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Abstract

The pattern calculus described in this paper integrates the func-
tional mechanism of the lambda-calculus and the capabilities of pat-
tern matching with star types. Such types specify finite sequences of
terms and introduce non-determinism, caused by finitary matching.
We parametrize the calculus with an abstract matching function and
prove that for each concrete instance of the function with a finitary
matching, the calculus enjoys subject reduction property.

1 Introduction

Pattern calculi extend A-calculus by permitting to abstract over arbitrary
terms, not only over variables. For instance, an expression Ay, (f z).(z a)
is a term in a pattern calculus, where (f x) is called the pattern. Some
of other instances of pattern calculi are A-calculus with patterns [15], pure
pattern calculus [12, 13], pattern-based calculi with finitary matching [1],
p-calculus [5], A-calculus with first-order constructor patterns [16].

Pattern calculi are expressive enough to encode term rewriting systems
correspond to contracting symbols given in [18, 17]. Typed pattern based
calculi are formalism for functional programming languages. Therefore,
after studying properties of untyped pattern calculus parameterized with
finitary matching [1], it is natural to integrate a type system in it and con-
sider a typed version of the calculus. This paper presents star typed pattern
calculus with finitary matching and introduces a corresponding subtyping
relation. Star types allow to control non-determinism in pattern calcu-
lus influenced from finitary matching. We prove that star typed pattern
calculus with finitary matching enjoys subject reduction property.

A distinctive feature of our pattern calculus is star types, extending
simple types. For instance, we may have a type o, which, intuitively,
represents a finite sequence of terms (aka a hedge) of type o; or a type
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o — a5 — o, which represents a variadic function whose first argument
should have the type a4, followed by arbitrarily many arguments of type 0.
Star types naturally introduce subtyping, based on the monoidal structure
of hedges. Fixed arity types (e.g., the binary type (85 — a;) — 02 — o2)
and their starred versions form the upper set in the preorder generated
by the subtype ordering. We type variables only with types from this
set, while constants can get arbitrary types, which may contain stars (e.g.,
(6* —» a)* — o) but are not starred themselves (e.g., not (6* — o)*).

Typed pattern calculi have been studied in [14, 6, 3, 11], just to name a
few. To the best of our knowledge, systems with star types have not been
considered in this context. Star types (and, in general, regular expression
types) proved to be useful for XML processing. XDuce [10], CDuce [4],
XHaskell [19], XCentric [7], PpLog [9, 8] are some examples of such ap-
plications. Hence, our work also provides a bridge between pattern-calculi
(which model pattern-matching in functional programming languages) and
XML-processing languages.

2 A Non-deterministic Pattern Calculus

2.1 Untyped Terms

We start with defining the syntax of our untyped pattern calculus. The
alphabet consists of the set X' of variables and F of constants. They are
disjoint and countably infinite. The symbols « and f range over X and F,
respectively. Terms are defined by the following grammar:

AB:=xz| f|(AB) | \WA.B

where (A B) is an application and A\yA.B is an abstraction. We call the
term A in the abstraction a pattern and the finite set )V of variables is
supposed to specify which variables are bound by the abstraction. Ap-
plication associates to the left, therefore we can write (A By --- B,) for
((+--(AByq)---)By). When there is no ambiguity, the outermost parenthe-
ses are omitted as well. The letters A, B, C, D are used for terms and the
set of terms is denoted by T.

The sets of free and bound variables of a term D, denoted fv(D) and
bv(D) respectively, are defined inductively as follows:

tv(r) = {z} (/)= bv(z) =& bv(f) =g
fv(AB) = fv(A) u fv(B) bv(A B) = bv(A) U bv(B)
fv(A\A.B) = (fv(4) u fv(B))\V bv(ApA.B) =bv(A) ubv(B) UV
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Note that, unlike the A-calculus, we abstract not only on variables but
on terms. Usually, terms are denoted by capital letters. We adopt Baren-
dregt’s variable name convention [2], i.e., free and bound variables have
different names. This can be fulfilled by renaming bound variables. As
usual, we identify terms modulo a-equivalence.

Hedges are finite (possible empty) sequences of terms. For readability,
we put in brackets if they have more than one element, e.g., (A, B). For
the empty hedge we use (). We use letter h to denote hedge.

The notions of free and bound variables are extend to hedges in a natural
way: fv({(A1,...,An)) = Ul 1fv(4;) and bv({Ay, ..., An)) = Ul 1bv(4;).

