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THE CLASS OF NON-INTEGER VERTICES FOR THE INITIAL RELAXATION
POLYTOPE OF THE LINEAR ORDERING PROBLEM

George Bolotashvili

Abstract. The NP- hard linear ordering problem is solved as an integer linear programming
problem. In this case, an important role is played by the study of the initial relaxation polytope
for the polytope of the linear ordering problem. In this paper, we consider a non-integer point
and we prove that this point is a non-integer vertex for the initial relaxation polytope of the
linear ordering problem.
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1 Introduction. Let G = (Nn, E) be a complete orientation graph, where to each
edge (i, j) ∈ E corresponds a weight cij. Then, in the terminology of graphs, the linear
ordering problem can be formulated as follows: Find an acyclic tournament of maximum
weight in a complete edge-weighted digraph. If each acyclic tournament i1, i2, . . . , in
is associated with a point in n2 − n dimensional space as follows:

xisiq =


1, if s < q,

0, if s > q;

then of the linear ordering problem, as an integer linear programming problem, has the
form:

n∑
i=1

n∑
j=1

cijxij → max

0 ≤ xij ≤ 1, xij+xji = 1, i 6= j, i, j = 1, . . . , n; (1)

0 ≤ xij+xjk − xik ≤ 1, i 6= j, i 6= k, j 6= k, i, j, k = 1, . . . , n; (2)

xij ∈ 0, 1, i 6= j, i, j = 1, . . . , n.

The polytope corresponding to the system (1), (2) will be denoted by Bn and will be
called the initial relaxation polytope. The linear convex hull of the integer vertices of the
polytope Bn will be called the linear ordering polytope and will be denoted by Pn. Taking
into account the system of equalities xij+xji = 1, i 6= j, i, j = 1, . . . , n, polytopes Bn

and Pn are considered in n(n−1)
2

dimensional space.
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The number of facets of the polytope of the linear order problem is exponential, so
when solving the problem it is necessary to study non-integer vertices for the initial
relaxation polytope of the linear ordering problem. What will give us the opportunity
to gradually add the necessary facets when solving a problem. In works [1,2], facets are
constructed using non-integer vertices, and in works [3,4] the important properties of
non-integer vertices for the initial relaxation polytope of the linear ordering problem are
given.

2 The class of non-integer vertices for the polytope Bn. We provide a defini-
tion of a Mobius ladder with the help of which a point is constructed and it is proved that
this point is non-integer vertices for the initial relaxation polytope of the linear ordering
problem.

Definition 1. Let D = (V, M) be a sub digraph of Dn which is generated by k dicycles
C1, . . . , Ck i. e. V = ∪V (Ci), M = ∪Ci, satisfies the following properties:

(a1) k ≥ 3 and k is odd.
(a2) The length of Ci is three or four, i = 1, . . . , k.
(a3) The degree of each node u ∈ V (M) is at least three.
(a4) If two dicycles Ci and Cj, 2 ≤ i + 1 < j ≤ k have a node, say v, in common then

Cj is either left-adjacent or right-adjacent to Ci bat not both.
(a5) Given any dicycle Cj, j ∈ {1, . . . , k} set J = {1, . . . , k} ∩ ({j − 1, j − 3, . . . ,

j − k + 2} ∪ j + 1, j + 3, . . . , k − 2). Then the set M − {ei, i ∈ J} contains exactly one
dicycle, namely Cj.

Then D is called a Mobius ladder.

In the Mobius ladder, we add one edge to all dicycles of length 3, so that we again
obtained Mobius ladder, where all dicycles have length 4. Further, when examining the
facets of the polytope Pn, which are described using Mobius ladder, from any Mobius
ladder we can go to the Mobius ladder, where all dicycles have a length of 4, and then
we can go back again. Mobius ladder, where all dicycles have a length of 4, is shown in
Fig. 1.

In this work we will study Mobius ladder, where all dicycles have length 4 and with
the help of these Mobius ladder, when removing common ribs, we get non-integer vertices
for the initial relaxation polytope of the linear ordering problem.

