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ON THE SPACES OF SPHERICAL POLYNOMIALS AND GENERALIZED
THETA-SERIES WITH QUADRATIC FORMS OF FIVE VARIABLES

Ketevan Shavgulidze

Abstract. The spherical polynomials of order v = 2 with respect to quadratic form of five
variables are constructed and the basis of the space of these spherical polynomials is established.
The space of generalized theta-series with respect to the quadratic form of five variables is
considered. The basis of this space is constructed.
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1 Introduction. Let

QX)=Qx1,-+,z,) = > by,

1<i<j<r

be an integer positive definite quadratic form of r variables and let A = (a;;) be the
symmetric r X r matrix of quadratic form Q(X), where a;; = 2b; and a;; = aj; = b;;, for
i < j. Let Aj; denote the cofactor to the element a;; in A and a;; is the element of the
inverse matrix A~1.

A homogeneous polynomial P(X) = P(x,---,x,) of degree v with complex coeffi-
cients, satisfying the condition

ZIﬁXé%%)zo 1)

1<ij<r

is called a spherical polynomial of order v with respect to Q(X) (see [1]), and

I, P,Q) = ZP Q(” z = ¥, T € C, Im7>0

nezr

is the corresponding generalized r-fold theta-series.

Let P(v,Q) denote the vector space over C of spherical polynomials P(X) of even
order v with respect to Q(X). Hecke [2] calculated the dimension of the space P(v,Q),
dim P(v,Q) = (”Jril 1) ("jﬁ;?’) and form the basis of the space of spherical polynomials
of second order with respect to Q(X).

Let T'(v, Q) denote the vector space over C of generalized multiple theta-series, i.e.,

T(v,Q) = {9(r.P,Q) : PePw.Q)}.
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Gooding [1] calculated the dimension of the vector space T'(v, Q) for reduced binary
quadratic forms ). Gaigalas [3] gets the upper bounds for the dimension of the space
T(4,Q) and T'(6, Q) for some diagonal quadratic forms. In [4-6] we established the upper
bounds for the dimension of the space T'(v, Q) for some quadratic forms of r variables,
when r = 3,4, 5, in a number of cases we calculated the dimension and form the bases of
these spaces.

In this paper we form the basis of the space of spherical polynomials of second order
P(2, Q) with respect to some diagonal quadratic form Q(X) of five variables and obtained
the basis of the space of generalized theta-series T'(2,(Q)) with spherical polynomial P of
second order and diagonal quadratic form @ of five variables.

2 The basis of the space P(2,Q) and T'(2,Q). Let
Q(X) = bllx% + bggl‘% + b33l’§ + b44ZEZ -+ b55(lf§,

where 0 < b1 < byy < b3z < by < bss is a quadratic form of five variables. For these
forms

D =detA= 25b11b22b33b44b557 a;; = ar. = 0.

Let
v k ) J
b i i i
P(X) = P(x1, 29, 23, 04, 75) = ZZZZGWZ% kxlg ) xé
k=0 i=0 j=0 1=0
be a spherical function of order v with respect to the positive quadratic form Q(z1, xa, 3, T4, x5)

of five variables and let
L= [GOOOO, 1000, 11005 11105 @11115 A20005 - - - 7a/l/lll/l/]T
be the column vector, where a;; (0 <1< j<i<k<uv) are the coefficients of the
polynomial P(X).
We have [6], that dim P(v,Q) = (“1*) — (“1?). The polynomials (the coefficients of
polynomial P; are given in the brackets)

1 1 1

Pl(a((JO)O(]? agO)O[b cet 7a£22,y72,z/72,u727 17 07 07 tet 70>7
2 2 2

PQ(CL((JO)OO? agO)OO’ cot 7a1(/7)2,z/72,u72,u72’ O’ 17 07 ce 70)7
t t t

Pt(al()o)Ol)? a50)007 ce 7a1(/12,u—2,1/—2,u—27 07 07 07 ] 1)7

where the first (”12) coefficients from agppo to a,—2,—2,—2,—2 are calculated through other

("14) — ("12) =t coefficients, form the basis of the space P(v, Q).
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The basis spherical polynomials of second order (v = 2) with respect to Q(z1, 2, T3, T4, T5)
have the form:

P = a[%)oox% + z129, P, = aé%)ooxf + z123, Py = aé%%ox% + z124,
P, = a(()é)oox% + z125, P = a((JO)OOxl + x2, B = aé%)oox% + xox3,
Pr = afiihea? + wa1a, Py = alonor? + w2, Py = afgnor’ + 3,
Py = agooot? + wsa,  Pi= agopea? + 2305, Pia = afgopad + 23,
Py = agooot’t + waws,  Pua = ageer? + 2.

Using (1) for P; we have

bll 2 2

b1y
72
—I] + 5

b b
P5:_ 1+SU2, P9: 1137%"‘.773, P12:—11$%+SU4, P14:—
bao b3 bay
and for other P; the coefficient a[()io)oo = 0. They form the basis of the space of spherical
polynomials of second order with respect to Q(x) and dim P(2,Q) = (i) — (i) = 14.

Now we construct the corresponding generalized theta-series.

(7, P, Q Z Z% ) =30 ()

b
Q@)=n %

b55

b
_QEZbll_|_..._|_2zb22_|_..._|_()Zb33_|_...+Ozb44_+_..._|_0zb55_|_‘“7

22
o0 o0 b
I, Py, Q) = Z Py(w :Z( Z (—bixf—i-x?,))z"
n=1 Q(x =1 Q)=n
—2222”“ o 0272 e 228 02 025
33
oo o0 b
I, P2, Q) = Z ( Z Pyy(x))2" = Z ( Z (—bix% + z3))2"
n=1 Q(z)=n n=l Q)=n
—223%’11 b 0272 4 025 220 027 L
44
[e.e] o0 b
(7, P, Q :Z ZPM :Z(Z<_b_11%+ ))
n=1 Q IE n=1 Q(m):n 55

b
—2b£z”11 0272 e 02588 e 02 22
55
These generalized theta-series are linearly independent since the determinant constructed
from the coefficients of these theta-series is not equal to zero. In [6] we have dim T'(v, Q)) <
(5?{3) and for v = 2 we have dimT'(2,@Q) < 4 . Hence this theta-series form the basis of

the space T'(2,Q). We have the following
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Theorem 1. dim7'(2,Q) = 4 and the generalized theta-series:

19<7-7 P57 Q)’ 19<7-7 P97 Q)’ 19(7-7 P127 Q)7 79(7_7 P147 Q)
form the basis of the space T'(2,Q).
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