A substitution o is a mapping from variables to hedges such that all

but finitely many variables are mapped to themselves. If x1,...,z,, n =
0 are all the variables for which o(z;) # x;, then we write o in the
form of the finite set of pairs {z; — o(x1),...,2, — o(zy)}. The sets

Dom(o) = {z1,...,2,} and Ran(o) = {o(z1),...,0(x,)} are called the
domain and the range of o, respectively. The set Var(o) is defined as
Var(o) = Dom(o) u fv(Ran(o)). The Greek letters o, p, ¢, ¥ are used to
denote substitutions.

The restriction of a substitution o to a set of variables V', denoted o|y,
is defined as o|y(z) = o(x) if x € V, and oy (z) = x otherwise.

The application of a substitution ¢ to a term D replaces each free
occurrence of a variable v in D with ¢(v). It is defined inductively:

xo =o(x), if x € Dom(o). (AB)o = Ao Bo, if B¢ X.

xo =z, if x ¢ Dom(o). (Az)o = Ao By -+ By,
fo=1f. if o(x) ={(Bi1,...,Bpy,n = 0.
(AWA.B)o = A\yAo.Bo. (Az)o = Aoz, if x ¢ Dom(o).

In the abstraction, it is assumed that Var(¢) nbv(ApA.B) = . This
can be achieved by properly renaming the bound variables. Hence, the
equality here is a-equivalence.

The application of a substitution ¢ to a hedge (s1, ..., s,) is defined as
{814y Sy = {81, ..., Snp)y, where we write {s1p,...,8-10,t1,...,tm,
Si+1P, -+, Spy when s;0 = {(t1, ..., tm).

Evaluation in the pattern calculus is defined by a binary relation 3,
on terms. It defines the way how pattern-abstractions are applied. The
relation is parametrized by a pattern matching function Sol, which takes
as parameters two terms A, B and set of variables V and computes a finite
set of substitutions. We denote it by Sol(A <y B). [, is written in the
form of a reduction rule:

Bp: (AWA.B)C — Bo, where 0 € Sol(A <y C) and Bo is a term.
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The condition “Bo is a term” is important to make sure that terms are re-
duced to terms, not to arbitrary hedges. A reducible expression, or redez, is
any expression to which this rule applies. A binary relation of compatibility
—p on hedges is defined with the help of the following inference rules:

A—>RA/ A—>RA/ B—>RBI
AB -y A'B BA —p BA MNA.B 55 AA.B

A—-p A A—-gpB
ANVA.B —pg AVA'.B <h17 A, h2> —R <h17 B, h2>

In what follows, — 3, denotes the compatible closure of the 3, relation
and — g, denotes the reflexive and transitive closure of — 3. The definition
of =3, is extended to substitutions having the same domain by setting
© g, ¢ if for all x € Dom(p) = Dom(y'), we have xp — 5, z¢'.

2.1.1 Typed Terms.

Let A be a nonempty set of type atoms. The set of types over A, denoted
T or simply T, is defined inductively with the help of the type constructors
—and =: o€ A=0a€eT, 6,,00eT= (0 >0) €T, and 61,00 € T =
(67 — 62) e T.

The set of star types (over A), denoted T} or simply T*, is defined
inductively as 0 € T = 6 € T* and 6 € T = 6* € T*. Note that if a type
does not contain a star type, then it is a standard simple type.

We define yet another set of types, which we call fixed arity types and
denote by F. It is the smallest set with the properties a € A = o € F and
0eT,oeF= (6 > ¢) cF. Each type in F has the form 6, - (--- —
(0, = a)---). The set of starred fized arity types is denoted by F*. We
have F c T and F* < T*.

The letter oo will be used to denote elements from A, the letters 0,8
for elements of T, ® for elements of T*, ¢ for elements of F, and & for
elements of F*. As usual, ® — --- —> 0, — 0 stands for (@; — (02 —
c o (@, > 0)--)).

The subtyping relation is the preorder generated by the relation < de-
fined as:

61‘—>92<92 GT—>92<9T—>9T—>92 0 <6*
9T<9§ if 81 <09 O >0 <Oy >0y if Oy <O and 07 < 09

We denote the subtyping relation with < as well. The following lemma
characterizes fixed arity types in T with respect to <:

Lemma 1. For all types 0 € T, there exists @ € F such that 6 < ¢@.
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Proof. By structural induction on 0. O

Corollary 1. For all types ® € T*, there exists ® € F* such that © < ®.

The next lemma states that F is an upper set in the preorder T:

Lemma 2. For all types € F and © € T, if 9 <0, then 0 e F.
Proof. By structural induction on @. O

Corollary 2. For all types ® € F* and @ € T*, if & < O, then ©® € F*.

