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I. VEKUA INSTITUTE OF APPLIED MATHEMATICS OF TSU – 45

George Jaiani

I. Vekua Institute of Applied Mathematics

I. Javakhishvili Tbilisi State University

george.jaiani@gmail.com

The talk concerns 45 years long history of Ilia Vekua Institute of Applied Mathematics
of Ivane Javaxishvili Tbilisi State University [1]. The Institute was founded by Georgian
mathematician and mechanist Ilia Vekua on October 29, 1968. The aim of the Institute
was to carry out research on important problems of applied mathematics, to involve
University professors, teachers and students in research activities on topical problems
of applied mathematics in order to integrate mathematics into the study processes and
research, and to implement mathematical methodologies and calculating technology in
the non-mathematical fields of the University. In 1978, the Institute was named after its
founder and first director Ilia Vekua. At present, the Institute successfully continues and
develops activities launched by his founder in four scientific directions:

- Mathematical problems of mechanics of continua and related problems of analysis;

- Mathematical modelling and numerical mathematics;

- Discrete mathematics and theory of algorithms;

- Probability Theory and mathematical Statistics.

The institute sees its mission as threefold:

- Carrying out fundamental and practical scientific research in applied mathemat-
ics, mathematical and technical mechanics, industrial mathematics and informatics,
undertaking state and private sector contracts to provide expert services;

- Offering the university a high-level computer technology base for University pro-
fessors and teachers, research employees and students undertaking their scientific
research activities;

- Supporting PhD and post-graduate students to attain scientific grants, as well as
through employment within the Institute and participation in scientific conferences.

References

1. Ilia Vekua Insitute of Applied Mathematics of TSU. TSU Science. Vol. 2 (2012),
89-91.
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MATHEMATICS AT I. JAVAKHISHVILI TBILISI STATE UNIVERSITY

Ramaz Botchorishvili, Omar Purtukhia

I. Javakhishvili Tbilisi State University, Department of Mathematics

ramaz.botchorishvili@tsu.ge, o.purtukhia@gmail.com

The talk deals with the history of mathematics at the I.Javakhishvili Tbilisi Univer-
sity. On January 26, 1918 (February 8 by new style) on the day of memory of David
the Builder (Georgian King) the Georgian State University - the first university in the
Caucasus was opened. From the very beginning scientific work started in mechanics
and mathematics. Georgian University became the centre of the national mathematical
education. To a small group of scientists who founded the University belonged also An-
dria Razmadze, graduate student and private-docent of the Mathematical Department
of the Physics and Mathematics Faculty of Moscow University. In September 1918 the
integrated faculty of natural sciences, mathematics and medicine was founded (Dean –
V. Moseshvili, secretary-A. Kharadze). In 1919 this faculty was divided into two facul-
ties, A. Razmadze and A. Kharadze were elected as dean and secretary of the faculty of
natural and mathematical sciences, respectively. At the end of 1919 Andria Benashvili
became dean of this faculty. Along with Andria Razmadze a crucial role in the found-
ing of the Georgian Mathematical School was played by N. Muskhelishvili, G. Nikoladze,
A. Kharadze and later I. Vekua and V.Kupradze. N. Muskhelishvili created very impor-
tant works in the theory of elasticity and integral equations. Very remarkable is I. Vekua’s
immeasurable contribution to the development of mathematics. He initiated the estab-
lishment of the Institute of Applied Mathematics. Sh. Mikeladze created the basis for
the scientific research work in computational mathematics. L Gokieli laid the basis for
studying foundation and methodological problems of mathematics. V. Chelidze’s works
gave the basis of the Georgian school in the theory of functions. G. Chogoshvili created
the school of topology and abstract algebra. The high-quality works in differential and
integral equations are associated with the name of A. Bitsadze. I. Kiguradze created the
Georgian school of ordinary differential equations. R. Gamkrelidze and G. Kharatishvili
founded the Georgian school in optimal control and G. Mania established school of Prob-
ability and Statistics. In 1951 the Faculty of Mechanics and Mathematics was isolated as
an independent structural unit. The first dean of this faculty was N.Vekua. The scientific
research work was carried out at ten chairs: Mathematical Analysis, Differential and In-
tegral Equations, Theory of Functions and Functional Analysis, Probability Theory and
Mathematical Statistics, Algebra and Geometry, Foundation of Mathematics and Meth-
ods, Computational Mathematics and Informatics, Common Mathematics, Theoretical
Mechanics and Astronomy. Presently, the great scientific research traditions and peda-
gogical work are going on successfully in the Department of Mathematics of the Faculty
of Exact and Natural Sciences.
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Mathematical Problems of Mechanics of Continua
and Related Problems of Analysis

Functional Classes of the Solutions of

Elliptic Systems on the Plane
George Akhalaia1, Nino Manjavidze2

1I. Vekua Institute of Applied Mathematics of

I. Javakhishvili Tbilisi State University

2Georgian Technical University, Department of Mathematics

Tbilisi, Georgia

giaakha@gmail.com, ninomanjavidze@yahoo.com

The classes of generalized solutions of elliptic systems on the plane are introduced and
studied. They are the analogues of classical Hardy and Smirnov spaces of holomorphic
functions.

Neumann-Type Boundary Value Problem for Second

Order Partial Differential Equations on the Unit

Ball in Clifford Analysis
Ümit Aksoy

Atilim University, Department of Mathematics, Ankara, Turkey

uaksoy@atilim.edu.tr

Using a Cauchy-Pompeiu representation in complex Clifford algebra Cm and an explicit
representation formula for Neumann function for Laplacian over the unit ball in Rm

(m ≥ 3), we give the solution of the Neumann problem for Poisson equation. We introduce
some integral operators in Clifford analysis and making use of them, we study a Neumann-
type problem for second order equations.
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About Genetic Algorithm Approach for One

Dynamic Model of Communication Market
Lela Alkhazishvili

I. Javakhishvili Tbilisi State University

Tbilisi, Georgia

lelalhaz@yahoo.com

This talk considers one dynamic model of communication market using the example
of the behavior of two competitor companies. The model is described by the system of
ordinary differential equations with delays. Delays have the potential to better describe
the process. The optimal control problem is considered for this model.

The application of genetic algorithms especially those for solving optimal control prob-
lems is a relatively new area of research [1], [3]. According to real data the solution of this
problem is obtained by genetic algorithm, using Mathcad-15. The results of genetic algo-
rithm obtained here are compared with numerical solution of the same problem, obtained
in [2].

References

1. Zbigniew Michalewicz, Genethic algorithms+Data structures+Evolution Programs,
Springer, 1996.

2. Bolodurina M.P., Ogurtsova T.A., Optimal control and modeling of innovative de-
velopment of telecommunication branch, Vestnik OGU, No. 9 (115), 2011 (in Rus-
sian).

3. Jianmin He, Xiaoping Hu, and Honsheng Hue, Nonstandard optimal control by
utilitizing genetic algotihms. World Journal of Modelling and Simulation. Vol. 1,
No. 2, 2005, 75–80.
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On some Non-Standard Problems
in the Theory of Thin-Walled Structures

Holm Altenbach

Chair of Engineering Mechanics, Institute of Mechanics, Faculty of

Mechanical Engineering, Otto-von-Guericke University, Magdeburg, Germany

holm.altenabch@ovgu.de

Thin-walled structures are up to now in the focus of researchers. The reason is very
simple: even in the case of advanced computers and software sometimes problems arises,
for example, if the thickness is very thin. In this case two-dimensional theories can be
helpful.

What is the best way to formulate two-dimensional theories - this is an open question.
On different approaches and the state of the art is reported, for example, in Altenbach et
al. (2010). The main directions are

• the application of hypotheses on the stress, strain and/or displacement state,

• the use of mathematical approaches (power series, special functions, asymptotic
integration, etc.) and

• direct formulations.

All approaches have advantages and disadvantages which will be discussed in detail.
Summarizing the different approaches some practical problems will be discussed. The

examples are coming from different branches of the shell and plate theory considering, for
example,

• the size effect (theory of nanoplates),

• the influence of inhomogeneous thickness properties or

• the problems related to the inelastic behavior.

It will be shown that for solving the above-mentioned non-standard problems it is not
necessary to develop new theories. It is enough to apply the basics of continuum mechanics
more carefully and understand deeper the meaning and consequences of the introduced
hypotheses, assumptions, etc.

References

1. Altenbach, J.; Altenbach, H.; Eremeyev, V.A.: On generalized Cosserat-type theo-
ries of plates and shells. A short review and bibliography. - In: Arch. Appl. Mech.
- Berlin 80(2010)1. - pp. 73 - 92.
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On the Main Boundary Value Problems of the

Theory of Elasticity for Some Non-Homogeneous

Plane Bodies
Nikoloz Avazashvili

I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University

2, University St., 0186, Tbilisi, Georgia

niko.avazashvili@viam.sci.tsu.ge

The main plane boundary value problems of the mathematical theory of elasticity are
considered for the special non-homogeneous body, for which it is possible to construct
in terms of Bessel functions the general solution of the corresponding system of partial
differential equations.

Extensions of the Dirac Factorization
and Applications

D. Babusci1, G. Dattoli2, M. Quattromini2, Paolo Emilio Ricci 3

1INFN, Via E. Fermi, 40, - 00044, Frascati (RM), Italia

2ENEA, C.P. 65 – Via E. Fermi, 45 - 00044, Frascati (RM), Italia

3Campus Bio-Medico University, Dept. of Engineering, Via A. del Portillo, 21
00128, Roma, Italia

paoloemilioricci@gmail.com

We show that the Dirac factorization method can be successfully employed to treat
problems involving operators raised to a fractional power. The technique we adopt is
based on an extension of the Pauli matrices and the properties of the roots of unity. We
also comment about the possibility of using the method to linearize evolution equations
containing the n-th root of differential operators.
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Green Functions for Irregular Plane Domains
Heinrich Begehr1, Tatyana Vaitekhovich2

1Math. Inst., Free Univ. Berlin, Berlin, Germany

2Inst. Med. Biom., Inform. and Epidem., Univ. Bonn, Bonn, Germany

begehrh@zedat.fu-berlin.de, vait@imbie.meb.uni-bonn.de

The conformal invariance of the harmonic Green function for plane domains guarantees
the existence of the Green function for any simply connected domain conformal to the
unit disc even when the boundary fails to be smooth. The explicit construction of the
conformal mapping however is often not easy to achieve. Although for polygonal domains
there exists the Schwarz-Christoffel formula, in general it is too involved for being used
for practical problems. Instead for certain even not necessarily simply connected domains
the parqueting-reflection principle works out. It can be applied to domains the boundary
of which consists of segments from straight lines and circles. Moreover, reflecting the
domain at its boundary parts the entire plane has to be covered eventually up to some
singular points. If this is not the case, continued reflections might serve to achieve this
covering. Examples of such domains are circles, equilateral triangles, right angle triangles,
rectangles, hexagons, half hexagons, disc sectors, half planes, cones, concentric rings, half
rings, quarter rings, some lunes and lenses. The Green function then is attained as
log |P (·, z)| with a meromorphic function P depending on the parameter z. Choosing z
in the domain as a simple pole of P and taking any reflection of z as a simple zero and
if further reflections are needed taking any reflection of a zero as a simple pole and any
reflection of a pole as a simple zero, P is found by multiplying these respective factors. In
case when singular points are not covered some extra investigations are needed. As all the
zeros and poles of P lie outside the domain up to the point z itself, log |P | is harmonic in
the domain up to the characteristic singularity. The basic idea behind this construction
is that if z approaches a boundary point of the domain its respective reflection being a
zero of P approaches the same boundary point. Hence both factor out in the product
P . Because this happens with all the other factors at the same time, |P | becomes 1 at
the boundary. At the same time the harmonic Neumann function is attained. Instead
of distinguishing the reflection points into two classes of poles and zeroes all these points
are taken as poles. In case of convergence log of this product |P | is a Neumann function.
If the product attained fails to converge additional factors are to be added to achieve
convergence. They just contribute a harmonic alteration of the Neumann function. This
general relation between Green and Neumann functions have turned out in all cases.
However, there should be a general proof for this. In the case of the unit disc there is an
interpolation function between the Green and the Neumann function, a kind of harmonic
Robin function. It depends on two parameters. For particular choices of them the Robin
function becomes Green for others Neumann.
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On some Solutions of Equations of the 2D Dynamical

Theory of Thermoelasticity with Microtemperatures
Lamara Bitsadze

I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University

2, University St., 0186, Tbilisi, Georgia

lamarabitsadze@yahoo.com

In the present talk the mathematical model of the linear 2D dynamical theory of
thermoelasticity with microtemperatures is considered [1-5]. The representation of regular
solutions of the equations of dynamic in this theory is obtained, the fundamental and
singular solutions for a governing system of equations of the linear 2D dynamical theory of
thermoelasticity with microtemperatures in the Laplace transform space are constructed.
Finally, the single-layer, double-layer and volume potentials are presented.

