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Abstract

In this paper we define Haar statistical structures. We prove nec-
essary and sufficient conditions to be weakly separable and strongly
separable Haar statistical structures in Banach space of measures.
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Let (E,S) be a measurable space, I the set indices, {u;,i € I} the
family of probability measures on S. The following definitions are taken
from the works [1, 2, 3, 4].

Definition 1. An object {E, S, u;,i € I} is called statistical structure.

Definition 2. A statistical structure {E, S, u;,i € I} is called orthog-
onal statistical structure if the family of probability measures {u;,7 € I}
are pairwise singular measures.

Definition 3. A statistical structure {E, S, p;, ¢ € I} is called weakly
separable if there exists a family S-measurable sets {X;,7 € I} such that
the relations are fulfilled:

1, if i=j, o
wi(X;) = {0’ i Vi, jel.

Definition 4. A statistical structure {E, S, u;,¢ € I} is strongly sep-
arable, it there exist pairwise disjoint S-measurable sets {X;,i € I} such
that the relations are fulfilled:

,U,Z(XZ) =1, Viel.

Let M? be real linear space of all alternating finite measures on (E, S).
Definition 5. A linear subset Mp C M? is called a Banach space of
measures if:
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(1) a norm can be defined on Mp so that with respect to this norm Mp
will be a Banach space, and for any orthogonal measures, u,v € Mp
and any real number A # 0 the following inequality is fulfilled:

o+ Av|| > || ulls

(2) if v € Mp and |f(z)| < 1, then

/f d:C GMB,

where f(x) is a S-measurable real function and [jvy|| < ||v];

(3) if v, € Mp, vy, > 0, vp(F) < 0o, n = 1,2,... and v, | 0, then for
any linear functional £* € Mp:

lim ¢*(vy,) =0,

n—o0

where My conjugate to linear space Mp.

Example. Let {u;,i € A} be pairwise orthogonal Haar probability
measures on {F, S} and g;(x ) be real S-measurable functions, Mp is the

set of measures of the form v(B) = Y [ g;(z)pi(dz), where Ay C Ais a
1€A1 B
countable set form A and

> /|9i(93)|m(sa:) < 0.

i€A E

Let

Ey / 195(2) 1 (dz).

1€ Ay E

Then Mpg is Banach space of measures.

Definition 6. Let H be an arbitrary locally compact o-compact topo-
logical group and B(H) o-algebra of subsets of H. We say that u measure
defined on B(H) is Haar measures if x is regular measure and

u(sX)=uX), Vse H, VX € B(H).

Definition 7. An object {H, B(H), pi,i € I} is called Haar statistical
structure, where {y;,7 € I} the family of Haar measures on (H, B(H)).

Theorem 1./see [3]] Let Mp be a Banach space of measures. Then
there exists a family of pairwise orthogonal Haar statistical structure { H, B(H), p;,i €
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I} from this space, such that Mp = @ Mp(w;), where Mp(u;) is a Banach
el
space of elements v of the form

v(B) = / F(@)p(dz), / (@) (dz) < o0
B H

with the norm

Vlstan) = [ £ (a)(da).
H
Theorem 2. Let
Mp =P Mp().
el
For an orthogonal Haar statistical structure {H,B(H), pu;,i € I} to be
weakly separable it is necessary and sufficient that the correspondence

fe— 1

given by equality

/f(x)u(dx)zéf(u), Vv e Mp,

H

would be one-to-one. Here (¢(v) is linear continuous functional on Mp,
f € F(Mpg). (Denote by F(Mg) the set of those f, for which [ f(z)v(dz)
H

is defined for allv € Mp.)
Proof. Sufficiently. For f € F(Mp) we define the linear continuous
functional £; by the equality

[ f@wid) = ¢4,
H
Denote by Iy the countable subset I, for which

/f(w),uz(dx) =0 for i & Iy.
H

Let us consider the functional £, on Mp(u;), to which there corresponds
fo. Then for 1,1s € Mp(p;):

[ fu@riatde) = b1, 02) = [ fa)fa@atin) = [ (@) folapitae).
H H E
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Therefore fy, (x) = f1 a.e. with respect to the measure p;. Let fi(xz) > 0
with respect to the measure p; and

/ﬁWMMM<w,nmm=/ﬁwmwm
H C

then
/fﬂ? (@)pj(dx) = L5, () = 0, Vj#i.
H

Denote C; = {x : fu:(z) > 0}, thenff# z)pji(dx) —Zf (nj) =0,Vj #i.

Hence it follows that p;(C;) =0, ¥V j 7é i
On the other hand

:u‘l H C / fy,z ,ul d.%'

/fuz Iin-cy)(@)pi(dr) /f,ul —oy (@) pi(dr) = 0.