We assume that each f € F has the unique associated type, type(f) € T.
A type assignment statement is an expression of the form z : ® or A : ®
with A e T\X, ® € F*, ® € T*. The types @, O are the predicate and z, A
are the subject of the statement. A declaration is a statement whose subject
is a variable. A basis T' is a set of declarations with distinct variables as
subjects. By Subject(I') we denote the set of variables that are subjects
of the declarations in I': Subject(I') = {x | x : ® € I'}. Note that the
variables are assigned fixed arity types or starred fixed arity types, while
constants may have an arbitrary associated type from T. A statement A : ®
is derivable from a basis I', written I' - A : ©,if I' - A : ©® can be produced
by the following rules:

F,:z::cbl—x:(l)(VAR) Fl—f:type(f)(FUN)
I'-4A:0—-06 T'-B:0 I'-A:04 @1%@2‘
T AB: 90 (47%) T A:0, (=)

VAR A:0; IAF B:6; Subject(A) =V
' MWA.B:6; — 6
The type assignment statement and the derivability relation extend to
hedges:

(ABS)

I'HA,:0,....THA,:0, 0. 0,....0,X06
P|—<A1,...,An>:®

(HED)

From this definition, by Corollary 2 we have the lemma:
Lemma 3. If['+ z: O, then ® € F*.

Example 1. Let type(f) = o1 — o, type(g) = a5 — of — 0, type(a) =
o, type(b) = 0o, and I' = {x : o4,y : 03,2 : 0y — 02}. Then some
examples of derivable statements are

el'Fz:oq, '2:af,and ' -y : al.
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el'z: (o »oy) —ogand ' z: (af — af — a;) — 0.
e I'-(gb):05 —of =0, I'-(gb) : 0f — 02, and I" - (g b) : 0ta.
e ' (g9(fa):0f >0z and '+ (g(fa)): .

o I't={y,b,(gb),(g(fa))):a3.

We say that (Ai,..., A,) is a I-typed hedge iff there exists ® € T* such
that T' = (Ay,..., A,) : ©. Respectively, A is a I-typed term iff there exists
0 € T such that I' = A : 8. Under this definition, every I'-typed term is
also a I'-typed hedge, but not vice versa. For instance, if z : @* € I, then
x is a I'-typed hedge, but not a I'-typed term.

A typed hedge (resp. typed term) is a I-typed hedge (term) for some
I'. We use the letter h for typed hedges and the letters M, N, P,Q, W for
typed terms.

Given a basis I', we define a I'-typed substitution or as a substitution
from I'-typed variables to I'-typed hedges such that types are preserved.
Type preservation means that for each variable x there exist types @ and
©® with ® < @ such that  : ® € I" and I'  op(z) : ®. The subscript I'
from or is sometimes omitted, if it is clear from the context.

Note that the application of a I'-substitution o to a I'-typed hedge
maps I'-typed hedges to I'-typed hedges. Also, I'-typed terms are mapped
to I'-typed terms (and not to arbitrary I-typed hedges).

Example 2. Let f,g,a,b, and I' be defined as in Example 1. Let also
M = Mgy (fx).(gyz) and 0 = {z — (fa),y — <b,(gb), (9 (fa)))}. Then
we have Mo = Ay (f2).(gb(g) (g (f a)) 2).

2.1.2 Reduction.

For a given I', a I'-typed version of the pattern matching function Sol
takes as parameters two I'-typed terms P, Q) and I'-typed set of variables
Y and computes a finite set of I'-typed substitutions. We denote it by
Sol(P <<5 @), dropping I" when it does not cause a confusion. Then for
I-typed terms P, N, @ and a I'-typed substitution o, 3, can be written as

Bp: (AWP.N)Q — No, where o € Sol(P <y Q).
Note that there is no need to require No to be a term explicitly, because

this property always holds due to the fact that the application of a I'-typed
substitution to a I'-typed term gives a I'-typed term.
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3 Subject Reduction

The first interesting property of our calculus is subject reduction (SR),
which essentially says that the —» g, relation preserves types. SR is based
on two lemmas: the Generation Lemma and the Substitution Lemma.

Lemma 4 (Generation Lemma). Let I' be a basis.
o IfT' |z : D, then there exists ®' < P such that (z: P') eT.

e IfT' = MN : O, then there exist ® and 6 < © such that '+ M :
@ —>0andl+— N:0.

o IfT'— ApP.N : O, then there exist 01,02, and A such that 01 — 62 <
0O, Subject(A) =V, A+ P:6; and ')A+ N : 0,.

o IfT' = (My,..., My : @, then there exist @1 < 0O,...,0, < O such
thatT' = My : ©4,...,' - M, : ©®,.