References

1. Grot R.A. Thermodynamics of a continuum with microtemperatyre. Int. J. Engng.
Sci. 7, 801-814, (1969).

2. Iesan D. and Quintanilla R. On a theory of thermoelasticity with microtemperatures.
J. Thermal Stresses. 23, 199-215 (2000).

3. Scalia A., Svanadze M., and Tracina R. Basic theorems in the equilibrium theory of
thermoelasticity with microtemperatures. J. Thermal Stresses. 33, 721-753 (2010).

4. Bitsadze L. Effective Solution of the Dirichlet BVP of the Linear Theory of Ther-
moelasticity with Microtemperatures for a spherical ring. J. of Thermal Stresses,
36, issue 7, 714-726 (2013).

5. Natroshvili D.G., Svanadze M.G. Some Dinamical Problems of the Theory of cou-
pled Thermoelasticity for the Piecewise Homogeneous Bodies. Proceedings of I.Vekua
Institute of Applied Mathematics, 10, 99-190 (1981) (Russian).
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An Application of Theory of Self-Conjugate

Differential Forms to the Dirichlet Problem for

Cimmino System
Pietro Caramuta, Alberto Cialdea

University of Basilicata, Department of Mathematics, Computer Science and Economics

Potenza, Italy

pietro.caramuta@unibas.it

In the paper “S. Dragomir and E. Lanconelli On the first order linear PDE systems all
of whose solutions are harmonic functions Tsukuba J.Math. 30 (2006), No. 1, 149–170”
the authors proved that if there exists a solution of the following Dirichlet problem for
the Cimmino system {

uz + vw = f, uw − vz = g in Ω
u = ϕ v = ψ on ∂Ω

(1)

(Ω being a sufficiently smooth subset of C2), then (f, g, ϕ, ψ) satisfies the compatibility
conditions

Re

{
2

∫
Ω

(fh+ gk)dV −
∫
∂Ω

{
ϕ
[
(n1 + in2)h+ (n3 + in4)k

]
+ψ [(n3 + in4)h− (n1 + in2)k]}} = 0 (2)

for any solutions h, k of

hz + kw = 0, hw − kz = 0 in Ω.

Here (n1, n2, n3, n4) is the outward unit normal to ∂Ω. In the same work they pose
the problem whether such conditions are also sufficient for the existence of a solution of
problem (1).

By means of the concept of self-conjugate differential forms we were able to solve this
problem. A non-homogeneous differential form U =

∑n
k=0 uk, uk being a k−differential

form, is self-conjugate if
dU = δU (3)

(d and δ being the differential and the co-differential operator respectively), i.e. if

δu1 = 0; duk−1 = δuk+1, (k = 1, . . . , n− 1); dun−1 = 0.

Systems providing analogues of Cauchy-Riemann system in Rn, like Moisil-Theodorescu
system, Fueter system, Cimmino system etc. can be considered as particular cases of (3).
Hinging on some existence theorems for self-conjugate differential forms (see “A. Cialdea
On the theory of self-conjugate differential forms Atti Sem. Mat. Fis. Univ. Modena,
XLVI (1988) 595–620”) we showed that conditions (2) are also sufficient for the existence
of the solution of problem (1).
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On a Boundary Value Problem for Non-Linear

Elliptic Complex Partial Differential Equations in the

Upper Half Plane
A. Okay Çelebi1, Ümit Aksoy2

1 Department of Mathematics, Yeditepe University, İstanbul, Turkey

2 Department of Mathematics, Atilim University, Ankara, Turkey

acelebi@yeditepe.edu.tr, uaksoy@atilim.edu.tr

We consider non-linear elliptic complex partial differential equations with Schwarz
boundary conditions in the upper half plane. Using the integral representation formulas
for the solutions of the model equations, some classes of singular integral operators are
introduced together with some of their properties. Such operators are used in transforming
the boundary value problem into an integro-differential system and then solvability of the
problem is discussed.

Hierarchical Models for Biofilms Occupying Thin

Prismatic Domains with Variable Thickness
Natalia Chinchaladze

I. Vekua Institute of Applied Mathematics & Department of Mathematics

I. Javakhishvili Tbilisi State University

Tbilisi, Geogia

chinchaladze@gmail.com

The present talk is devoted to the construction and investigation of two-dimensional
hierarchical models for biofilms occupying thin prismatic domains with variable thickness
([1], [2]). We investigate the existence and uniqueness of solutions of the reduced two-
dimensional problems in suitable weighted Sobolev spaces. For the sake of simplicity we
state the zero approximation; in the N-th approximation similar but more complicated
assertions can be carried out.
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Lp-Dissipativity of the Lamé Operator
Alberto Cialdea

University of Basilicata

Department of Mathematics, Computer Science and Economics

Potenza, Italy

cialdea@email.it

In this talk I will discuss some results concerning the Lp-dissipativity. In particular a
necessary and sufficient condition for the Lp-dissipativity of the Lamé operator in the two-
dimensional case and necessary and sufficient conditions for the weighted Lp-dissipativity
in the class of rotationally invariant vector functions (in any dimension) will be given.

This is a joint work with Vladimir Maz’ya.
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On the Potential Theory in Cosserat Elasticity
Alberto Cialdea, Emanuela Dolce, Angelica Malaspina

University of Basilicata, Department of Mathematics, Computer Science and Economics

Potenza, Italy

emanuela.dolce@unibas.it

Let us consider the Dirichlet problem for the Laplace equation{
∆u = 0 in Ω
u = f on Σ

where Ω be a bounded domain of Rn. In the classical indirect method, the solution is
given in the form of a double layer potential and the boundary condition gives an integral
equation which can be reduced to a Fredholm one. If we look for the solution in the form
of a simple layer potential, we are led to an integral equation of the first kind:∫

Σ

φ(y)s(x, y)dσy = f(x), x ∈ Σ. (1)

If n = 2, Muskhelishvili solved the problem differentiating on Σ both sides of (1)
with respect to the arc length. In [1] Cialdea extended the method of Muskhelishvili to
Rn. The main idea was to replace the derivative with respect to the arc length with the
exterior differential. In this way he obtained and solved a singular integral equation in
which the unknown is a scalar function while the data is a differential form of degree one.
This methods hinges on the theory of reducible operators and the theory of differential
forms and it uses neither the theory of pseudodifferential operators nor the concept of
hypersingular integrals. This approach has been applied to different boundary value
problems for several partial differential equations, also in multiply connected domains.

In this talk I will present some applications of this method to the main four boundary
value problems of the three-dimensional Cosserat elasticity.

References

1. A. Cialdea. On oblique derivate problem for Laplace equation and connected topics.
Rend. Accad. Naz. Sci. XL Mem. Mat. (5) 12 no. 1 (1988) 181–200.

2. A. Cialdea, E. Dolce, A. Malaspina and V. Nanni. On an integral equation of the
first kind arising in the theory of Cosserat. Intern. J. Math., 24, 5 (2013). doi:
10.1142/S0129167X13500377.

3. A. Cialdea, E. Dolce, A. Malaspina, A complement to the potential theory in Cosserat
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On the One Method of Constructing Optimal Mixed

Strategies in Fuzzy Antagonistic Matrix Games
Pridon Dvalishvili, Bidzina Midodashvili

I. Javakhishvili Tbilisi State University, Tbilisi, Georgia

pridon.dvalishvili@tsu.ge, bidzina.midodashvili@tsu.ge

In classical problems of game theory usually there is no consideration of personal,
psychological data of the opponent. Such information is very useful when concrete decision
must be made. They are described by fuzzy linguistic variables. Decisions are made by
use of a base of fuzzy rules and rules of fuzzy logic. For example: let Si, i = 1, 2, · · · , k
be the base of fuzzy rules. zi, i = 1, 2, · · · , l, is a game rule, criterion. The certainty α0 of
selecting criterion z0 ∈ {zi, i = 1, 2, · · · , l} can be calculated as follows

α0 = min{µA(x), µB(y)},

if S0 ∈ {Si, i = 1, 2, · · · , k} is a logical conjunction {S0 : if (x is A) and (y is B), then z0};

α0 = max{µA(x), µB(y)},

if S0 is a logical disjunction {S0 : if (x is A) or (y is B), then z0}, where µA(x), µB(y) are
the membership functions of fuzzy sets A,B, respectively.

The method of constructing optimal mixed strategies on a base of fuzzy rules is offered.
One may note that in creation of the base of fuzzy rules and membership function the
decisions are made by subjective judgments. Note also that for logical operations there are
different ways to represent a membership function, which causes, as a rule, a certain effect
of variability. The study of the sensitivity and stability of a solution is also significant.
In this aspect the works [1,2,3] must be mentioned.
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In linear elasticity, a simple internal constraint is a restriction on the values that the
displacement gradient can assume in deformations of a body. An internal constraint is
accompanied by a reactive stress that adds to the ordinary active stress given by the
constitutive equation, and has the role of maintaining the constraint. The reactive stress
does no work in any possible deformation and, since it is not constitutively determined,
is available to be used for assuring the equilibrium of an internally constrained body.

The form of displacement field in the classical theory of plates can be regarded as
the effect of the presence of simple internal constraints. Such interpretation allows to
remove the inconsistency with three-dimensional elasticity usually attributed to that the-
ory, because the reactive stress makes possible to satisfy the three-dimensional equilibrium
equations in the body modeled by the plate (cf. [1], [2]).

We discuss how this approach is extended to the theories of shear-deformable beams
and plates, in which the forms of displacement field can be viewed as results of “a priori”
restrictions on both the first and the second displacement gradients. The latter pre-
scriptions are non-simple, second-order, internal constraints that are admissible in bodies
made of non-simple, second-grade, materials in which, in addition to the usual stress, also
hyperstress is present (cf. [3], [4]).
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The talk focuses on recent developments in the modeling of linearly elastic laminated
plates.

We work under the following assumptions: in each layer, the material is transversely
isotropic in any plane parallel to the mid-plane, and deformations are of Reissner-Mindlin
(R-M) type; across planes separating adjacent layers, displacement and traction vectors
are both continuous. The governing equations are deduced from a 2D formulation of the
Virtual Power Principle, a formulation obtained by thickness integration of the general
3D expression, where the admissible virtual displacements are consistent with R-M rep-
resentation and are compatible with the assumptions of continuity across the interfaces.

