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Abstract. The boundary value problem for one class of higher-order nonlinear hyperbolic
systems is considered. The theorems on existence, uniqueness and nonexistence of solutions of
this problem are proved.
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On a plane of variables x and t consider the following fourth-order hyperbolic systems

DZUi—O—fi(ul,...,uN):Fi(x,t), izl,...,N, (1)
where [J := g—; — g—;; f=(f1, ..., fn) and F = (F},..., Fy) are given functions, while
u = (uy,...,uy) is an unknown N —dimensional vector function, N > 2.

Denote by Dy : 0 < z < t, t < T the angular domain bounded by characteristic
segment yir:x =1t 0<t<T, yor:x=0, 0<t<Tandyr:t=T, 0<z<T,
temporal and spatial orientation segments, respectively.

For system (1) in the domain Dp consider the boundary value problem with the
following statement: find in the domain Dr a solution u = (uy (z,t),...,uy (z,t)) to
system (1) which on the boundary 0Dr = vy 7 U2 U~ of the domain Dy satisfies the
following homogeneous conditions

uly, , =u(t,t) =0, 0<t<T, (2)
ul’YZ,T =u(0,t) =0, ux|'yz,T =uy(0,t) =0, 0<t<T, (3)
U’%,T =u(z,T) =0, ut|ﬁ,3,T = w(x,T) = 0. (4)

It should be noted that in the scalar case, the Darboux type problem for the nonlinear
equation (1) in the angular domain D7, when the boundary conditions are given only
on the v 7 and o r parts of the boundary of this domain, is discussed in [1]. Boundary
value problems for higher—order nonlinear partial differential equations and systems with
a different structure are studied in papers [2][4] (see also the literature cited in these

papers).
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Introduce the Hilbert space I/IO/ 30 (Dr) as a completion with respect to the norm

u? 4 (%)2 n (%)2 + (Ou)?| dadt ()

of the classical space
C"(Dr,0D7) :={u € C*(Dr) tuly» =0, uly,, = gl =0,

u"Y3,T = ut"}’B,T = 07} k > 17

for k=2.

It follows from (5) that if u € VC[)/;D (Dr), then u € I/f/% (D) and Ou € Ly (Dr). Here
W} (Dr) is the well—known Sobolev space consisting of the elements of Ly (D7), having
the first order generalized derivatives from Lo (D7), and I/?/% (D7):={u e W3 (Dr):ulsp,
= 0}, where the equality u|sp, = 0 is understood in the sense of the trace theory.

Below, on the nonlinear vector function f = (f1,..., fy) from (1) we impose the
following requirements

feC®RY), |f(w)] <M +Mlu*, a=const>1, ueR"Y, (6)
where | - | is the norm of the space RY, M; = const >0, i=1,2.

Definition 1. Let the vector function f satisfy the condition (6) and F' € Ly (D7). The

o
vector function u € W%,D (Dr) is said to be a weak generalized solution of the problem

(1) — (4), if for any vector function ¢ = (p1,...,¢oN) € I/f/%}m (D7) the integral equality

/ Oulpdxdt + f (u) pdzdt = / Fodxdt Yo € VIO/%D (Dr) (7)
DT DT DT 7
is valid. o

It is easy to verify, that the classical solution u € C'* (Dy, dDy) of the problem (1)—(4)
represents a weak generalized solution according to the Definition 1, i.e. it satisfies the
integral identity (7), on the other hand, if the weak generalized solution of the problem
(1) — (4) belongs to the class ok (Dr,0Dy), then it will be the classical solution of this
problem.

Consider the following condition

o i? ) >, (8)

lim inf
[u|—o0 lu

which concerns the behavior of the vector function f in a neighborhood of infinity, where

N N
wf (W)= wifiw), Juf =3
=1 =1
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Lemma 1. Let F' € Ly (Dr) and let conditions (6) and (8) be fulfilled. Then for a weak

generalized solution u € V?/%D (D7) of the boundary value problem (1)(4) the following a
priori estimate
Jull sy < € 1F gy + 2
15 valid, where the constants ¢c; > 0 and co > 0, independent of u and F'.
The validity of the following theorem follows from Lemma 1 and the Leray—Schauder
theorem.

Theorem 1. Let the conditions (6) and (8) be fulfilled. Then for any vector function
F = (F,...,Fx) € Ly (Dr) the boundary value problem (1)(4) has at least one weak

generalized solution uw = (uq,...,uy) in the space W 30(Dr).

Consider the following condition imposed on the vector function f
(f (@) = f(v) (u—v) <O Vu,v € RY. (9)

Regarding the uniqueness of a weak generalized solution of the boundary value problem
(1)(4), the following theorem is true.

Theorem 2. Let the vector function f satisfy the conditions (6) and (8). Then for any
vector function F' € Ly (D) the boundary value problem (1) — (4) cannot have more than

one weak generalized solution u € I/?/%}D (Dr).
The following theorem follows from Theorems 1 and 2.

Theorem 3. Let the vector function f satisfy the conditions (6),(8) and (9). Then for
any vector function F' = (Fy,...,Fy) € Ly (Dr) the problem (1) — (4) has a unique weak

generalized solution u = (uy,...,uy) in the space V?/%D (Dr).
Now let us give one class of vector functions f, when the condition (6) is satisfied,
but the condition (8) is violated, and in this case for a sufficiently wide class of vector

functions F' = (Fy,...,Fy) € Ly (Dr) the problem (1) — (4) has no weak generalized
solution. This class is given by the following formula

B 4 b i=1,...,N, (10)

N
Ji (Uh e 7UN) = Zaij \Uj
j=1

where constants a;;, Bij and b; satisfy the following inequalities

N
Clij>0, @-j:const>1, Zbl>0, Z,jzl,,N (11)

i=1

The following theorem holds.
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Theorem 4. Let the vector function f = (f1,..., fn) satisfy the conditions (10) and

N

(11), F°=(F),...,FY) € Ly(Dr), ZFiO <0, and F = pF° = const > 0. Then
i=1

there exists a number pio = pio (aij, Bi;) > 0 such that the problem (1) — (4) has no weak

generalized solution u € I/f/éﬂ (Dr), when > pip.
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