In the future, in the paper we will also draw a directed graph corresponding to non-
integer vertices of the polytope Bn, where the value along the edge direction is 1, along
the reverse direction of the edge is 0, and the edges that will be absent in the figure are
equal to 1/2 Fig. 2.
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Figure 1: Mobius ladder. Figure 2: Non-integer point.

We introduce the notation xij+xjk − xik = (i, j, k), i 6= j, i 6= k, j 6= k, i, j, k =
1, . . . , n.

Theorem 1. The non-integer point

x0 =

(
xisil =

1

2
, xjsjl

=
1

2
, s, l = 1, . . . ,m; xisjs =

1

2
, xjsis =

1

2
, s = 1, . . . ,m;

xisjs+1 = 0, xisjs−1 = 0, xjs+1is = 1, xjs−1is = 1, s = 1, . . . ,m; xisjl
=

1

2
,

xjlis =
1

2
, |s− l| ≥ 2, s, l = 1, . . . ,m

)
,

where (i1, i2, . . . , im ), (j1,j2, . . . , jm ), m ≥ 3, are disjoint subsets from the set 1, . . . , n,
is the vertex of the polytope Bn.

Proof. Let us consider some of the systems of linear inequalities from (1), (2), which turn
into equality at the point x0 :

xisjs+1 = 0, xisjs−1 = 0, s = 1, . . . ,m;
(i1, j2, i2) = 0, (i1, i2, j1) = 0 ⇐⇒ (i1, j2, j1) = 0, (j2, i2, j1) = 0;
(i2, j3, i3) = 0, (i2, i3, j2) = 0 ⇐⇒ (i2, j3, j2) = 0, (j3, i3, j2) = 0;
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
(im−1, jm, im) = 0, (im−1, im, jm−1) = 0 ⇐⇒ (im−1, jm, jm−1) = 0,
(jm, im, jm−1) = 0;
(im, j1, i1) = 0, (im, i1, jm) = 0 ⇐⇒ (im, j1, jm) = 0, (j1, i1, jm) = 0.

(3)

From the last system of equalities from equalities of the second type in each column
in the basis we leave three equalities. We also include equalities of the first type into the
basis. Then, after a linear transformation along the columns, we obtain the corresponding
diagonal matrix, where on the diagonal there is one two and the rest are ones. This matrix
corresponds to the following unknowns: xisjs+1 , xisjs−1 , s = 1, . . . ,m; xiqjq , q = 1, . . . ,m.

Next, we gradually add to system (3) an equality with only one new unknown, so that
the vertex x0 from Theorem 1 satisfies this equality. Therefore, after a linear transforma-
tion, we obtain the corresponding diagonal matrix.

- When adding equality (ik, ik+1, jk+2) = 0 unknown will be added xikjk+2
, k = 1, ,m;

- When adding equality (ik, jk−1, ik+1) = 0 unknown will be added xik+1jk−1
, k = 1, ,m;
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- When adding equality (ik, ik+3, jk+2) = 0 unknown will be added xikik+3
, k = 1, ,m;

- When adding equality (ik, jk+1, jk−2) = 0 unknown will be added xjk−2jk+1
, k =

1, ,m;
- When adding equality (ik, ik+3+u, jk+4+u) = 0 unknown will be added xikjk+4+u

, k =
1, ,m, u = 0, , (m− 1)/2− 3;

- When adding equality (ik, jk−1, ik+3+u) = 0 unknown will be added xik+3+ujk−1
, k =

1, ,m, u = 0, , (m− 1)/2− 3;
- When adding equality (ik, ik+4+u, jk+3+u) = 0 unknown will be added xikik+4+u

, k =
1, ,m, u = 0, , (m− 1)/2− 3;

- When adding equality (ik, jk+1, jk−3−u) = 0 unknown will be added xjk−3−ujk+1
, k =

1, ,m, u = 0, , (m− 1)/2− 3;
- When adding equality (ik, ik+2, jk−1) = 0 unknown will be added xikik+2

, k = 1, ,m;
- When adding equality (ik, jk+1, jk−1) = 0 unknown will be added xjk−1jk+1

, k =
1, ,m;

Thus, for each unknown we wrote out a inequality and after a linear transformation
we obtained the corresponding diagonal matrix. x0 is also a valid point. The theorem is
proven.
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