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Abstract

I. Vekua constructed several versions of the refined linear theory
of thin and shallow shells, containing the regular processes by means
of the method of reduction of 3-D problems of elasticity to 2-D ones.
By means of I. Vekua’s method the system of differential equations
for the nonlinear theory of non-shallow shells is obtained. The gen-
eral solutions of the approximation of Order N = 0, 1, 2, 3, 4 are
obtained.

Keywords and phrases: Non-shallow shells, metric tensor and ten-
sor of curvature midsurface of the shell.

AMS subject classification (2010): 72K25, 74B20.

1 Introduction

In the present paper, by means of Vekua’s method, the system of differential
equations for the nonlinear theory of non-shallow shells is obtained [1, 2].

By thin and shallow shells I.Vekua means 3-D shell type elastic bodies
satisfying the following conditions

aβα − x3bβα
∼= αβα − h ≤ x3 = x3 ≤ b, α, β = 1, 2, (∗)

where aβα and bβα are mixed components of the metric and curvature tensors
of the midsurface of the shell, x3 is the thickness coordinate and h is the
semi-thickness.

The assumption of the type (*) means that the interior geometry of the
shell does not vary in thickness and there such kind of shells are usually
called non-varying geometry.

In the sequel, under non-shallow shells we wean elastic bodies free from
the assumption of the type (*) or, more exactly, the bodies with the con-
ditions

aβα − x3b
β
α 6= aβα ⇒ |hbβα| ≤ q < 1.
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Such kind of shells are called shells with varying-in-thickness geometry
[5, 6], or non-shallow shells.

2 Non-Shallow and Shallow Shells

To construct the theory of non-shells is used the coordinate system which
is normally connected with the midsurface S. This means that the radius-
vector ~R can be represented in the form

~R(x1, x2, x3) = ~r(x1, x2) + x3~n(x1, x2) (x3 = x3),

where ~r and ~n are respectively the radius-vector and the unit vector of the
normal of the surface S(x3 = 0) and (x1, x2) are the Gaussian parameters
of the midsurfaces S.

The covariant and contravariant basis vectors ~Ri and ~Ri of the sur-
faces Ŝ(x3 = const), and the corresponding basis vectors ~ri and ~r i of the
midsurface S(x3 = 0) are connected by the following relations:

~Rα = ∂α ~R = (aβα − x3b
β
α)~rβ,

~Rα =
aαβ + x3(bαβ − 2Haαβ)

1− 2Hx3 +Kx2
3

~rβ,

~R3 = ~R3 = ~n,

(1)

where (aαβ, a
αβ, aβα) and (bα,β,b

αβ, bβα) are the components (covariant, con-
travariant and mixed) of the metric and curvature tensors of the midsurface
S, H and K are, respectively, middle and Gaussian curvature of the surface
S,

2H = bαα = b11 + b22, K = b11b
2
2 − b12b21.

The main quadratic forms of the midsurface S have the forms

I = ds2 = aαβdx
αdxβ, II = Ksds

2 = bαβdx
αdxβ, (2)

where ks is the normal courvative of the S and

aαβ = ~rα~rβ, bαβ = −~nα~rβ, ks = bαβs
αsβ, (3)

~rα = ∂α~r, ~nα = ∂α~n = −bβα~rβ, sα =
dxα

ds
.

Note that, sometimes under non-shallow shells be meant the following
approximate equalities

~Rα ∼= (aαβ + x3b
α
β)~rβ, (Koiter, Haghdi, Lurie)

36



On the Nonlinear Theory of ... AMIM Vol.24 No.2, 2019

which are the first approximations of the general case (1).
In reality we have (general case) [4, 5, 6]

~Rα =
aαβ + x3(bαβ − 2Haαβ)

1− 2Hx3 +Kx2
3

~rβ =
aαβ + x3(bαβ − 2Haαβ)

[1− (H +
√
E)x3][1− (H −

√
E)x3]

~rβ

= {aαβ + x3b
α
β + x2

3[(3H2 + E)aαβ + 2H(bαβ − 2Haαβ)] + · · · }~r β ⇒

~Rα ∼= (aαβ + x3b
α
β)~rβ, (4)

where E = H2 −K (Euler’s difference).
For shallow shells it may be assumed that

~Rα = ~rα, ~Rα = ~rα.

