganmeordeba. `mtacebeli _ msxverplis~ 

tipis urTierTqmedeba sakmaod xSirad gvxvdeba sxvadasxva praqtikuli amocanis 

Seswavlisas. problemis aqtualurobis gamo misi Seswavla bolo periodSi rogorc 

ekologiis, ise sxva dargis mecnierebis, maT Soris maTematikosTa, yuradRebis 

centrSi moeqca. 

aRvniSnoT 

-Ti da -Ti, 

Sesabamisad, mtaceblisa da msxverplis raodenoba t momentSi. imisTvis, rom Camovaya-
liboT maTematikuri modeli, romelic garkveul miaxloebaSi aRwers populaciaSi 

individTa raodenobis cvlilebis dinamikas, gavakeToT ramdenime daSveba, romlebic 

amocanas gaamartiveben. jer erTi, davuSvaT, rom im SemTxvevaTa raodenoba, rodesac 

mtac-ebeli msxverpls klavs, damokidebulia maT SexvedraTa sixSireze. CavTvaloT, 

rom es sidide xy namravlis proporciulia. meore, ugulebelvyoT is dro, romelic 

mtacebels msxverplis SesaWmelad sWirdeba. rac Seexeba bunebrivi Sobadobisa da 
sikvdilianobis pirobebSi populaciis raodenobis cvlilebas, is (9.4.2) saxis 

lojisturi gantolebebis saSualebiT aRvweroT. 

(9.4.2) saxis lojisturi gantolebebis saSualebiT miviRebT, rom orive popula-

ciaSi individTa raodenobis cvlileba aRiwereba Semdegi 

,                             (9.5.1) 

                              (9.5.2) 

diferencialur gantolebaTa sistemis saSualebiT, sadac a, b, c da d garkveuli da-

debiTi mudmivebia. 

(9.5.1) da (9.5.2) gantolebebi pirvelad gamoyvanil iqna 1925 w. da cnobilia 

lotka*)-volteras**) gantolebebis saxelwodebiT. 
 

                                                           
*) a.j. lotka (1880-1949) – amerikeli biofizikosi (daibada ukrainaSi)  
**) v. voltera (1860-1940) _ italieli maTematikosi. 

x x t ( ) y y t ( )

dx

dt
ax bxy  

dy

dt
cy d xy 