Explicit analytical solutions are furnished, for both circular and rectangular plates [1],
which turn out to be in good agreement with the predictions of other plate theories, such
as those due to Yang et al. [2] and Seide [3], and with 3D Finite Element simulations
obtained by COMSOL Multiphysics.

Moreover, it is shown that exact 3D solutions of Levinson-type can be derived by
exploiting the same assumptions [4]. In addition to serve as benchmarks for plate theories,
these 3D solutions may serve to check how the approximation of the 3D stress field
achievable by the use of standard plate theories can be improved by taking into account
the reactive stresses associated with the internal constraints implicit in the kinematical
assumptions of the R-M theory [5].
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In modern conditions the adequate enough econometric models construction problem
allowing with a necessary accuracy to predict rates of economic growth is very important
for our (and not only our!) economy. Thus, as we know, it is frequent that in this point
of view, models of small dimensions don’t concede to models of big dimension. Having
this in mind, in this work the realization problem of Samuelson model for the Georgian
economy is considered. As it is well known, Samuelson’s models initial equations have the
form

Ct = β1Yt−1,

It = β2(Ct − Ct−1),

Yt := Ct + It +Gt,

where Yt denotes volume of gdp, It stands for the volume of investment, while Ct and
Gt are denoting, correspondingly, private and government sectors consumer expenditures.
Resulting from this, Samuelson’s model has the form

Yt = Gt + β1(1 + β2)Yt−1 + β1β2Yt−2.

However, in view of the fact that available for us the data don’t allow creation of classical
variant of Samuelson’s model, we made an attempt to create some modification of this
model. As a result we obtained the model

Yt = 1.1571Yt−1 − 0.3236Yt−2 +Gt + 320.8t,

which gives us some forecast estimations, for 2013-2017. As this forecast estimations
probably are very optimistic, the model option which turns out by ”direct” identification
of this modification of Samuelson’s model is constructed. The latter model has the form

Yt = 1.0617Yt−1 − 0.1715Yt−2 + 299.82t− 328.70.

Finally, the comparative analysis of accuracy of these models and the forecast estimations
received on their basis is carried out.
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We consider a vector field V defined on a manifold M , of dimension n, as being a
map from M into the tangent manifold TM . Given a Riemannian metric g on M , there
is a natural metric on TM , known as the Sasaki metric. The submanifold V (M) ⊂
TM , diffeomorphic to M , is endowed with the corresponding induced metric and we can
consider the n-dimensional volume of this submanifold. It is easy to see that if the vector
field V is parallel, with respect to the Levi-Civita connection of the metric g, then V (M) is
a totally geodesic submanifold of TM , isometric to (M, g), that has the minimum volume
among all submanifolds obtained from smooth vector fields of the same lenght that V . If
the Riemannian manifold (M, g) does not admit parallel vector fields, a natural question
is to compute the value of the infimum of the volume of smooth unit vector fields and to
find those vector fields determining submanifolds of TM of less possible volume. This is
known as the Gluck and Ziller problem; it was proposed in a basic paper of these authors
in 1986 and it is far for being solved.
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We give a brief of survey of recent results on the classical Riemann-Hilbert problem
for differential equations on a Riemann surfaces. We emphasize geometrical aspects of the
problem involving the notion of stability of vector bundles with connections. To a system
of Fuchsian differential equations df = ωf defined on a Riemann surface X of genus g,
where ω is a meromorphic 1-form with the set of singular points S = s1, s2, . . . , sm, we will
associate certain numerical invariants [1]. These invariants are numerical characteristics of
algebraic, analytic and topological objects obtained from the system. The above Fuchsian
system determines the monodromy representation ρ : π1(X − S, z0) → GL(n,C) from
which on the non-compact Riemann surface X−S one obtains the holomorphically trivial
vector bundle Eρ → X−S with the holomorphic connection ∇, whose connection matrix
is the 1-form ω. It is known that the bundle (Eρ,∇ρ) may be extended to the whole
Riemann surface X so that one obtains a family of holomorphically nontrivial bundles
with logarithmic connections, which does not in general contain any semistable bundles.
If (E0,∇0) is the canonical extension of the given bundle [2], then using the monodromy
representation one can compute the Chern number, Fuchs weight, and the moduli space
of holomorphic deformations of this bundle. We will use these invariants to investigate
the s. c. inverse problem (see [1] or [2]). The latter purports construction, from a given
representation as above, of a Fuchs system whose monodromy representation coincides
with ρ. Along with this problem we will also consider the linear conjugation problem with
the piecewise-constant boundary condition which is constructed from the monodromy
matrices.
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Let f ∈ L(T s), s ≥ r, T = [−π, π] and let

∞∑
n=−∞

Cn(f)e
int

be its multiple trigonometric Fourier series, and let (an) be a sequence of non-negative
S-multiple numbers that satisfies sufficiently general conditions.

The sufficient conditions are found which should be satisfied by the best approxima-
tions of the function by trigonometric quasi-polynomials so that the series

∞∑
n=−∞

|Cn(f)|ran r ∈ (0, r)

may be convergent.

On Partial Sums of Fourier Series of
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Banach [1] has proved that for any function f ∈ l2(I), I = [0, 1], f ∼ 0 there exists
an orthonormal system (φn(x)) such that lim

n→∞
|Sn(f, x)| = +∞ almost everywhere on I,

where Sn(f, x) are partial sums of Fourier series of the function f(x) with respect to the
system (φn(x)).
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Necessary and sufficient conditions are found which should be satisfied by the system
(φn(x)) so that the partial sums of any function of boundary variation may be uniformly
bounded on I.
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The present talk deals with research of finite-difference schemes and models con-
structed by additive method for some initial-boundary value problems of thermo-elasticity
taking into account micro temperature field.
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framework of the joint project (2012/2013).
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The talk deals with the neutral functional differential equations

ẋ(t) = A(t)ẋ(σ(t)) + f0(t, x(t), x(τ0(t))), t ∈ [t0, t1] ⊂ I = [a, b]

with the initial condition

x(t) = φ0(t), t ∈ [τ0(a), t0), x(t0) = x0; ẋ(t) = h0(t), t ∈ [σ(a), t0].

Here, σ(t) and τ0(t) are continuous differentiable functions on the interval I satisfying the
conditions:

σ(t) < t, σ̇(t) > 0, τ(t) < t, τ̇0(t) > 0;

the initial function φ0(t) is piecewise-continuous with finitely many discontinuity points
of the first kind; the initial function h0(t) is measurable and bounded.

In this work, a theorem is proved on the continuous dependence of a solution with
respect to perturbations of initial moment t0, initial vector x0, variable delay τ0(t), initial
functions φ0(t) and h0(t), righthand side f0. We note that the perturbations of function
f0 are small in the integral sense.Analogous theorems without perturbation of delay are
proved in [1-3].

Acknowledgement. The work was supported by the Sh. Rustaveli National Science
Foundation, Grant No. 31/23.
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I. Vekua constructed several versions of the refined linear theory of thin and shal-
low shells, containing the regular processes by means of the method of reduction of 3-D
problems of elasticity to 2-D ones [1].

In the present paper we consider non-shallow spherical shells [2]. The components of
the deformation tensor have the following form:

eij =
1

2
(Rj∂iu+Ri∂ju+ ∂ku∂ku),

where Ri are covariant basis vectors, u is the displacement vector.
By means of I. Vekua method the systems of two-dimensional equations are obtained.

Using the method of the small parameter, approximate solutions of these equations are
constructed [3], [4]. The small parameter ε = h

R
, where 2h is the thickness of the shell, R

is the radius of the middle surface of the spherical shell. Some boundary value problems
are solved.
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Elastic beam stability under follower forces has been extensively studied as models for
such problems as a flexible missile under an end thrust, a cantilever column with imping-
ing fluid of free end, a cantilever rod with distributed tangential load, a cantilever pipe
conveying fluid which loses stability by flutter, and others. The study of the dynamic
stability of an elastic beam under a harmonically varying load with a pinned end and an
end constrained to move axially has been presented by Mettler, Bolotin, Blekhman and
others. Approximate techniques using numerical methods are often required to solve the
linear and nonconservative problems. Galerkin’s technique was first applied by Leipholz
to calculate bifurcation loads for a nonconservative system. Mettler and Bolotin have used
Galerkin’s method to convert the equations of motion to time differential equation which
are studied for their stability using Floquet theory. Levinson showed that the conven-
tional Hamilton’s principle with nonconservative forces may be treated as a variational
problem with some constraints, and then the Ritz method can be employed. Leipholz
used the adjoint system to establish a well posed variational problem without any con-
straint conditions. The finite element method has been used based on the variational
approach suggested by Levinson, and based on Leipholz’s variational principle. The or-
dinary finite difference method was used with the concept of a transfer matrix to solve
a non-conservative problem by Leipholz. Guran investigated the dynamic stability of a
uniform free rod under an end thrust using finite difference techniques with the concept
of a transfer matrix. In nonconservative stability problems, the dynamic stability criteria
must be applied. The bifurcation or critical load is the smallest load which, when slightly
disturbed, causes a change in the equilibrium configuration of the system. A forced vibra-
tion analysis must be performed to determine this load. In reality, in all above mentioned
problems, we are faced with nonlinear non-conservative phenomena. In order to obtain a
tractable solution, the equations governing such phenomena are very frequently linearized.
Linearization as a means of approximation is valuable for many purposes but often new
phenomena occur in nonlinear systems which cannot in principle occur in linear systems.
A standard elastic system used to study the features of flutter is known as Beck’s column.
It consists of a uniform elastic cantilever subjected to a follower (i.e., tangential) load at
its tip. Postcritical behaviour of elastic beams under non-conservative forces has been
studied more recently in the context of Beck’s column by Chen. In this talk attention is
focused on the nonlinear dynamic stability and post-critical behavior of a uniform free-
free rod (idealizing a flexible missile) under an end thrust is investigated using a discrete
model.
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Issues of solving some binary optimization problems are presented. It is shown that
the sentence below stands true for a bicriteria assignment problem: There exist some
instances, where we get |P (Y )| = n!. here n is a size of an instance, Y is a feasible set
in criterion space, P (Y ) is a set of Pareto optimal solutions. Numerical test results are
included for the low dimension assignment problem. One practical method is considered
for solving bicriteria version of project selection problem.
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This talk is devoted to the existence of
∂

∂Z
- primitive of the function of the class

Lloc
p (C), p > 2.
The following theorem is valid (see [1]):

Theorem. Every function a(z) of the class Lloc
p (C), p > 2, has

∂

∂z̄
– primitive function

Q(z) on the whole complex plane satisfying the Hölder condition with the exponent
p− 2

p

on each compact subset of the complex plane C; moreover if q(z) is one
∂

∂z̄
– primitive

of the function a(z) then all
∂

∂z̄
– primitives of this function are given by the formula

Q(z) = q(z) + Φ(z),

where Φ(z) is an arbitrary entire function.
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We consider a boundary value problem in unbounded 2D doubly periodic composite
with circular inclusions having arbitrary constant conductivities. By introducing complex
potentials, the boundary value problem for the Laplace equation is transformed to a
special R-linear BVP for doubly periodic analytic functions. This problem is solved
with use of the method of functional equations. The R-linear BVP is transformed to a
system of functional equations. A new improved algorithm for solution of the system
is proposed. It allows one not only to compute the average property but to reconstruct
the solution components (temperature and flux) at an arbitrary point of the composite.
Several computational examples are discussed in details demonstrating high efficiency of
the method. Indirect estimate of the algorithm accuracy has been also provided.
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In the plane of independent variables x and t we consider a wave equation with power
nonlinearity of the following form

utt − uxx + λ|u|αu = f(x, t), (1)

where λ and α are given real constants and λα ̸= 0, α > −1; f is a given real function,
while u is an unknown real function.