The first and second quadratic forms of the surfaces Ŝ(x3 = const) are
expressed by the formulas

I = dŝ2 = gαβdx
αdxβ, II = K̂Ŝds

2 = b̂αβdx
αdxβ, (5)

where
gαβ = ~Rα ~Rβ = aαβ − 2x3bαβ + x2

3(2Hbαβ −Kaαβ),

b̂αβ = (1− 2Hx3)bαβ + x3Kaαβ

(6)

and k̂s = b̂αβs
αsβ is the normal courvature of the Ŝ.

3 System of Geometrically Nonlinear Equations
for Non-Shallow Shells

The equations of equilibrium of an elastic shells-type bodies in a vector
form may be written as

1
√
g

∂
√
g ~T i

dxi
+ ~Ψ = 0, (i = 1, 2, 3) (7)

where g is the discriminant of the metric quadratic form of the 3-D domain,
~T i are the contravariant constituents of the stress vector, ~Ψ is an external
force

g = ϑ2a, ϑ = 1− 2Hx3 +Kx2
3, a = a11a22 − a2

12. (8)

The stress-strain relations the geometrically nonlinear theory of elastic-
ity has the form

~T i = T ij(~Rj + ∂j ~U) = Eijpqepq(~Rj + ∂j ~U), (9)
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where T ij are contravariant components of the stress tensor, eij are covari-

ant components of the strain tensor, ~U is the displacement vector. Eijpq

and eij are defined by the formulas:

Eijpq = λgijgµq + µ(gipgjq + giqgjp), (gij = ~Ri ~Rj),

eij =
1

2
(~Ri∂j ~U + ~Rj∂i~U + ∂i~U∂j ~U) (i, j, p, q = 1, 2, 3).

(10)

To reduce the 3-D problems of the theory of elasticity to 2-D ones,
it is necessary to rewrite the relation (7-10) in terms of the bases of the
midsurface S of the shell Ω.

Relation (7) can be written as follows:

1√
a

∂
√
aϑ~Tα

∂xα
+
∂ϑ~T 3

∂x3
+ ϑ~Ψ = 0, (ϑ = 1− 2Hx3 + kx2

3). (11)

Let ~σi = ϑ~T i and ~Φ = ϑ~Ψ, then making use of tensor notation the
equilibrium equation (11) can be written as follows:

∇α~σα + ∂3~σ
3 + ~Φ = 0 ⇒{

∇ασαβ − bβασα3 + ∂3σ
3β + Φβ = 0,

∇ασα3 − bαβσαβ + ∂3σ
33 + Φ3 = 0,

(12)

where v are covariant derivatives to the coordinates (x1, x2):

σαβ = ~σα~rβ, σα3 = ~σα~n, σ3α = ~σ3~rα, σ33 = ~σ3~n.

4 Isometric System of Coordinates

The isometrical system of coordinates in the surface S is of the special
interest, since in this system we can obtain bases equations of the theory of
shells in a complex form, which in turn, allows one for a rather wide class
of problems to construct complex representation of general solutions by
means of analytic functions of one variable z = x1 + ix2. This circumstance
makes is possible to apply the methods developed by N. Muskhelishvili and
his disciples by means of the theory of functions of a complex variable and
integral equations.

The main quadratic forms in this of coordinates are of the type

I = ds2 = Λ(x1, x2)[(dx1)2 + (dx2)2] = Λ(z, z̄)dzdz̄, (Λ > 0)

II = bαβdx
αdxβ =

1

2
[Q̄dz2 + 2Hdzdz̄ +Qdz̄2],
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where

Q =
1

2
(b11 − b22 + 2ib12), 2H = b11 + b22.

Introducing the well-known differential operators

∂

∂z
=

1

2

(
∂

∂x1
− i ∂

∂x2

)
,

∂

∂z̄
=

1

2

(
∂

∂x1
+ i

∂

∂x2

)
and the notations

~σi = ϑ~T i, ~Φ = ϑ~Ψ.