Since fyz(z) = fu,;(z) a.e. with respect to the measure p; and fyx ()l g_c,)(z)
= 0. The sufficiency is proved.

Necessary. Since the Haar statistical structure {H, B(H), p;,i € I} is
weakly divisible, there exist S-measurable sets C; such that p;(H —C;) =0
and ;(C;) =0, Vj # i. We put the linear continuous functional ¢¢, into
correspondence to a function I¢,(x) € F(Mp) by the formula

[ 1o @nitde) = te,(1) = sty o
H

We put the linear continuous functional ¢ For into correspondence to the
function fy, (x) = fi(x)Ic,(x) € F(Mg). Then for any ¢; € Mp (),

/mmwmm—/mmummm»

H H
:/ﬂmmwuumuwz%ym=WM%%y
H

Let &€ be the collection of extensions of functionals ¢ satisfying the condi-
tion £y < p(x) on those subspaces where they are defined. Let us introduce,
on &, a partial ordering, having assumed £y < fy,, if £}, is defined on a
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larger set that £, and £y, (x) = £y, (x) there where both of them are de-
fined, Let {{f,}ic; be a linear ordered subset in €. Let Mp(u;) be the

subspace on which £y, is defined. Define 7 on |J Mp(u;), having assumed
i€l
Uy(x) =Ly, (x) if v € Mp(pi). It is obvious that ¢4, < £¢. Since any linearly

ordered subset in £ has an upper bound, by virtue of Chorn’s lemma &
contains a maximal element A defined on some set X’ and satisfying the
condition A(z) < p(x) for z € X’'. But X’ must coincide with the en-
tire space Mp because otherwise we could extend A to a wider space by
adding, as above, one more dimension. This contradicts the maximality of
A. Hence X' = Mp. Therefore the extension of the functional is defined
everywhere.

If we put the linear continuous functional /; into correspondence to the
function

F@) =3 i), (x) € F(My),
i€l

than we obtain

/ F@p(dz) = v = 3 sl

H i€lp

where

v= Z/gz‘(gﬁ)m(d@-

i€lp H

Remark 1. From the proven theorem it follows that the above-indicated
correspondence puts some function f € F(Mp) into correspondence to each
linear continuous functional ¢¢. If in F'(Mp) we identify the functions co-
inciding with respect to the measure {u;,7 € I}, then the correspondence
will be bijective.

It is also well known that in the (ZFC) & (CH) theory exists a continual
weakly separable structure that is not strongly separable. Here and in the
sequel we denote by (MA) Martin’s axiom (see [4]).

Theorem 3. Let

Mp = D Mp (1),
i€l
H be total metric space, and {u;,i € I} be the family of pairwise orthogonal
Haar Borel probability measures on the space H. Let Card I < 2Xo. Then in
the (ZFC) & (MA) theory, for an orthogonal Haar Borel statistical structure
{H,B(H), pi,i € I} to be strongly separable it is necessary and sufficient
that the correspondence
f — 0 f
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given by the equality

/f(x)y(d$):€f(1/), Vv e Mg,

H

would be one-to-one and {;(v) would be a linear continuous functional.
(Denote F = F((Mp) the set real functions for which [ f(z)v(dz) is de-
H

finedVv € Mp.)

Proof. The necessity is proved in the same manner as the necessity in
Theorem 2. We will show the sufficiently.

According to Theorem 2, a Haar Borel orthogonal statistical structure
{H,B(H), pi,i € I}, Cardl < 2Xo, is weakly separable. We represent
{pi,© € I} as an inductive sequence {p;,7 < wy} where W, denotes the
first ordinal number of the power of the set I. Since {H, B(H), u;,i € I}
is weakly separable, there exists a family of measurable parts {X;}i<y, of
the space H, such that the following relation is fulfilled:

1, if i=j

7 Yigjel
0, if ¢+ j,

(Vi) (V5)(i € [0,wa) & j € [0,wa) == pi(X;) = {

We define the w,-sequence of parts of the space H so that the following
relations are fulfilled:

(1) (Vi)(i < wa = B; is a Borel subset H);
(2) (Vi)(i < wq = B; C X,);

(3) (Vi1)(Vig) (i1 < wa) & (iz < wy) & (i1 # i) = By, N By, = @;
(4) (Vi)(i < wa = ja(B:) = 1).

Assume that By = Xp. Let further the partial sequence (Bj);<; be
already defined for i < wq. It is clear that p*(|J Bj) = 0. Thus there
j<i
exists a Borel subset Y; of the space H such that the following relations ar
valid:
U B; CY; and p(Y;) = 0.
j<i
Assume B; = X; — Y;.
Thereby the w,-sequence of (B;);<w,-disjunctive measurable subsets of
the space F is constructed. Therefore

(Vi) (i < we = pi(B;) =1).
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