Denote by D := {(x, t) ∈ R2 : 0 < x < kt, t > 0; 0 < k := const < 1} angular
domain lying within the characteristic angle t > |x| and bounded by straight beams
γ1 : x = kt, t > 0 and γ2 : x = 0, t > 0.

For equation (1) we considered the problem of Cauchy-Darboux on finding in the
domain D a solution u(x, t) of this equation by the boundary conditions

u|γ1 = 0, ux|γ2 = 0. (2)

Theorem. Let α > 0 and λ > 0. Then for any f ∈ C1(D) problem (1), (2) has a
unique global classical solution u in the domain D.

When the conditions of the theorem are violated the questions of existence of local
and nonexistence of global solutions of problem (1), (2) are also considered.
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Solution of three auxiliary problems with the help of Faber-Suetin polynomials are
given for the indicated problem in closed form and the Saint-Venant’s problem is solved
with their help for three layers on focal elliptic isotropic tube.
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The talk is devoted to analytical solution construction of some application problems
of thermoelasticity for a multilayer rectangular parallelepiped. There are solutions of
some boundary value problems for a rectangular parallelepiped known in literature. In
contrast with those works, our paper deals with a class of boundary value and boundary
value contact problems, the great majority of which have been solved for the first time. It
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should be noted that some of the layers may consist of a non-contractible elastic material.
Analytical solutions have been obtained and on their basis corresponding illustration
are given. A description of a computer program is also presented by means of which
computations and graph construction are performed.

Static thermoelastic equilibrium is considered for a rectangular parallelepiped. On the
lateral facets of the parallelepiped boundary conditions of symmetrical or anti-symmetrical
solution continuation are imposed. Condition of rigid, sliding or other type of contact be-
tween layers may be given. On the upper and lower facets of the parallelepiped arbitrary
boundary conditions are defined. The stated problem are solved analytically using sep-
aration of variable technique while the used general solution is represented by means of
harmonic functions. The solution of the problems is reduced to the solution of a system
of linear algebraic equations with block-diagonal matrices. The asymptotic behavior of
these matrices is studied and by means of necessary transformations matrices convenient
for numerical implementation are obtained.

Acknowledgement. The designated project has been fulfilled by financial support of
Shota Rustaveli National Science Foundation (Grant SRNSF /AR/91/5-109/11). Any
idea in this publication is possessed by the author and may not represent the opinion of
Shota Rustaveli National Science Foundation itself.
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How much time will be used by a tsunami to reach the shoreline? Which airport have
to be closed if a volcano on Iceland blows out? Which region will be flooded if the water
level will increase by 1 meter? How to control the speed and density of cars on a highway
to avoid traffic jams?

All these questions and many others are related to the safeness of people on the
planet earth and mathematics can help to answer these questions. In this contribution
we will show the underlying mathematical models of these problems, we shortly discuss
the theoretical and numerical background and present some results obtained by numerical
simulations. The related mathematical challenges for these computations are accuracy,
efficiency, local dynamical grid adaption, parallel computation, load balancing, artificial
boundary conditions, validation and visualization. Furthermore we will demonstrate by
an interactive installations of the vulcano problem, how we can interest non-experts for
mathematics.
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Let us consider the linear differential equation of third order

u′′′ + p1(t)u
′′ + p2(t)u

′ + p3(t)u = 0, (1)

where pk : R+ → R (k = 1, 2, 3) are continuous functions.
In this work, we establish conditions for the existence of oscillatory solutions of equa-

tion (1) which are bounded and tend to zero at infinity.
The equation

v′′ + p1(t)v
′ + p2(t)v = 0 (2)

is called an equation without conjugate points if each of its nontrivial solutions has at
most one zero on the interval R+.

Theorem 1. Let p3(t) ≤ 0 for t ≥ 0, |p3(t)| exp
( t∫

0

p1(τ) dτ
)
be non-decreasing, let

equation (1) be oscillatory, and let (2) be the equation without conjugate points. Then for
any t0 > 0, c0, c1 ∈ R, equation (1) has an oscillatory solution satisfying the conditions

u(t0) = c0, u′(t0) = c1, lim sup
t→+∞

|u(t)| < +∞.

Theorem 2. Let p1(t) ≡ 0 and let for some t0 > 0, β ∈ [0, 1
2
] the following inequalities

be fulfilled 0 ≤ p2(t) ≤ β(1−β)
t2

, p3(t) ≤ 0 for t ≥ t0. Then for any c0, c1 ∈ R, equation (1)
has a unique solution satisfying the conditions

u(t0) = c0, u′(t0) = c1, lim sup
t→+∞

u′(t)

tβ
< +∞.

Theorem 3. Let p1(t) ≡ 0 and let for some t0 > 0, β ∈ [0, 1], c > 0 the following

inequalities be fulfilled −β(β+1)
t2

≤ p2(t) ≤ 0, p3(t) ≤ −ct 32 β for t ≥ t0. Then for any
c0, c1 ∈ R, equation (1) has a unique solution satisfying the conditions

u(t0) = c0, u′(t0) = c1, lim
t→+∞

u(t) = 0, (3)

and at the same time the solution of problem (1), (3) is oscillatory and

lim sup
t→+∞

t−
1
2 |u′(t)| < +∞.
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Consider the first-order differential equation with several retarded arguments

u′(t) +
m∑
i=1

pi(t)u(τi(t)) = 0,

where the functions pi, τi ∈ C(R+;R+), τi(t) ≤ t for t ≥ 0 and lim
t→+∞

τi(t) = +∞
(i = 1, . . . ,m). Integral conditions of the oscillation of all solutions of this equation
are established.

Fast Cubature of Volume Potentials Over

Rectangular Domains by

Approximate Approximations
Flavia Lanzara

Mathematics Department, Sapienza University of Rome, Italy

lanzara@mat.uniroma1.it

We present an algorithm for computing volume potentials over rectangular domains in
Rn. We follow ideas of the method of approximate approximations, which provides high-
order semi-analytic cubature formulas for many important integral operators of mathe-
matical physics. They are based on the use of approximating functions with the property
that, on the one hand, simple linear combinations provide high-order approximations up
to a small negligible saturation error and, on the other hand, the action of the integral
operators on these functions can be taken analytically. We choose as basis functions
products of Gaussians and special polynomials, for which the action of integral operators
can be written as one-dimensional integrals with a separable integrand, i.e., a product of
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functions depending only on one of the variables. Then the approximation of a separated
representation of the density combined with a suitable quadrature of the one-dimensional
integrals leads to a separated approximation of the integral operator. Since the sepa-
rated representation of the density can be approximated with high order and only one-
dimensional operations are used, the resulting method is effective also in high dimensional
cases. In this talk we consider cubature formulas for advection-diffusion operators over
rectangular boxes in Rn. Numerical tests show that these formulas are accurate and
provide approximation of order O(h6) up to dimension 108.

This is a joint work with V. Maz’ya (University of Liverpool,UK, and Linköping Uni-
versity, Sweden) and G. Schmidt (Weierstrass Institute for Applied Analysis and Stochas-
tics, Berlin).

On One Method of Construction the

Nonlinear Theory of Non-Shallow Shells
Tengiz Meunargia

I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University

2, University St. 0186, Tbilisi, Georgia

tengiz.meunargia@viam.sci.tsu.ge

In this talk, the 3-D nonlinear theory of non-shallow shells are considered, when,
so-called ”basis vectors” have the form:

Rα = (aβα − x3b
β
α)rβ, R3 = n, (−h ≤ x3 ≤ h, α, β = 1, 2),

Rα =
aαβ + x3(b

α
β − 2Haαβ)

1− 2Hx3 +Kx23
rβ, R3 = n, (aαβ = rαrβ = δαβ , b

α
β = −nβr

α)

or
Rα ∼= (aαβ + x3b

α
β)r

β, R3 = n, (Coiter −Naghdi, A. Lurie, ...)

(2H = b11 + b22, K = b11b
2
2 − b21b

1
2).

Using the reduction method of I. Vekua, the 2-D system of equations is obtained.
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Regularity of Solutions to Mixed Interface

Crack Problems
David Natroshvili1, Otar Chkadua2, Tengiz Buchcukuri2
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Keywords: Mixed transmission problems, Interface crack, Singularities of solution.

We investigate asymptotic properties of solutions to mixed boundary value problems of
thermo-piezoelectricity (thermo-electro-elasticity) for piece wise homogeneous anisotropic
elastic solid structures with interior and interface cracks. Using the potential method and
theory of pseudodifferential equations on manifolds with boundary we prove the existence
and uniqueness of solutions. The singularities and asymptotic behaviour of the mechan-
ical, thermal and electric fields are analyzed near the crack edges and near the curves,
where different types of boundary conditions collide. In particular, for some important
classes of anisotropic media we derive explicit expressions for the corresponding stress sin-
gularity exponents and demonstrate their dependence on the material parameters. The
questions related to the so called oscillating singularities are treated in detail as well.

The contribution extends the results obtained in the reference [1] to more complex
problems.

References

1. T. Buchukuri, O. Chkadua, D. Natroshvili, Mixed boundary value problems
of thermopiezoelectricity for solids with interior cracks, Integral Equations and Op-
erator Theory, 64, 4 (2009), 495-537.
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Mellin-Edge Quantisation of Operaotrs in Mixed

Boundary Problems
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Mixed elliptic boundary value problems, such as the Zaremba problem for the Lapla-
cian, say, with a smooth interface on the boundary, induce elements in algebras of pseudo-
differential operators. They may appear as parametrices, or within the solvability process
via the reduction of operators to the boundary. In order to represent the operators, for
instance, in edge algebras, there have to be established suitable quantisations, partly
based on the Mellin transform or in terms of operator-valued symbols along the interface,
formulated by means of twisted symbolic estimates. For instance, if in the case of the
Zaremba problem the interface on the boundary is smooth, the operators together with
the parametrices belong to the edge algebra, and we are in the context of the Mellin edge
quantisation, where the interface is the edge, and the Mellin transform acts in the distance
variable to the edge. This is the approach in the monographs
[1] D. Kapanadze and B.-W. Schulze, Crack theory and edge singularities, Kluwer Aca-
demic Publ., Dordrecht, 2003,
[2] G. Harutjunjan and B.-W. Schulze, Elliptic mixed, transmission and singular crack
problems, European Mathematical Soc., Zürich, 2008,
and in a number of papers since then. It has always been a problem to smoothly organize
within the edge algebras the relationship between the mixed problems themselves and the
operators obtained by reducing the problems to the boundary, although [2] deals with
elliptic mixed problems in general, combined with methods from Eskin’s book
[3] G.I. Eskin, Boundary value problems for elliptic pseudodifferential equations, Transl.
of Nauka, Moskva, 1973, Math. Monographs, Amer. Math. Soc. 52, Providence, Rhode
Island 1980
and the paper [4] S. Rempel and B.-W. Schulze, Parametrices and boundary symbolic
calculus for elliptic boundary problems without transmission property, Math. Nachr. 105
(1982), 45-149,
see also the monograph [5] B.-W. Schulze, Pseudo-differential boundary value problems,
conical singularities, and asymptotics, Akademie Verlag, Berlin, 1994.

Now in a new paper [6] Der-Chen Chang, N. Habal and B.-W. Schulze, Quantisation on
a manifold with singular edge. NCTS Preprints in Mathematics, Hsinchu, Taiwan, 2013;
we organised a completely general machinerie, entirely working in the edge calculus of
boundary value problems, which is doing the above-mentioned job. Besides the algebraic
methods we obtain new quantisations for the Dirichlet-to-Neumann operator and various
charactersisations of ellipticity with extra edge conditions along the interface. The talk
will present details of these ideas.
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Let us assume that an elastic mixture occupies the circular domain D centred at the
coordinates origin and radius R = 1. Denote by L the boundary of the D. Let on L
nonintersecting arcs Lj = ajbj, i = 1, n, (aj+1 ̸= bj, an+1 ≡ a1) be given. Suppose that

L
′
=

n∪
j=1

Lj, and L
′′
are remaining parts of L.