For the nonlinear theory of non-shallow shells from (12) we obtain the
following complex writing both for the system of equations of equilibrium
and for stress-strain relation

1

Λ

[
∂z
(
Λ~σ+~r+

)
+ ∂z̄

(
Λ~̄σ+~̄r+

)]
− Λ

[
H~σ+ +Q~̄σ+

]
~n

+∂3

(
~σ3~r+

)
+ ~Φ~r+ = 0,

1

Λ

[
∂z
(
Λ~σ+~n

)
+ ∂z̄

(
Λ~̄σ+~n

)]
− Re

[
H~σ+~̄r+ +Q~̄̄σ+~r+

]
~n

+∂3

(
~σ3~n

)
+ ~Φ~n = 0,

(13)

where

~σ+ = ~σ1 + i~σ2 = ϑ
{[
λθ + µ

(
~R+∂z ~U + ~̄R+∂z ~U + 2∂z ~U∂

z ~U
)]

×
(
~R+ + 2∂z̄ ~U

)
+ µ

[
~R+∂3

~U + 2
(
~n+ ∂3

~U
)
∂z ~U

] (
~n+ ∂3

~U
)}

,

~σ3 = ϑ

{[
λθ + 2µ

(
~n∂3~U +

1

2

(
∂3
~U
)2
)](

~n+ ∂3
~U
)

+µ

[
1

2
~R+∂3

~U + ~n∂z̄ ~U + ∂z ~U∂3
~U

](
~R+ + 2∂z ~U

)}
,

(14)

Here

~σ+~r+ =
(
~σ1 + i~σ2

)
(~r1 + i~r2) , ~σ+~n = σ1

3 + iσ2
3, ~σ

3~r+ = σ3
1 + iσ3

2

~R+ = ~R1 + i ~R2 = (1−Hx3)~r+ + x3Q~̄r+,

~R+ = ~R1 + i ~R2 = ϑ−1[(1−Hx3)~r+ + x3Q~̄r+]

θ = 2Re
[(
~R+∂ z̄ ~U

)
∂z ~U

]
+ ∂3U3 +

1

2
(∂3

~U)2,

2∂z ~U = (~R+ ~̄R+)∂z ~U+ + ( ~̄R+ ~R+)∂z̄
~U,

U+ = ~U~r+ = U1 + iU2, U+ = ~U~r+ = U1 + iU2.
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~r+ = ~r1 + i~r2, ~r+ = ~r1 + i~r2, ~r+~̄r+ =
2

Λ
, ~r+~̄r+ = 2,

~R+ ~R+ =
4x3

Λ

λ−Hx3

ϑ2
Q, ~R+ ~̄R+ =

2

Λ

ϑ+ 2x2
3QQ̄

ϑ2
,

~R+~r+ =
2Q

ϑ
x3, ~̄R+~r+ =

2

ϑ
(1−Hx3),

~r+∂z ~U =
1

λ
∂zU+ −HU3, ~r+∂z̄ ~U = ∂z̄U

+ −QU3,

~n∂z̄ ~U = ∂z̄U3 +
1

2
(Q̄U+ +HŪ+),

U(l) = ~U~l, U(s) = ~U~s.

(15)

5 Vekua’s Method of Reduction

There are many different methods of reducing 3-D problems of the theory
of elasticity to 2-D one of the theory shells [2, 4].

In the present paper, we realize the reduction by the method suggested
by I. Vekua. Since the system of Legender polynomials {Pm(x3

h )} is com-
plete in the interval [-h,h] for equation (11) we obtain the equivalent infinite
system of 2-D equations

h∫
−h

[
1√
a

∂
√
aϑ~Tα

∂xα
+
∂ϑ~T 3

∂x3
+ ϑ~Ψ

]
Pm

(x3

h

)
dx3 = 0,

or in the form

∇α
(m)

~σ α − 2m+ 1

2h

(
(m−1)

~σ3 +
(m−3)

~σ3 + · · ·

)
+

(m)

~F = 0, (16)

where ((m)

~σi ,

(m)

~Φ
)

=
2m+ 1

2h

h∫
−h

(ϑ~T i, ϑ~Ψ)Pm

(x3

h

)
dx3,

(m)

~F =

(m)

~Φ +
2m+ 1

2h

[
(+)

ϑ

(+)

~T 3 − (−1)m
(−)

ϑ

(−)

~T 3

]
,

(±)

ϑ = 1± 2Hh+Kh2,

(±)

~T 3 = T 3(x1, x2,±h), −h ≤ x3 ≤ h

and ∇α are covariant derivatives on the surface S(x3 = 0).
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6 Vekua’s Method of Reduction

3-D shell-type bodies are characterized by inequalities of the type [4, 7]

|hbαβ | ≤ q < 1, (α, β = 1, 2). (17)

Therefore, they can be represented in the form

|εbαβR| ≤ q < 1, (18)

where ε is a small parameter which is expressed in the form

ε =
h

R
≤ q < 1. (19)

Here h is the semi-thickness of the shell and R is a certain characteristic
radius of curvature of the midsurface S.