Proof. By induction on the length of the type derivation. O

Lemma 5 (Substitution Lemma). Let I' be a basis and o be a I'-typed
substitution. If '+ M : 0, then there exists 8 < 0 such that '+ Mo : 0.

Proof. By structural induction on M. When M = x, either zo = x and
8 =0, or zo # x and by Lemma 4, there exists ® < 0 such that x : ®eT.
Since o is I'-typed, there exists ® < @ such that I' - zo : ® and we can
take § = ®' < 0.

The proof is easy for M = f and M = A\pyP.N. We only consider the
case M = Myx. For M = My M, with Ms ¢ X the proof is similar.

Let M = Mjz. by Lemma 4, there exist ©,0' such that ' - M; : ® —
0, T+ 2:0, and 0 < 0. Then ® € F*. First, assume ® = @* for some
¢. Let zo = (Ny,...,Npy, n = 0. Then (Myx)o = ((Mio)Ny---Ny,). By
the TH there exists & < @* — 0’ such that I' = Mo : &. If n = 0, this
already proves the lemma, because from & < ¢* — 0’ < ', the SUB rule
gives I' = Mo : 0, and we can take 8 = 6'. If n > 0, by the SUB rule, we
have I' -+ Mo : @* — 0’ and, eventually, I' - Mjo : ¢* - -+ > ¢* — 6’
for n-fold application. Since I' = (Ny,...,N,) : *, by HED, there exist
®1,...,0, such that I' - N; : ©; < ¢* for all 1 < i < n. Then by SUB
we have I' = N; : @* for all 1 < ¢ < n. Applying APP n-times, we get
'+ ((Mio)Ny...Ny) : 6 and we can take 8 = 8’ < 6.

Now assume @ = ¢ for some ¢. Then I' - o : ¢. By the IH, I' -
Mio : 8 and & < @ —» 0. By suB, I' - Mjo : @ — 6. Then APP gives
I' - (Mio)xzo : 0 and we take § = 6’ < 6. O

O
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Theorem 1 (Subject Reduction). If My —g, My and I' = M : ©, then
' Ms: 0.

Proof. We prove I' = M3 : © from I' = M; : ® and My —g, M. Then
the theorem follows by induction on the length of the reduction sequence
M1 _»50 MQ.

We proceed by induction on the derivation of I' — M; : ®. When
I' = M; : ®is an axiom, then Mj is either x or f and it can not be reduced
by —pg.. Hence, the theorem follows trivially, since M; —g, M is not
possible. When I' - M; : @ is I' = N1 Ny : O, then by Lemma 4 there exist
® and O < O®suchthat '~ Ny :©® - 0and I' - Ny : ®. We have the
following cases:

L] M2 = N{NQ with N1 —Bc N{, or M2 = NlNé with NQ —Bc Né
In these cases we apply the IH to get I' - My : 6. Then SUB gives
'~ M, : 0.

e Ni = WP.Q and My = (AWP.Q)Ny —3, My = Qo where o €
Sol(P <y N3). oisal, A-based substitution, where Subject(A) = V.
By Lemma 4, there exist ® and 6 < © such that I' - (A\yP.Q) :
® - 0and I' - Ny : ©. Again, by Lemma 4 there exist 01,09
such that 61 - 6, < ® - 0, A+ P :0,and I',;A - Q : 05.
By the subtyping rules, we get ® < 0; and 62 < 0. By Lemma 5,
we have I'; A + Qo : 8 with & < 62. By Cp, on the one hand we
have Dom(c) =V and on the other hand we have Ran(c) n'V = ),
hence we conclude fv(Qo) NV = J. Since V = Subject(A), from
A F Qo : 8 weget ' = Qo : 8 with 8 < 05, We also know
02 < 6 < O. Hence, by SUB we conclude I' - Qo : O.

When I' - M; : ®is I' - ApP.Q : O, then by Lemma 4 there exist
01 — 02 < © and A such that Subject(A) = V, ')A + P : 61, and
DA - Q:0g. If My = AP'.Q with P —g. P’ or My = AyP.Q" with
Q —p. @', then by the IH and ABS we get I' - Ms : ©; — 0,. Finally, suB
gives I' = My : O. O O

Example 3. If variables were permitted to have arbitrary types instead
of fixed arity types or starred fixed arity types, then SR would not hold:
Assume (z: a* > o) € I and type(a) = o. Then we have I' - z : o0 — @,
'z, ' Agz.(rz) : o - o and, finally, I' = (Amo.(zx)a) @ o
However, (aa), that is obtained by reducing (A(;37.(z ) a), is not typeable
anymore.
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