In the work by the method of N. Muskhelishvili we obtain an explisit solution to the
basic mixed boundary value problem for homogeneous equation of statics of the linear
theory of elastic mixture in a circular domain.

The problem deals with the finding of elastic equilibrium of the plate D for the con-
ditions: on L

′
the displacement vector and on L

′′
the stress vector are given.
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Viscoelastic materials play an important role in many branches of civil engineering,
geotechnical engineering, technology and, in recent years, biomechanics. In the last decade
there has been an interest in formulation of the mechanical theories of viscoelastic ma-
terials with voids of differential type. In this connection, Iesan [1] extends theory of
elastic materials with voids, the basic equations of the theory of thermoviscoelasticity for
Kelvin-Voigt materials with voids are established.

In this talk the linear theory of viscoelasticity for Kelvin-Voigt materials with voids
[1] is considered and some basic results of the classical theory of elasticity are general-
ized. Indeed, the basic properties of plane harmonic waves are established. The explicit
expression of fundamental solution of the system of equations of steady vibrations is con-
structed by means of elementary functions. Green’s formulas in the considered theory
are obtained. The uniqueness theorems of the internal and external basic boundary value
problems (BVPs) are proved. The representation of Galerkin type solution is obtained and
the completeness of this solution is established. The formulas of integral representations
of Somigliana type of regular vector and regular (classical) solution are obtained. The
Sommerfeld-Kupradze type radiation conditions are established. The basic properties of
elastopotentials and singular integral operators are given. Finally, the existence theo-
rems for classical solutions of the internal and external basic BVPs of steady vibrations
are proved by using the potential method (boundary integral method) and the theory of
singular integral equations (for details see [2]).

References
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For the neutral functional differential equation

ẋ(t) = A(t)ẋ(σ(t)) + f0(t, x(t), x(τ0(t))), t ∈ [t0, t1] ⊂ [a, b]

with the continuous initial condition

x(t) = φ0(t), t ∈ [τ0(a), t0], ẋ(t) = h0(t), t ∈ [σ(a), t0),

linear representations of the main part of a solution increment (variation formulas) with
respect to perturbations of initial moment t0, initial functions φ0(t) and h0(t), delay
function τ0(t) and righthand side f0 are proved. In this work, the essential novelty is an
effect of delay function perturbation in the variation formulas. The variation formula plays
the basic role in proving of the necessary optimality conditions [1]. Variation formulas for
various classes of neutral functional differential equations without perturbation of delay
are given in [2,3].

Acknowledgment. The work was supported by the Sh. Rustaveli National Science
Foundation, Grant No.31/23.
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The main object of the present talk is the nonself-adjoint differential-operator equation

Lu ≡ (−1)m(tαu(m))(m) + A(tα−1u(m))(m−1) + Ptβu = f(t), (1)

where m ∈ N, t ∈ (0, b), α ≥ 0, α ̸= 1, 3, . . . , 2m − 1, β ≥ α − 2m, A and P are linear
operators (in general unbounded) in the separable Hilbert space H and have common
complete system of eigenfunctions {φk}∞k=1, i.e., Aφk = akφk, Pφk = pkφk, k ∈ N, which
forms Riesz basis in H, f ∈ L2,−β((0, b), H), i.e., ∥f∥2L2,−β((0,b),H) =

∫ b

0
t−β∥f(t)∥2H dt <∞.

Let Ẇm
α (0, b) be the completion of Ċm := {u ∈ Cm[0, b], u(k)(0) = u(k)(b) = 0, k =

0, 1, . . . ,m−1} in the norm ∥u∥2
Ẇm

α (0,b)
=

∫ b

0
tα|u(m)(t)|2 dt. It is known that for β ≥ α−2m

there is continuous embedding Ẇm
α (0, b) ↪→ L2,β(0, b), which is compact for β > α− 2m.

Using equalities u(t) =
∑∞

k=1 uk(t)φk, f(t) =
∑∞

k=1 fk(t)φk the operator equation (1)
can be decomposed into an infinite chain of degenerate ordinary differential equations

Lkuk ≡ (−1)k(tαu
(m)
k )(m)+ak(t

α−1u
(m)
k )(m−1)+pkt

βuk = fk, fk ∈ L2,−β(0, b), k ∈ N. (2)

First we define the generalized solution for the ordinary differential equation (2) in
the weighted Sobolev space Ẇm

α (0, b) and then using general method of A.A. Dezin pass
to the operator equation (1). Under some conditions we prove existence and uniqueness
of the generalized solution for the operator equation (1).
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We consider for an elastic bodies the dynamic boundary-value problems of the theory
of consolidation with double porosity. The problems are reduced to the corresponding
problems for systems of equations for pseudooscillation by Laplace transformation relative
to time. The solutions are represented in terms of metaharmonic functions. It is proved
that the problem of pseudooscilation has a unique solution. Conditions are given for
existence of inverse transformations that provide solutions for the initial problem

Some Issues of Conducting Fluid Unsteady

Flows in a Circular Tube
Badri Tsutskiridze, Levan Jikidze

Georgian Technical University, 77, M. Kostava St., 0175, Tbilisi, Georgia

b.tsutskiridze@mail.ru

The developed flows of conducting fluid in an annular pipe are recently studied in
detail [1-4], and the possibility to obtain new exact analytical exact solutions seems quite
limited. However, such opportunities do exist and it is possible, as will be shown below, to
find even simple new solutions that however, have rather interesting qualitative features.

In this article we considered the unsteady flow of a viscous incompressible electrically
conducting fluid in annular pipe under external radial magnetic field. An exact solution
of the problem in the general form and its extreme case are obtained.

References

1. Loitsiansky L.G. Mechanic of a fluid and gas. Moscow: Sciences, 1987, 840p. (Rus-
sian).

40



2. Vatazin A.B., Lubimov G.A., and Regirer C.A. Magnetohydrodynamic Flow in
Channels. Moscow: Nauka, 1970, 672p. (Russian).

3. Tsutskiridze V.N. Heat transfer with the flow of conducting fluids in circular pipes,
with finite conductivity under uniform transverse magnetic fields// AMIM, Tbilisi
Vol. 12, No. 2, 2007, 111–114.

4. Sharikadze J.V., Tsutskiridze V.N., and Jikidze L.A. The flow conducting liquid in
magnetohydrodynamics tubes with heat transfer//International Scientific Journal
of IFToMM ”Problems of Mechanics”. Tbilisi, 2011, No. 3(44), 63–70.
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In this talk we present some recent results in mathematical modeling of acoustics
of porous media with multi-scale structure. In particular, we derive effective acoustic
properties of cancellous bone: the spongy, porous inner layer of bone filled with bone
marrow-blood mixture. Using two-scale convergence and other homogenization tools we
derive effective material properties of the fluid-filled porous matrix.
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The physical and mathematical model of generation and further linear and nonlin-
ear evolution of ultra low frequency (ULF) electromagnetic waves is investigated in the
ionosphere at interaction with inhomogeneous winds (shear flows), which represents a
new mechanism of energy redistribution in the medium. Self organization of the con-
sidered waves into nonlinear strongly localized vortex structures (monopole and dipole
vortices, vortex chains, vortex streets) is studied theoretically in the different regions of
the ionosphere and magnetosphere. Plasma vortices are often detected by spacecraft in
the geospace (atmosphere, ionosphere, magnetosphere) environment, for instance, in the
magnetosheath and in the magnetotail region. Large scale vortices may correspond to the
injection scale of turbulence, so that understanding their origin is important for under-
standing the energy transfer processes in the geospace environment. In a recent work, the
THEMIS mission has detected vortices in the magnetotail in association with the strong
velocity shear of a substorm plasma flow (Keiling et al., J. Geophys. Res., 114, A00C22
(2009), doi:10.1029/2009JA014114), which have conjugate vortices in the ionosphere. By
analyzing the THEMIS data for that event, we find that several vortices in the magneto-
tail can be detected together with the main one, and that the vortices indeed constitute
a vortex chain. Such vortices can cause the strong turbulent state in the different me-
dia. The strong magnetic turbulence is investigated in the ionsophere as an ensemble of
such strongly localized (weakly interacting) vortices. The diffusive processes have been
studied too. An effective coefficient of the diffusion was estimated as a square root of the
stationary level of noise.
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The oil spillage caused by oil transportation through pipeline and railway results in
serious deterioration of soil, and as a consequence subsurface waters pollution. All these
processes have very seriously impact on environment, and therefore, on human health.
So it is very important to carry out preventive model studies of possible emergency sit-
uations. In this talk on the basis of nonlinear filtration equation of a liquid, petroleum
and mineral oil distribution into the soils in case of their emergency spilling on the flat
surface containing pits is studied and analyzed. Results of calculations have shown that
risk of surface and subsurface waters pollution owing to oil emergency spilling is high.
For detection of hydrates origination placement in the gas pipeline for gas non-stationary
flow the system of partial differential equations is investigated. Numerical calculations
have shown efficiency of the suggested method. A mathematical model (an algorithm) for
definition a placement of a gas accidental escape in a simple inclined main gas pipeline is
suggested. The algorithm required knowledge of corresponding initial hydraulic param-
eters at entrance and ending points of the inclined pipeline. The algorithm is based on
mathematical model describing gas stationary movement in the simple gas pipeline. A
method and a formula for the determination a location of the gas accidental escape in sim-
ple inclined main gas pipeline is suggested. Spilled oil’s spreading in the eastern coastal
zone of the Black Sea is simulated on the basis of a 2-D numerical model describing oil
distribution in the seawaters. Numerical experiments have been carried out for different
hypothetical sources of pollution in case of different sea circulation regimes dominated
for the four seasons in eastern coastal zone of the Black Sea. Some results of numerical
calculations have shown that risk of surface and subsurface waters pollution owing to oil
emergency spilling on the territory of Georgia is high.

Acknowledgment. The research has been funded by the Grant of Shota Rustaveli
National Science Foundation GNSF/ST09-614/5-210.
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We considered the following nonlinear evolution problem with variable operator:

u′ (t) + b (t)Au (t) +M (u (t)) = f (t) , t > 0, u (0) = φ. (1)

Here A is a self-adjoint positive definite (generally unbounded) operator in the Hilbert
space H and is represented as a sum of two addends, where each is a self-adjoint positive
definite operator (A = A1 + A2), scalar function b (t) ≥ b0 > 0 satisfies Helder inequal-
ity, φ is a given element from D (A), f(t) is a continuous and continuously differen-
tiable function, nonlinear operator M (·) satisfies Liptschitz condition. Let the solution
u (t) of problem (1) be such that the function M (u (t)) is continuous and continuously
differentiable with respect to t. Let us introduce the following difference net domain
ωτ = {tk = kτ, k = 0, 1, ..., τ > 0} . For the solution of problem (1) the following third
order of accuracy decomposition scheme is constructed:

uk+2 = V (tk+2, tk−1)uk−1 +
3

4
τ
(
3V (tk+2, tk+1) f̃ (tk+1, uk+1) + V (tk+2, tk−1) f̃ (tk−1, uk−1)

)
,

where

V (t, s) =
1

2
(W (t, s, αA1)W (t, s, A2)W (t, s, αA1) +W (t, s, αA2)W (t, s, A1)W (t, s, αA2)) ,

W (t, s, Ai) = (I − λ0,t,s (t− s)A0) (I + λ1,t,s (t− s)A0)
−1 (I + λ2,t,s (t− s)A0)

−1 ,

and where

λ0,t,s =
6γ31,t,s − 6γ1,t,sγ2,t,s + γ3,t,s

6γ21,t,s − 3γ2,t,s
, λl,t,s =

1

2

(
dt,s + (−1)l i

√
4et,s − d2t,s

)
, l = 1, 2,

dt,s =
3γ1,t,sγ2,t,s − γ3,t,s
6γ21,t,s − 3γ2,t,s

, et,s =
3γ22,t,s − 2γ1,kγ3,t,s

2
(
6γ21,t,s − 3γ2,t,s

) ,
γ1,t,s =

3b (t) + b
(
s+ t−s

3

)
4

, γ2,t,s = b2
(
t+ s

2

)
, γ3,t,s = b3

(
t+ s

2

)
.