Having introduced a small parameter, we represent the system of equa-
tions (13)-(15) of approximation of order in the complex form

h

Λ

∂

∂z

(
(m)
σ11−

(m)
σ22 +i

(
(m)
σ12 +

(m)
σ21

))
+h

∂

∂z̄

(
(m)
σ11−

(m)
σ22 +i

(
(m)
σ12 +

(m)
σ21

))
− ε

(
H

(m)

σ·3+·+Q
(m)

σ̄3·
·+

)
R

−(2m+ 1)

(
(m−1)

σ3·
·+ +

(m−3)

σ3·
·+ + · ··

)
+ h

(m)

F+ = 0,

h

Λ

∂
(m)

σ·3+·
∂z

+
∂

(m)

σ̄·3+·
∂z̄


+ε

{
H

(m)

σαα +Re

[
Q̄

(
(m)

σ1
1 −

(m)

σ2
2 +i

(
(m)

σ1
2 +

(m)

σ2
1

))]}
R

−(2m+ 1)

(
(m−1)

σ3
3 +

(m−3)

σ3
3 + · ··

)
+ h

(m)

F3 = 0

(20)

(m = 0, 1, · · · , N) .

where (now we write only linear part in explicit form)

h

(
(m)
σ11−

(m)
σ22 +i

(
(m)
σ12 +

(m)
σ21

))
= h~σ·+~r+

= 4µΛ

(
h∂z̄

(m)

U+−εQ
(m)

U3 R

)
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+2Λ
N∑
s=0

{(
(m,s)

I1 −H
(m,s)

I2

)
Q

[
(λ+ µ)

(
h

(s)

θ −2Hε
(s)

U3R

)]

+2µ

(
h

Λ
∂z̄

(s)

Uα−εH
(s)

U3R

)
+

(m,s)

I2 Q

[
(λ+ µ)

(
h∂z

(s)

Ū+−εQ̄
(s)

U3R

)

+(λ+ 3µ)Q̄

(
h∂z

(s)

Ū+−εQ
(s)

U3R

)]
+ 2λ

(m,s)

I3 Q
(s)

U ′3 +
(m)

L1

(
(s)

U

)}
,

(21)

h

(
(m)

σ1
1 −

(m)

σ2
2 +i

(
(m)

σ1
2 +

(m)

σ2
1

))
= h~σ+

· ~r+ = 2(λ+ µ)

(
(m)

θ −2HεQ
(m)

U3 R

)

+2
N∑
s=0

{(
(m,s)

I1 −H
(m,s)

I2

)[
(λ+ 3µ)Q̄(λ+ µ)

(
h∂z̄

(s)

U+−εQ
(s)

U3R

)

+(λ+ µ)Q

(
h∂z

(s)

Ū+−εQ̄
(s)

U3R

)]
+

(m,s)

I2 QQ̄

[
(λ+ µ)

(
h

(s)

θ −2Hε
(s)

U3R

)

+2µ

(
h

Λ
∂z

(s)

Ū+−εH
(s)

U3R

)]
+ 2λ

(
δsm −H

(m,s)

I3

)
(s)

U ′3 +
(m)

L2

(
(s)

U

)}
,

h~σ3·
·+~r+ = µ

[
2h∂z̄

(m)

U3 +ε

(
H

(m)

U+ +Q
(m)

Ū+

)
R

]

+2µ
N∑
s=0

{
(m,s)

I2 QQ̄

[
2h∂z̄

(s)

U3 +ε

(
H

(s)

U+ +Q
(s)

Ū+

)
R

]

+

(
(m,s)

I1 −H
(m,s)

