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ON THE SPACE OF GENERALIZED THETA-SERIES WITH SPHERICAL
POLYNOMIALS OF FOURTH ORDER

Ketevan Shavgulidze

Abstract. The spherical polynomials of order v = 4 with respect to some diagonal quadratic
form of five variables are constructed and the basis of the space of these spherical polynomials
is established. The space of generalized theta-series with respect to some quadratic form of five
variables is considered and the basis of this space is constructed.
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Introduction. Let

Q(X) = Q(x1,29,...,2,) = Z bijx;x;

1<i<j<r

be an integer positive definite quadratic form of r variables and let A = (a;;) be the
symmetric r x r matrix of the quadratic form Q(X), where a;; = 2b;; and a;; = a;; = byj,
for i < j. If X = (21...2,)7 denotes a column matrix and X7 its transpose, then
Q(X) = 3XTAX. Let A;; denote the cofactor to the element a; in A and af; is the
element of the inverse matrix A~'.

A homogeneous polynomial P(X) = P(zy,--- ,x,) of degree v with complex coeffi-

cients, satisfying the condition

0*P

(91 N

Z a”(@xﬁ@-)
1<4,5<r
is called a spherical polynomial of order v with respect to Q(X) (see [1]), and

W7, P,Q) = Z P(n)z9m), z =T, T eC, Im7 >0 (1)

newL”

is the corresponding generalized r-fold theta-series.

Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even
order v with respect to Q(X).

Hecke [2] calculated the dimension of the space P(v, Q) and showed that

dim P (v, Q) = (”ji; 1) - (”ji;‘g)

He formed a basis of the space of spherical polynomials of second order (v = 2) with
respect to Q(X).
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Lomadze ([3], p.533) proved that among homogenous polynomials of fourth order
(v =4) in r variables

1
Dijki = $i$j$k$lm(/lij$k$l + Az + Az + Ajpriry + Ajxg;

1

(r+2)(r+4)D?
iajakalzla"' , T

+Aklxixj)2Q + (AijAkl + AikAjl + AilAjk>(2Q>27 (2)

exactly 5;7(r? — 1)(r 4 6) ones are linearly indeendent and form the basis of the space of
spherical polynomials of fourth order with respect to Q(z).
Let T'(v, Q) denote the vector space over C of generalized multiple theta-series, i.e.

T(v,Q)={Y(r,P,Q) : PeP(r,Q)}.

Gooding [1] calculated the dimension of the vector space T'(v, Q) for reduced binary
quadratic form ) and obtained an upper bound of the dimension of the space T'(v, Q) for
some diagonal quadratic form of r variables

dimT'(v,Q) < <% :i; 2).

In [4] the upper bounds for the dimensions of the spaces T'(v, Q) for some diagonal
and nondiagonal quadratic forms are established, in a number of cases the dimension of
the space T'(2, Q) is calculated and a basis of this space is constructed.

Gaigalas [5] obtained the upper bounds for the dimensions of the spaces T'(4, Q) and
T(6, Q) for some diagonal quadratic forms and presented the upper bounds of the dimen-
sions of the spaces T'(v, Q) for some diagonal quadratic forms of six variables.

In this paper the dimension of the space T'(4,Q) is calculated for some diagonal
quadratic forms of five variables and a basis of this space is constructed.

1 The spherical polynomials of the Space P(4,Q). Consider the diagonal
quadratic form of five variables

Q(X) = buai + by + ba33 + baa (2] + 23),

where 0 < by < bag < baz < byy = bss.
For the quadratic form Q(X) we have

|A\ = detA = 25[71152253364427 Ay = 2452253364427 Agy = 2451163354427
Asz = 24b11b22b442; Ay = Ass = 24511522533544> Aij =0 for i#j.

The total number of linearly independent spherical polynomials (2) of forth order for the

quadratic forms of five variables is o;r(r? — 1)(r + 6) = 55, of which we need only the
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following;:
4 2 2 4 2 2
P1111 = Ty — WHQ 21b2 ——5 Q7 P2222 = Ty — 31)_22Q 21b2 Q7
¥3333 = x‘é - 3%3362 b2 Q Pa444 = 563 - 3%44@ bQ Q2
2 1 2 1 2
P1122 = x1x2 9b11Q 1 9b22Qx2+WflbggQ )
Q1133 = 1105 — 9611 ——Qu} — Oy ——Qu5 + Wsz
Q3304 = T3X; — Q T3 — Obus ——Qzi + m@z-

2 The basis of the space T'(4,Q). For the constructed spherical polynomials,
let’s compile the corresponding generalized forth order theta-series (1).

oo

2
29 — = 2 2\ .n
romn @ =33 3 o) ;Qz 1, @ 3, @)
16, 2522 b2 2b33 b33 4b44 bas
ot T ot T g A T et T
(T, p2222, Q) = Z Z @2222 2" = Z Z - W@ 2112 QQ)Zn
n=1 Q :L‘ =n n=1 Q 22 22
25?1 b 16 2b33 b 4b4214 b
:—le+"'+—222+"' _233 44_|_”
2102, 21 21063, 2103,
(7, p3333, Q) = Z Z @3333 2" = Z Z - 3b_Q 21b2 QQ)
33 33
n=1 Q :c n=1 Q
__le+__ + 22+ +_233++"'+ 44+
21b§3 21()?,)3 21 2lb§3
o o 2
(T, paaas, Q) = Z ( Z @4444)2'” = Z (l'i 3h Q] b2 - @ )
n=1 Q(z)=n n=1 Q(z)=n “
_ 25%1 e 2b§2 202 by 25%3 bss 4 ... 4 §Zb44 4
21bﬁ4 21634 21b314 21 ’
> 1 1 1
9 S 2 22— Qi — Qi ——
(7 on1z2n Q@ ;Q(zz_:ﬁlm ;Q(xz)_gxlxz 9by; () 9b49 Qs 126b11b99
o 2 bll bll 2 622 b22 b%g b33 2bi4
=t e T T e T G T G3bub
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= 1 1
I, p1133, Q) :Z( Z 901133 Z Z $1$3 9b11Q 1 %—%ng+m@2)zn

n=1 Q()=n n=1Q(@)=n

_<_§ 622133) o +63£1%12b33 o '(_§+6g?l;311) e ++63i%33 By

(7, 3344, Q) S O essu)2 Z > (w3t 9b3 Qu;— 9b44Q904 126b133b44Q2) "
n=1Q(@)=n n=1Q(x)=n

:% b g +#2b442b22—|—---+(—3+%) bis 4. +(—g+62362;) b

These generalized theta-series are linearly independent since the determinant con-
structed from the coefficients of these theta-series is not equal to zero. In [4] we have

%(% + 1) (i + 2>(Z/ +3) if v = 0(mod4),

dimT(v, Q) <
ﬁ(% + 1) (% + 3) (v+7) if v =2(mod4)

For v = 4 we have dimT'(4,Q) < 7 . Hence these theta-series form the basis of the space
T(4,Q). We have the following

Theorem 1. Let Q(X) be the diagonal quadratic form of five variables, given by Q(X) =
b1173 + bop3 + b33x§ + bya (22 + x%), then the generalized theta-series:

(T, 1111, Q), V(T, pazoz, Q), vartheta(T, p3sss, Q), V(T, Pasas, @), V(T, P1122, Q),

(7, 1133, Q), V(T, 3340, Q)
form the basis of the space T(4,Q).
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