The stability of the constructed scheme is investigated and the error of the approximate
solution is estimated.

Acknowledgment. The research has been funded by the Grant of Shota Rustaveli
National Science Foundation (#30/28).

44



Numerical Simulation of Some Complex

Mesometeorological Processes
Giorgi Geladze

I. Vekua Institute of Applied Mathematics of I. Javakhishvili Tbilisi State University

2, University St., 0186, Tbilisi, Georgia

givi-geladze@rambler.ru

Two-dimensional (in a vertical plane x-z) non-stationary problem about a mesomete-
orological boundary layer of atmosphere (MBLA) is posed and solved numerically. In it
ecologically actual processes, such as a full cycle of development of a cloud and a fog and
aerosol distribution are considered against MBLA thermohydrodynamics.

A number of abnormal meteoprocesses are simulated:
Simultaneous existence of a stratus cloud and radiation fog;
An incorporated vertical complex of a stratus cloud and radiation fog;
daily continuous overcast;
Ensemble of humidity processes, particularly, three clouds and a fog which then were

transformed to four clouds are simultaneously simulated.
To the roles of horizontal and vertical turbulence in formation of a tropical cyclone

and a tornado and in mutual transformation of humidity processes are considered.
Influence of some meteoparameters on aerosol distribution is investigated. Besides,

such problems are resulted in a stage of computer realization, as:
“secondary” pollution MBLA (capture already sedimented aerosols and its repeated

carrying over);
the account of cooling process, available on cloud and fog border;
influence of cloudy shades on MBLA processes;
the account of difficult temperature heterogeneity of an underlying surface.
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In the present talk nonlocal boundary contact problem is stated and solved for two-
dimensional elliptic equations; uniqueness of solution is proved; iteration process is con-
structed by means of which solution of initial problem is reduced to solution of two, more
simple classical problems and by means of which uniqueness of solution is proved.
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The following multi-dimensional system of nonlinear partial differential equations is
considered:

∂U

∂t
=

n∑
i=1

∂

∂xi

(
Vi
∂U

∂xi

)
, (1)

∂Vi
∂t

= −Vi + gi

(
Vi
∂U

∂xi

)
, (2)

i = 1, ..., n,
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where gi are given functions of their arguments.
If n = 2 and 0 < γ0 < gi(ξi) ≤ G0, i = 1, 2, where γ0, G0 are constants, then the

corresponding two-dimensional analog of system (1), (2) describes the vein formation
in meristematic tissues of young leaves (Mitchison G.J. A Model for Vein Formation in
Higher Plants. Proc. R. Soc. Lond. B., 207, 1166, 1980, 79-109).

Difference scheme of variable directions and averaged model of sum approximation
are considered for system (1), (2). Stability and convergence of these models are studied.
Numerical experiments verifying theoretical results for Mitchison’s system are carried out.
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The single crystal growth at the crystallizer, when the permanent temperature is
keeping is considered. During the crystallization process the solid crystal is formed from
a supersaturated solution by means of the chemical reaction. This phenomena is described
by the reaction-diffusion equation with the appropriate initial-boundary conditions, where
the unknown function is supersaturation.

In this talk the linear reaction-diffusion equation with the specific initial-boundary
conditions is considered. By the separation of variables the effective solutions are obtained.

The case of growth of crystals of the hexagonal configuration is considered. The
graphics of supersaturation for the different parameters are constructed by using Maple.
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The following system of nonlinear integro-differential equations arises for mathematical
modeling of the process of penetrating of electromagnetic field in the substance:

∂U

∂t
= a(S)

∂2U

∂x2
,

∂V

∂t
= a(S)

∂2V

∂x2
, (1)

where

S(t) =

t∫
0

1∫
0

[(
∂U

∂x

)2

+

(
∂V

∂x

)2
]
dxdτ. (2)

The convergence of the semi-discrete scheme for initial-boundary value problems with
different kinds of boundary conditions is studied for the system (1), (2) in case a(S) =
(1 + S)p, 0 < p ≤ 1. Many numerical experiments have been carried out and compared
with theoretical results.
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By means of the 3-D baroclinic model of the Black Sea dynamics developed at M. Nodia
Institute of Geophysics (Tbilisi, Georgia) some peculiarities of the forming of the vertical
structure of the Black Sea hydrological regime for transitive (April) climatic conditions
are investigated. Investigations are carried out with consideration of both the nonstation-
ary atmospheric wind and thermohaline forcing. Herewith the atmospheric thermohaline
action is tested in the model by both the Dirichlet conditions through setting the tem-
perature and salinity at the sea surface and the Neumann conditions through setting
the heat fluxes, evaporation, and atmospheric precipitation. In the performed numerical
experiments wind driven action is reduced to alternation of different climatic wind fields.

The performed numerical experiments have promoted the primary role of the thermo-
haline impact on formation of the vertical structure of the Black Sea circulation within
upper 0 - 136 m layer for transitive climatic conditions. Besides the thermohaline action
plays an important role on the horizontal heat transport intensity within an upper 2-26
m layer.
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In the present talk antiplane problems of elasticity theory for composite bodies weak-
ened by cracks is presented. The above mentioned problem is studied by the following
methods: a) integral equations method [1] and b) finite-differense method [2].

In the first case the body represents a piece-wise homogeneous plane. For tangential
jumps of pressure are obtained: the system of the singular integral equations with motion-
less features when a creak crosses dividing border and one singular integral equation when
the crack leaves on dividing border. The aforementioned integral equations are solved by
a collocation method, in particular, a method of discrete features.

In the second case the body has the rectangular form. The bending harmonious
differential equations were approximated by the difference scheme with the account of
corresponding boundary conditions. Such statement of the problem gives possibility to
find directly numerical values of function of moving in grid knots.

The suggested calculation algorithms have been tested for the concrete practical tasks.
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We establish a new energy inequality for the difference of two semiconvex functions in
a bounded open convex set D of Rn. This inequality is applied to the L2-approximation
problem of the gradient of the unknown solution of the nonlinear elliptic partial differential
equation provided that the latter solution is a semiconvex function in D. Our method of
approximation essentially uses the convex envelope Γ(v) of a given bounded continuous
function v in a domain D. The construction of the convex envelope for piecewise linear
functions reduces to one of the core problems in computational geometry: the construction
of the convex hull of a finite set of points of Rn.

Acknowledgment. The research has been funded by the Grant of Shota Rustaveli
National Science Foundation (#D-13/18).
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The main problem of computerized tomography is contained in the reconstruction of
function by its integral over hyperplanes. We study the problem of approximate inversion
of Radon transform R in the n-dimensional Euclidean space Rn, i.e. the problem of con-
struction of an algorithm for the approximate solution of the equation Ru = f , where R
acts from the weighted space Hν = L2(Ω

n,W−1
ν ) in the weighted space Kν = L2(Z,w

−1
ν ).

Here Ωn = {x ∈ Rn : |x| ≤ 1}, Wν(x) = (1− |x|2)ν−n/2, wν(s) = (1− s2)ν−1/2, s ∈ [−1, 1]
and Z is the cylinder Z = {x ∈ Rn : |x| = 1} × R. Let R∗ be the adjoint for the op-
erator R. The above equation is ill-posed and we transfer this one in the Fréchet space
D((R∗R)−∞), where it stands well-posed. Here (R∗R)−∞u = {u, (R∗R)−1u, · · · } and
the space D((R∗R)−∞) is isomorphic to a subspace M of the Fréchet-Hilbert space HN

ν

due to the mapping D((R∗R)−∞) ∋ x → Orb((R∗R)−1, x) = (R∗R)−∞x ∈ M ⊂ HN.
If (R∗R)∞u = {(R∗R)−1u, u, (R∗R)u, · · · }, the transfered equation becomes the form
(R∗R)∞u = f and has an unique and stable solution. We introduce the notations of
generalized spline and generalized central algorithms and also of the solutions operator.
The following theorem is proved.

Theorem. Let {vνrlk, uνrlk, σrl}, l ≤ r, 1 ≤ k ≤ N(n, l), where N(n, l) = (2l + n −
2)!(n + l − 3)!/(l!(n − 2)!), is a singular system for the Radon transform R, which acts
from Hν , ν > n/2− 1, in the space Kν. Then the algorithm

φs(I(f))(x) = Σm
k=0Σl≤r

′σrlΣ
N(n,l)
k=1 (f, uνrlk)L2(Z,w

−1
ν )v

ν
rlk(x), x ∈ Ωn,

where Σ′ means that the summability takes place only for even m+ l, is the linear general-
ized spline and the generalized central for the solution operator S = (R∗R)−1

∞ and nonadap-
tive information I(f) = [(f, uν001), · · · , (f, uνmmN(n,m))]. Moreover, these approximative so-

lutions converges to the solution of equation Ru = f (in the sense of Moorie-Penrose) in
the energetic space of the operator (R∗R)∞, and also in the space D((R∗R)−∞).
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The approximate solution of some BVPs for spatial theory of elasticity cylindrical
region, ordered by Committee on Science and Technology of FSU is considered (named
“The Applied Program of Calculating of Spatial Structures”, N0.80.14.09.20.). This pack-
age contains the manager program and modules. The full software was elaborated by
T. Vashakmadze and his group. Here we should remark, that he developed new fast sta-
ble convergent modification of variotional-discrete methods of approximated solution of
BVPs for quadrangular, band and quadrant regions.

Between effective methods of solution approximately BVPs as direct methods are vari-
ational and finite-difference methods. In [1], points 12, 17.2, T. Vashakmadze considered
modification of variational methods selecting coordinate functions so that moments of
unknown vector would satisfy a system of algebraic equations which has the structure
by small perturbation of the finite-difference scheme, appropriate to a two-dim BVP. As
different from pure variational methods this one gives possibility to study the properties
of coordinate functions using some results of numerical analysis and investigated problem
of stability of corresponding numerical processes. For example, if we used the first order
differences with respect to Legendre polynomials, then the variational-discrete schemes
for Laplace operator has a five-point structure, for biharmonic operator-13 piont one as
pure finite-difference algorithms. This technology is essentially convenient if we consider
unbounded domains [1, pp. 10-13, 30]. Today there are reliable algorithms for calculation
of orthogonal polynomials, which have degree no more than 10000. We created algorithms
and realized programs with R. Chikashua when degree of ultraspherical polynomials are
1.000.000 (million) with no less than 1.000 decimal points.
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Let a domain D be the infinite plane z = x + iy ≡ (x, y) with the holes Bi (i =

1, 2, · · · ,m), which are bounded by closed piecewise smooth contours Si (Si =
l∑

j=1

Sj
i ; i =

1, 2, · · · ,m), respectively, having no multiple points. It is evident that the whole boundary

of domain D will be S =
m∪
i=1

Si. Moreover, we assume that parametric equations of the

smooth curves Sj
i are given and Sk

∩
Sj = ∅ for k ̸= j. For domain D the following

Dirichlet generalized problem is considered.