I2

)
Q

[
2h∂z

(s)

U3 +ε

(
H

(s)

Ū+ +Q̄
(s)

U+

)
R

]

+
(m)

U ′3 δ
s
m −

(
H

(s)

U+ +Q
(s)

Ū+

)
(m,s)

I3 R+
(s)

L3

(
(s)

U

)}
,

h~σ·3+·~n = µ

[
2h∂z̄

(m)

U3 +ε

(
H

(m)

Ū+ +Q̄
(m)

U+

)
R

]

+2µ

N∑
s=0


(m,s)

I3 Q

h∂z̄ (s)

U3 +ε
H

(s)

Ū+ +Q̄
(s)

U+

2
R


−H

h∂z (s)

U3 +ε
H

(s)

U+ +Q
(s)

Ū+

2
R

+
(m,s)

I4

(s)

U ′+ +
(m)

L4

(
(s)

U

) ,

(22)

hσ3
3 = λ

(
h

(m)

θ −2HεQ
(m)

U3 R

)
+ 2

N∑
s=0

{
λ

[
Q

(
h∂z

(s)

Ū+−εQ
(s)

U3R

)
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+Q̄

(
h∂z̄

(s)

U+−εQ
(s)

U3R

)
−H

(
h

(s)

θ −2Hε
(s)

U3R

)
(m,s)

I3

]

+(λ+ 2µ)
(m,s)

I4

(s)

U ′+ +
(m)

L5

(
(s)

U

)}
,

(23)

(m = 0, 1, · · · , N) .

where
(m)

Li
s

(U) (i = 1, · · · , s) are the nonlinear parts of relations (21-23).
Then we have (general case of non-shallow shells)

(m)

θ =
1

Λ
(∂z

(m)

U+ +∂z̄

(m)

Ū+) +
(m)

U ′3 ,
(m)

U ′i = (2m+ 1)(
(m+1)

Ui +
(m+3)

Ui + · · · ),

(m,s)

I1 =
2m+ 1

2h

h∫
−h

x3PmPsdx3

1− 2Hx3 +Kx2
3

,

(m,s)

I2 =
2m+ 1

2h

h∫
−h

x2
3PmPsdx3

1− 2Hx3 +Kx2
3

,

(m,s)

I3 =
2m+ 1

2h

h∫
−h

x3PmPsdx3,

(m,s)

I4 =
2m+ 1

2h

h∫
−h

(1− 2Hx3 +Kx2
3)PmPsdx3.

(24)

The above integrals can be calculated explicitly and their expressions
with regard to ξ have the form, for example

(m,s)

I1 =
2m+ 1

2
√
E

[m
2

]∑
r=0

∞∑
p=0

(m,s)

Mrp ε
s−m+2(r+p)

{[
(H +

√
E)R]s−m+2(r+p)

−[(H −
√
E)R]s−m+2(r+p)

]}
,

where
(m,s)

Mrp = 2s−m
(−1)r(2m− 2r)!(s+ p)!(s+ 2p)!

r!(m− r)!(m− 2r)!p!(2s+ 2p+ 1)!
.

Now, following Signiorini we assume the validity of the expansions for
approximation of order N :(

(m)

~σi ,

(m)

~U ,

(n)

~F

)
=

∞∑
n=1

(
(m,n)

~σi ,

(m,n)

~U ,

(m,n)

~F

)
εn, (m = 0, 1, · · · , N).

43



AMIM Vol.24 No.2, 2019 T. Meunargia

Substituting the above expansions into the relations (20-23), then equal-
izing the coefficients of expansion for εn we obtain the following 2-D infinite
system of equilibrium equations with respect to components of displacement
vector in the isometric coordinates:

4µ∂z

(
Λ−1∂z

(m,n)

U+

)
+ 2(λ+ µ)∂z̄

(m,n)

θ +
2λ

h
∂z̄

(m,n)

U ′3

−2m+ 1

h
µ

[
2∂z̄

(
(m−1,n)

U3 +
(m−3,n)

U3 + · · ·

)

+

(
(m−1,n)

U+ +
(m−3,n)

U+ + · · ·

)]
+

(m,n)

F+ = 0,

µ

(
∇2

(m,n)

U3 +
(m,n)