On the boundary S of the domain D a function g(τ) is given which is continuous
everywhere, except a finite number of points τ1, τ2, . . . , τn at which it has first kind break
points. It is required to find a function u(z) ≡ u(x, y) ∈ C2(D)

∩
C(D \ {τ1, τ2, · · · , τn})

satisfying the conditions
∆u(z) = 0, z ∈ D,

u(τ) = g(τ), τ ∈ S, τ ̸= τk (k = 1, 2, . . . , n),

u(z) = c+O

(
1

|z|

)
for |z| → ∞,

where ∆ is the Laplace operator and c is a real constant provided |c| <∞.

An algorithm of approximate solution of the formulated problem is given, which con-
sists of the following stages: 1) reduction of the Dirichlet generalized problem to an ordi-
nary new (auxiliary) problem; 2) approximate solution of the new problem by the modified
version of MFS (the method of fundamental solutions); 3) definition of the approximate
solution of the posed generalized problem by the solution of the new problem. Examples
of application of the proposed algorithm and the results of numerical experiments are
given.
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We have developed programming means, by which it is possible to modeling of natural
or formal language. In case of Chomsky approach, natural or formal language is considered
as a subset of universal set of objects. An object from universal set of objects is taken
and then we should state whether the object is element of the subset or not. For this
we should construct a formal grammar of searched subset, define an inference for this
grammar and if by inference we can obtain the object, then the object is an element of
the subset. In our case, formal grammar is an auxiliary mean, by which we construct
logical expression. It is named by program file. We pass program file with given object to
programming means. If logical expression is true, then the object is element of the subset.
In the process of calculation, to the object is added some features and their values, which
give object description. Definition of logical expression and rules of its construction will
be given on presentation.

Such approach has some advantages, as compared to approach of Chomsky, which will
be considered at presentation.
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In order to make morphological analysis of Georgian words, it is necessary to create
formal grammar based on the rules of Georgian language grammar. We have created the
above mentioned grammar and it can solve the task. In particular, its use can decompose
given words by morpheme. It implies all parts of speech.

Definitions of used rules in the created formal grammar may still be rules, but finally
definition of rule is totality of terminal symbols, which in particular occasion is a sequence
of pre-verbs, person sign, vowel prefix or root of verbs, etc.

Software is also developed, using ”Visual Studio C Sharp”, which can decompose given
words by morpheme and explain each of them. The program uses translated version of
formal grammar on ”C Sharp” language.

Given formal grammar is created using GOLD Parser Builder, where it is possible to
create context-free grammars, it also gives possibility to make their translated versions
for a desired programming language.

The Fractal Structures and Their Properties
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A fractal is a mathematical object, a geometric pattern that is repeated at ever smaller
scales to produce (self similar) irregular shapes and surfaces that cannot be represented
by classical (Euclidian) geometry. Fractals are used especially in computer modeling of
irregular patterns and structures found in nature. The Sierpinski triangle is the classic
example of an orbital fractal. Mandelbrot and Sierpinski are two mathematicians who
made important contributions in the field of fractals. The Sierpinski triangle has all the
properties of a fractal: A fractal is a geometric shape which is selfsimilar and which has
a fractal dimension.
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A person in his activity constantly comes up against situations in which he has to make
a choice. It is usually assumed, that such a possible decision is selected, which most fully
satisfies to desires, interests or the purposes of this decision-maker. The desire of DM to
achieve a particular goal quite often can be expressed with mathematical terms in the form
of maximizing (or minimizing) of some numerical function defined on the set X. However in
more difficult situations it is necessary to deal not with one but with several functions.The
problem of one-parametrical optimization always has the best decision, which gives the
maximum possible value of optimized function under the given restrictions. Probably, the
maximum is reached on several various configurations of system. In any case, the best
value can be found by full sorting of all options.

In case of optimization on several criteria, considered in the work, a situation is differ-
ent: if parameters are considered equivalent, then there can be no mutually comparable
decisions, such that one is better on one parameter, the second – on another.

Pareto optimality - state of the system under which, the value of each particular
criterion describing the state of the system cannot be improved without deterioration of
other elements.

The situation when reached Pareto efficiency - a situation in which all benefits from
an exchange are exhausted. Pareto efficiency is one of the central concepts of modern
science.

This paper discusses issues related to the selection decisions in the presence of a number
of criteria for some discrete tasks.
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The elaboration of the technological alphabet of the Georgian language aims at a
mechanical foundation of the Georgian language. This means to build up a talkie Georgian
computer system, i.e. it means to provide full and free spoken human-machine interaction
by means of the Georgian language.

The methodology of our research follows Leibniz’s epistemic view about mathemat-
ical foundation of the lingually given and logically developable knowledge. In our case,
this means: Firstly, to found the natural Georgian language as a formally developable
intellectual mathematical theory. Here we are mainly based on the methods elaborated
within Sh. Pkhakadze’s Notation Theory and his semantic program of the foundation of
mathematics, and, also, within the researches pursued for the elaboration of the Logical
Grammar of the Georgian language by the leadership of K. Pkhakadze; and after, to soft-
ware a computer with the already founded formally developable intellectual mathematical
theory of the Georgian language system.

During the talk, we will shortly overview above-mentioned methods of the elaboration
of the technological alphabet of the Georgian language. In particular, we will present the
fundamental questions of the historically first mathematical theory of the Georgian lan-
guage; also, we will present those systems, which are already built up in our group with the
purposes of creation of the Georgian technological alphabet. They are as follows: Geor-
gian Grammar Checker (http://translate.dmind.net/Login.aspx), Georgian Logical Task
Solver-Checker, Georgian-Mathematical and Georgian-English-German Translator, Geor-
gian Speech Recognizer, and Georgian Text Reader (http://www.geotextreader.com).
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An algorithmic process to establish the validity of the formulae with some property
of the Unranked τSR logic is constructed. They are directed to the mechanical theorem
proving.

If the associated formula of the given formula of the Unranked τSR logic includes only
meta-variables from the formulas A,B,A1, B1 . . . and the symbols ¬,∨,∧,→,↔ we call
it the propositional meta-formula associated to the given formula.

The propositional meta-formula with is considered as a formula of the propositional
logic and represents tautology is called propositional tautology form.

The following theorems are immediate consequence of the algorithmic process de-
scribed by us.

Theorem 1. Existence of tautology form associated with a formula A of Unranked
τSR logic is sufficient for validity of the formula A.

Theorem 2. A formula A of Unranked τSR logic is an instance of a tautology of
the Unranked propositional logic if there exists a propositional tautology form associated
with the formula.

Acknowledgments. This research has been Supported by the Georgian Rustaveli Na-
tional Science Foundation under the project DI/16/4-120/11: Constraint Logic Program-
ming over Unranked Terms and Hedges with Description Operators.
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We consider the Kalman-Bucy model of partially observable random sequence (θn, ξn),
n = 0, 1, ... :

θn+1 = a0(n) + a1(n)θn + b(n)η1(n+ 1), (1)

ξn+1 = θn+1 + ϵη2(n+ 1), (2)

where η1(n), η2(n) are independent standard normal random variables, n = 0, 1, ...; ϵ > 0
[1]. Consider the linear gain function g(n, x) = f1(n) + f2(n)x and define payoffs [2]:

S0 = supτ∈ℜθEg(τ, θτ ), Sϵ = supτ∈ℜξEg(τ, θτ ). (3)

The following notations are introduced: mn = E(θ|ℑξ
n), γn = E[(θn −mn)

2].
Theorem 1. Let partially observable sequence (θn, ξn), n = 0, 1, ..., be given by (1),

(2). Then
Sϵ = supτ∈ℜξEg(τ,mτ ) = sup

τ∈ℜθ̃
Eg(τ, θ̃τ ),

where

θ̃n+1 = a0(n) + a1(n)θ̃n +
a1(n)b

2(n) + a31(n)γn√
a21(n)b

2(n) + a41(n)γn + ϵ2
η1(n+ 1).

Theorem 2. Let the payoffs S0 and Sϵ be defined by (3). Then the following estimate
is valid:

0 ≤ S0 − Sϵ ≤ cϵ,

where c > 0 is constant.

Acknowledgments. The work is supported by Shota Rustaveli National Science Foun-
dation Grants No FR/308/5-104/12, FR/69/5-104/12.
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Let H be a separable, real Hilbert space and let X1, X2, ..., Xn be iid data in H.
µ = µ(θ) is the distribution in H of X1. Here θ is an unknown parameter, θ ∈ Θ, Θ is
a bounded set of a separable Banach space. Suppose the probability measure µ has the
logarithmic derivative - λθ(x, h) for h ∈ H0, where H0 is a dense subspace of H. Then we
may define maximal likelihood estimation θ̂n of θ as a solution of equation (see [1])

n∑
k=1

λθ(Xk, h) = 0.

Our aim is to study limit properties of MLE estimator. In particular we proved
asymptotically normality of this one.
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Consider the Brownian motion B = {(Bt), t ∈ [0, T ]} and the natural filtration (ℑB
t ),

t ∈ [0, T ], generated by B. Let XT and YT are the Brownian functionals, i.e. the random
variables that are (ℑB

T )-measurable.
Theorem 1. The Brownian functionals XT and YT are independent if and only if for

all (x, y) ∈ R2 :

cov(I{XT≤x}, I{YT≤y}) =
∫ T

0
E[us(x)us(y)]ds = 0,

where us(x) and us(y) are integrand in Clark integral representations of I{ω:XT (ω)≤x} and
I{ω:YT (ω)≤y}.

The problem is: how to find these integrands. The directly using of Clark-Ocone
formula it is impossible. Therefore we represent here

Theorem 2. Suppose that gt = E[FT |ℑB
t ], (t ∈ [0, T ]) are Malliavin differentiable

(gt(·) ∈ D1,2). Then

gT = FT = E[FT ] +
∫ T

0
vsdBs,

where
vs := limt→TE[Dsgt|ℑB

s ] in the L2([0, T ]× Ω)

(here Ds - is Malliavin derivative).
Also we study the problem of characterization of dependence of random variables XT

and YT .
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Investigation focuses on the consideration of basic approaches to hypotheses testing,
which are Fisher, Jeffreys, Neyman, Berger approaches and a new one proposed by the
author of this work and called the constrained Bayesian method (CBM). Wald and Berger
sequential tests and the test based on CBM are presented also. The positive and negative
aspects of these approaches are considered on the basis of computed examples. Namely,
it is shown that CBM has all positive characteristics of the above-listed methods. It
is a data-dependent measure like Fisher’s test for making a decision, uses a posteriori
probabilities like the Jeffreys test and computes error probabilities Type I and Type
II like the Neyman-Pearson’s approach does. Combination of these properties assigns
new properties to the decision regions of the offered method. In CBM the observation
space contains regions for making the decision and regions for no-making the decision.
The regions for no-making the decision are separated into the regions of impossibility of
making a decision and the regions of impossibility of making a unique decision. These
properties bring the statistical hypotheses testing rule in CBMmuch closer to the everyday
decision-making rule when, at shortage of necessary information, the acceptance of one of
made suppositions is not compulsory. Computed practical examples clearly demonstrate
high quality and reliability of CBM. In critical situations, when other tests give opposite
decisions, it gives the most logical decision. Moreover, for any information on the basis of
which the decision is made, the set of error probabilities is defined for which the decision
with given reliability is possible.
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A real valued random variable ξ is Subgaussian [1, 2] if there exists a ≥ 0 such that

E etξ ≤ e
1
2
t2a2 , ∀t ∈ R . (1)

If ξ is Subgaussian and (1) holds for some a ≥ 0, then necessarily Eξ = 0 and (Eξ2)
1
2 ≤ a.