θ′

)
− 2m+ 1

h

[
λ

(
(m−1,n)

θ +
(m−3,n)

θ + · · ·
)

(λ+ 2µ)

(
(m−1,n)

U ′3 +
(m−3,n)

U ′3 + · · · ,

)]
+

(m,n)

F3 = 0,

(25)

where
(m)

U+ =
(m)

U1 +i
(m)

U2 ,
(m)

θ = Λ−1

(
∂z

(m)

U+ +∂z̄

(m)

Ū+

)
,

(m)

U ′i =
2m+ 1

h

(
(m+1)

Ui +
(m+3)

Ui + · · ·

)
, ∇2 =

4

Λ

∂2

∂z∂z̄
.

Obviously, in passing from the n-th step of approximations to the n+1-
th step only the right-hand sides of equations are changed and the boundary
conditions after the initial step may be considered homogenous.

Below it will be omit upper index n.
The beharmonic solution of the homogeneous system (25) we can find

the form [1]

(m)

U+ = ∂z̄

(
(m)

V1 +i
(m)

V2

)
+

 1

π

∫∫
S

ϕ′0(ξ)− k1ϕ
′
0(ξ)

ξ̄ − z̄
dss − ψ′0ξ

 m
δ0

+k2ϕ′′0(z)
m
δ2−

1

π

∫∫
S

ϕ′1(ξ) + ϕ′1(ξ)

ξ̄ − z̄
dSξ + η1ϕ′′1(z)− 2ψ′1(z)

 δm1

+η2ϕ′′1(z)δm2 ,

(26)

(m)

U3 =
(m)

V3 −

 1

π

∫∫
S

(
ϕ′1(ξ) + ϕ′1(ξ)

)
ln |ξ − z|dSξ −

(
ψ1(z) + ψ1(z)

) δm0
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−3

2
k2

[(
ϕ′0(z) + ϕ′0(z)

)
δm1 +

(
ϕ′1(z) + ϕ′1(z)

)
δm2

]
,

(m = 0, 1, · · · , N)

0
V1 +

0
V2 = 0,

0
U3 = ψ1(z) + ψ1(z), if N = 0,

where Vi (i = 1.2.3) are unknown metaharmonic functions, ϕ0, ϕ0, ψ0, ψ1

are analytic functions of z, δji - Kroneeker delta, dSξ = Λ(ξ, ξ̄)dξdη, ξ =
ξ + iη, then

k1 =


λ+ 3µ

λ+ µ
, N = 0

5λ+ 6µ

3λ+ 2µ
, N 6= 0,

η1 =



λ+ µ

µ
, N = 1

4
λ+ µ

λ+ 2µ
, N = 2,

23λ+ 24µ

5(λ+ 2µ)
, N = 3,

k2 =
4

3

λ

3λ+ 2µ
, η2 =

4

15

3λ+ 4µ

λ+ 2µ
.

7 Approximation of Order N = 0, 1, 2, 3, 4

For them the general solutions of the homogeneous system (26) can be
represented by formulas:

Case N = 0

(0)

U+ =
1

π

∫∫
S

ϕ′(ζ)− κϕ′(ζ)

ζ̄ − z̄
dSζ − ψ(z),

(0)

U3 = f(z) + f(z),(
ζ = ξ + iη, dSζ = Λ(ζ, ζ̄)dξdη

)
,

where κ = λ+3µ
λ+µ , f(z), ϕ(z), ψ(z) are the holomorphic functions of z =

x1 + ix2.
Note that for approximation of order N = 0, when λ(z, z̄) = 1, the

expression for
(0)

U+, coincides with well-known representation of Kolosov-
Muskhelishvili for plane deformation

(0)

U+ = κϕ(z)− zϕ′(z)− ϕ(z).
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Case N = 1

(0)

U+ = − λh

6(λ+ µ)
∂z̄ω +

1

π

∫∫
S

ϕ′(ζ)− ∗κ ϕ′(ζ)

ζ̄ − z̄
dSζ − ψ(z),

(1)

U+ = i∂z̄χ+
1

π

∫∫
S

Φ′(ζ)− Φ′(ζ)

ζ̄ − z̄
dSζ +

2(λ+ 2µ)

3µ
Φ′(ξ)− 2hΨ′(z)

(0)

U3 = Ψ(z) + Ψ(z)− 1

π

∫∫
S

[
Φ′(ζ) + Φ′(ζ)

]
ln |ζ − z|dSζ ,

(1)

U3 = ω(z, z̄) +
2λh

3λ+ 2µ

[
ϕ′(z) + ϕ′(z)

]
,

where

∇2χ− 3

h2
χ = 0, ∇2ω − 3(λ+ µ

(λ+ 2µ)h
ω = 0,

∗κ =
5λ+ 6µ

3λ+ 2µ
.

Case N = 2

(0)

U + =
1

π

∫∫
S

ϕ′(ζ)− κϕ′(ζ)

ζ̄ − z̄
dSζ − ψ(z)− 2λ

λ+ 2µ

2∑
k=1

1

αk
∂z̄Vk,

(1)

U + = i∂z̄χ+
4

3

λ+ µ

µ
Φ′′(z)− 1

π

∫∫
S

Φ′(ζ) + Φ′(ζ)

ζ̄ − z̄
dSζ−2hΨ′(z)− λ

10(λ+ µ)
∂z̄w,

(2)

U + =
2

3

(
i∂z̄ω +

2∑
k=1

α3−k
αk

∂z̄Vk +
2λ

3λ+ 2µ
ϕ′′(z)

)
,

(0)

U 3 = Ψ(z) + Ψ(z)− 1

π

∫∫
S

(
Φ′(ζ) + Φ(ζ)

)
ln |(ζ)− z|dSζ +

λ

2(λ+ µ)
w,

(1)

U 3 = V1 + V2 −
2λ

3λ+ 2µ
(ϕ′(z) + ϕ′(z)),

(2)

U 3 = w − 2λ

3λ+ 2µ
(Φ′(z) + Φ′(z)),

where

∇2Vk = αkVk, α2
k −

12(λ+ µ)

λ+ 2µ
αk +

180µ(λ+ µ)

(λ+ 2µ)2
= 0, (k = 1, 2)
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∇2w =
60(λ+ µ)

λ+ 2µ
w, ∇2χ = 3χ, ∇2ω = 15ω.

Case N = 3

(0)

U + =
1

π

∫∫
S

ϕ′(ς)− æϕ′(ς)

ς̄ − z̄
dSς − ψ(z)− 2λ

λ+ 2µ

3∑
k=1

1

αk
∂z̄Vk,

(1)

U + =
2∑

k=1

(
i
χ3−k

3
∂z̄χk −

6λ

λ+ 2µ

1

γk
∂z̄wk

)
− 1

π

∫∫
S

Φ′(ς) + Φ′(ξ)

ς̄ − z̄
dSς

− 4

15

23λ+ 2µ

λ+ 2µ
Ψ′(z),

(2)

U + =
2

3

(
i∂z̄ω +

3∑
k=1

+
(2)

Ak∂z̄Vk +
2λ

3λ+ 2µ
ϕ′′(z)

)
,

(3)

U + =

2∑
k=1

(
i∂z̄χk +

2

3

γ3−k
γk

∂z̄wk

)
− 4

15
+

3λ+ 2µ

λ+ 2µ
ϕ′′(z),

(0)

U 3 =

2∑
k=1

(
3λ

λ+ 2µ
− γ3−k

5

)
1

γk
wk

− 1

π

∫∫
S

(Φ′(ς) + Φ′(ς)) ln |(ς)− z|dSς + Ψ(z) + Ψ(z),

(1)

U 3 =
2∑

k=1

(1)

AkVk −
2λ

3λ+ 2µ
(ϕ′(z) + ϕ′(z))),

(2)

U 3 =

2∑
k=1

wk −−
2λ

3(λ+ 2µ)
(Φ′(z) + Φ′(z))),

(3)

U 3 =

3∑
k=1

Vk,

where 
∇2ω + 15ω = 0

∇2Vk + akVk = 0,

(k = 1, 2, 3)
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α3
k −

180(λ+ µ)

λ+ 2µ
α2
k +

120(λ+ µ)(7λ+ 15µ)

(λ+ 2µ)2
αk +

2700µ2(λ+ µ)

(λ+ 2µ)2
= 0,

(1)