Hence, to a Subgaussian random variable ξ it can be associated with a quantity τ(ξ)
defined by the equality:

τ(ξ) := inf{a ≥ 0 : E etξ ≤ e
1
2
t2a2 , ∀t ∈ R },

which is called the Gaussian deviation [1] or the Gaussian standard [2] of ξ.
Theorem. Let ξn, n = 1, 2, . . . be Subgaussian random variables. If

∑
n

τ(ξn) <∞ ,

then ∑
n

|ξn| <∞ a.s. (2)

and

for some ε > 0, E eε(
∑

n
|ξn|)

2

<∞. (3)

In this theorem the condition (2) may not imply even that E (
∑

n |ξn|) < ∞ [3], while if
ξn, n = 1, 2, . . . are Gaussian, then condition (2) alone implies (3) (Vakhania N.N.).
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In developing the stochastic differential equations in a Banach space, we introduce
the corresponding generalized stochastic differential equation. It is possible to solve this
equation by traditional methods and we receive the generalized stochastic process as
a solution. If there exists the Banach space valued random process corresponding to
this generalized random process, it will be solution of the main stochastic differential
equation. Using this approach we consider the question of the existence and uniqueness
of the solution and receive the solutions of the linear stochastic differential equations in
a Banach space.
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We consider an incomplete financial market model, where the dynamics of asset prices
are described by a continuous Rd-valued semimartingale S satisfying the structure condi-
tion

St =Mt +
∫ t

0
d⟨M⟩sλs,

∫ t

0
λ′sd⟨M⟩sλs <∞, t ∈ [0, T ]

where M is a continuous local martingale and λ is a predictable process.
Let U = (U(x) : x ∈ R) be a utility function defined on all real line and denote by

Xx,π
t the wealth process x +

∫ t
0 πudSu determined by a self-financing trading strategy π

and initial capital x.
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We consider the utility maximization problem, i.e., the problem to find a trading
strategy (πt, t ∈ [0, T ]) such that the expected utility of terminal wealth Xx,π

T becomes
maximal.

Our goal is to study properties of the dynamical value function of the problem defined
as

V (t, x) = esssupπ∈Πx
E(U(x+

∫ T

t
πudSu)/Ft), (1)

where Πx is a class of admissible strategies.
We call a family of processes Y (t, x), x ∈ R a regular family of semimartingales, if a)

Y (t, x) is two-times continuously differentiable at x for all t ∈ [0, T ] P-a.s. and b) for any
x ∈ R the processes Y (t, x) and Yx(t, x) are special semimartingales and their bounded
variation parts are absolutely continuous with respect to the increasing process ⟨M⟩.

Under some regularity assumptions on the utility function, we show that V (t, x) is a
regular family of semimartingales. We use these properties to show that the value function
satisfies a certain backward stochastic partial differential equation, which enables us to
characterize the optimal wealth process.
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Suppose we have n measurements taken at the points

0 ≤ t1 ≤ t2 ≤ · · · ≤ tn ≤ 1.

In Gasser–Müller scheme the model is the following

X (ti) = a (ti) + εi, i = 1, 2, . . . , n,

εi i.i.d.with Eεi = 0, V ar (εi) = σ2 <∞.

The estimate of unknown regression function a(·) proposed in [1] (Gasser–Müller es-
timator) is defined as follows:

ân(t) =
1

hn

n∑
j=1

∫ sj

sj−1K( t−u
hn

)du·X(tj)
,
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where K is a non-negative kernel function, hn is a sequence of positive bandwidths such
that hn → 0, nhn → ∞ as n → ∞, 0 = s0 ≤ s1 ≤ . . . ≤ sn = 1, tj ≤ sj ≤ tj+1,

j = 1, 2, . . . , n− 1, max |sj − sj−1| = O
(
1
n

)
.

Let us have the integral functional

I (a) =
∫ ∞

−∞
Φ

(
t, a (t) , a′ (t) , . . . , a(k)(t)

)
dt,

where a(j)(t) is the jth derivative of function a(·). We consider “plug-in estimator” of the
integral functional I(a):

I (ân) =
∫ ∞

−∞
Φ

(
t, â (t) , â′ (t) , . . . , â(k)(t)

)
dt.

In this paper we investigate rate of convergence I (ân) to I (a) and proved some asymptotic
properties of limit distribution of I (ân).
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We show that in Solovay’s model an arbitrary non-trivial closed ball in an infinite -
dimensional non-separable Banach space of all real valued sequences ℓ∞ is an infinite-
dimensionally Haar null set. This answers positively to the Problem 8 stated in [Shi H.,
Measure-Theoretic Notions of Prevalence, Ph.D.Dissertation (under Brian S.Thomson),
Simon Fraser University, October 1997, ix+165] for non-separable Banach space ℓ∞.
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We investigate general case of parameter and nonparametric statistical estimation in
infinite dimensional spaces (see [1-2]). Hypotheses testing procedure are considered.
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Professor Levan Magnaradze – 100

President of the Georgian Mathematical 
Union over the years, Professor L. Magna-
radze was born on June 22, 1913, in New 
Senaki in Georgia. In 1934, he graduated 
from the Tbilisi State University (TSU) as a
mathematician. His career was closely 
connected with the Tbilisi State University, 
where he passed a way from assistantship to 
professorship. Besides, he worked at the 
Institute of Geophysics and A. Razmadze 
Institute of Mathematics, was the Dean of 
the faculty of Mechanics and Mathematics
of TSU, head of departments at I. Vekua 
Institute of Applied Mathematics of TSU. L. 
Magnaradze’s professional scientific inte-
rests were significantly influenced by works 
of N. Muskhelishvili and V. Kupradze.
L. Magnaradze’s professional scientific 

scope was wide. He studied the vibration problem for the elastic half-space, the basic
problems of plane elasticity for domains bounded by contours with angular points, 
problems of wing theory; the systems of linear differential and integro - differential 
equations, regular solutions of some nonstationary equations in a Banach space, 
explored the Riemann-Hilbert boundary value problem, constructed an effective 
solution of the Cauchy problem for the hyperbolic type linear partial differential 
equation, obtained asymptotic expressions of the solutions of such equations for large 
values of the parameter. He generalized Abel and Plemeli-Privalov theorems for the 
Laplace double transformation. He constructed a general solution of a linear differential 
equation of nonstationary and inhomogeneous fields by means of harmonic and analytic 
functions. He generalized Zygmund’s inequality for generalized conjugated functions, 
which can be represented by the Stieltjes singular integrals, whose principal value is 
understood in a generalized sense.

L. Magnaradze’s work “On an integral equation of airplane wings theory” brought 
him great popularity. In 1959 G. Miles, based on this paper, in his monograph 
“Potential theory of nonstationary supersonic flows” titled one of the chapters as 
“Method of Magnaradze”. In 1939 L. Magnaradze defended a candidate’s thesis on the 
theme “Some problem of mathematical physics for contours with angular points”, and 
in 1986 defended a doctoral thesis on the theme “Singular Integrals, special functional 
spaces, boundary problems for analytical functions and their application for boundary 
value problems of inhomogeneous physical fields”.
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L. Magnaradze was known as a highly educated person with ranging erudition. He 
knew well the achievements and problems of modern mathematics. Great is his 
professional contribution to publishing scientific works at I.Vekua Institute of Applied 
Mathematics.

L. Magnaradze passed away on February 6, 2002.
He was a remarkable scientist, a very original and creative personality, public figure 

with versatile activities and a teacher, greatly loved and respected by whole generations 
of mathematicians in Georgia.

Jondo Sharikadze, Tamaz Tadumadze, Tsitsino Gabeskiria
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Professor Gvanji Mania – 95 

Professor Gvanji Mania was a well-known 
Georgian mathematician and the founder 
of Georgian school of Probability Theory 
and Mathematical Statistics. He was born 
on May 29, 1918 in the village of Etsery to 
a family of a teacher. In 1935 he became a 
student of the faculty of Physics and 
Mathematics of the Tbilisi State University
TSU. In 1940-1945 he worked as an 
assistant at the Pedagogical Institute of 
Zugdidi. In 1943-1946 he worked as an 
assistant at Railway Engineering Institute 
of Tbilisi. From 1945 to 1946 he was 
inspector of higher education school of the 
Ministry of Education of Georgia. 

During 1946-1949 Mania was a 
postgraduate student of Moscow 
Potiomkin State Pedagogical Institute 

where he defended his thesis and received a candidate's degree. His scientific 
supervisor was a famous mathematician, professor N. Smirnov and official opponents 
were academician B. Gnedenko and professor Lyapunov. After the candidate’s speech 
academician Gnedenko said: “Glivenko, Kolmogorov and Smirnov permanently 
pointed out the shortcomings of their theorems and it should be noted that G. Mania 
worked exactly on these interesting and important problems. The results obtained in the 
thesis have the first-class value”. Professor Lyapunov said: “It is obvious that these 
results will be included into the “gold fund” of mathematical statistics”. No less 
successful was Mania’s doctoral dissertation in 1963. His official opponents were 
academicians B. Khvedelidze, Y. Prokhorov and S. Syradjinov. In 1964 he was elected 
professor at Tbilisi State University.

In 1949-1950 Professor Mania worked at Nikoloz Baratashvili Gori Pedagogical 
Institute as an assistant professor. In 1950-1953 he was assistant professor at Georgian 
Polytechnic Institute and in 1950-1953 senior researcher at Razmadze Tbilisi 
Mathematical Institute.

Professor Mania made a great contribution to the creation of new research centres in 
Georgia such as Computational Centre and Institute of Applied Mathematics. In 1956-
1964, Mania worked as a deputy director of Muskhelishvili Computational Centre of 
Georgian Academy of Sciences and in 1966-1972 at Vekua Institute of Applied 
Mathematics of TSU. In 1968 Mania founded the chair of Probability Theory and 
Mathematical Statistics at Tbilisi State University. He led this chair until his decease. 
Between 1973 and 1983 he was head of the department of Probability Theory and 
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Mathematical Statistics at the Institute of Law and Economics and in 1983-1985 he was 
in charge of the same department at the Razmadze Mathematical Institute of the 
Georgian Academy of Sciences. 

Professor Mania worked productively as a tutor and a researcher. He is the author of 
many scientific papers, textbooks and monographs. He was a member of various boards 
and societies, including that of the Bernoulli Society of International Statistical Institute 
since 1965 and member of the American Mathematical Society. He was also member of 
the board of International journal Statistics. In 1969, he was delegated to 37th session of 
International Statistical Institute in London and in 1970 he participated in International 
congress of mathematicians in Nice. He was awarded two state orders and Javakhishvili 
medal. 

Professor Mania has founded limiting distributions of several important statistics 
and tabulated these distributions. The proofs of these statements are based on Abel and 
Tauber type theorems proved by Mania, where errors made in Feller's similar theorems 
were eliminated. These results became important for many scientists who used them in 
their studies. These statistics are known as Mania’s Statistics in scientific literature. In 
1961 he represented homogeneity criteria for two normal independent samples. Later,
Mania investigated the properties of nonparametric estimations of normal distribution 
density, which shows that it is impossible to generalize famous theorems of Boid and 
Still. In 1974 the monograph “Statistical Estimations of Probability Distributions” was 
published, which was highly appreciated by colleagues.

Professor Mania founded a Georgian scientific school of Probability Theory and 
Mathematical Statistics which covered a wide range of sub-disciplines. He made an 
invaluable contribution to the education of a new generation of Georgian 
mathematicians.

G. Mania died at the age of 67, on March 16th, 1985.

Elizbar Nadaraya, Omar Purtukhia
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