Ak =
3

λ+ 2µ

[
(5λ+ 4µ)αk −

60µ(λ+ µ)

λ+ 2µ

]
×
[
α2
k −

12(λ+ µ)

λ+ 2µ
αk +

180µ(λ+ µ)

(λ+ 2µ)2

]−1

,

(2)

Ak = − 10

λ+ 2µ
[λαk − 12(λ+ µ)]

[
α2
k −

12(λ+ µ)

λ+ 2µ
αk +

180µ(λ+ µ)

(λ+ 2µ)2

]−1

,


∇2ωk = γkwk,

∇2χk = ækχk,

(k = 1, 2),
γ2
k − 60

λ+ µ

3λ+ 2µ
γk + 120

µ(λ+ µ)

(λ+ 2µ)2
= 0,

æ2
k − 45æk + 105 = 0,

(k = 1, 2).

Case N = 4 (for the plate)

µ∆
(1)
u +2(λ+ µ)∂z̄

(0)

θ +
2λ

h
∂z̄

(
(1)
u3 +

(3)
u3

)
= 0,

µ∆
(2)
u + + 2(λ+ µ)∂z̄

(2)

θ +
10λ

h
∂z̄

(3)
u3 −

5µ

h

[
∂z̄

(1)
u3 +

3

h

(
(3)
u+ +

(4)
u+

)]
= 0,

µ∆
(4)
u + + 2(λ+ µ)∂z̄

(4)

θ −
9λ

h

[
2∂z̄

(
(1)
u3 +

(3)
u3

)
+

3

h

(2)
u+ +

10

h

(4)
u+

]
= 0,

µ

[
∆

(1)
u3 +

3

h

((2)

θ +
(4)

θ
)]
− 3

h

[
λ

(0)

θ +
λ+ 2µ

h

(
(1)
u3 +

(3)
u3

)]
= 0,

µ
(

∆
(3)
u3 +

7

h

(4)

θ
)
− 7

h

[
λ
((1)

θ +
(2)

θ
)

+
λ+ 2µ

h

(
(1)
u3 + 6

(3)
u3

)]
= 0,

(k)

U+ =
(k)

U1 + i
(k)

U2,
(k)

θ = ∂z
(k)

U+ + ∂z̄

(k)

Ū+,

∂1 = ∂z + ∂z̄, ∂z = i(∂z − ∂z̄),
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(0)
u+ =

5λ+ 6µ

3λ+ 2µ
ϕ(z)− zϕ′(z)− ¯Ψ′(z)− 2λ

λ+ 2µ

4∑
k=1

1 + βk
γkh

∂z̄χk,

(2)
u+ = i∂z̄(V1 + V2) + 2

4∑
k=1

(c1 + c2βk)γk + c3βk
γ4

∂z̄χk +
4h2

3

λ

3λ+ 2µ
ϕ′′(z),

(4)
u+ =

ih2

15
∂z̄

[(
æ1 −

15

h2

)
V1 +

(
æ2 −

15

h2

)
V2

]
+2

4∑
k=1

(d1 + d2βk)γk + d1 + d4βk
γk

∂z̄χk,

(1)
u3 =

4∑
k=1

χk −
2λh

3λ+ 2µ
(ϕ′ + zϕ′),

(3)
u3 =

4∑
k=1

βkχk,

βk =
γ2
k + a1γk + a3

a2γk + ak
,


∆χk − γ4χk = 0, ∆ = 4 ∂2

∂z∂z̄ , (k = 1, 2, 3, 4)

γ4
k + (a1 + b2)γ3

k + (a1b2 − a2b1 + a3 + b4)γ2
k

+(a1b4 − a4b1 + a3b2 − a2b3)γk + a3b4 − a4b3 = 0,


a1 =

12λ2 + 59λµ+ 12µ2

(λ+ µ)(λ+ 2µ)h2
, a2 =

3(9λ2 + 8λµ+ 4µ2)

(λ+ µ)(λ+ 2µ)h2
,

a3 =
3 · 260(λ+ µ)

(λ+ 2µ)2h2
a4 =

3

h4

[
260µ(λ+ µ)

(λ+ 2µ)2
+

175µ

λ+ µ

]
,


b1 =

7

3
c1, b2 = 7

10[λµ− (λ+ 2µ)2]− 4(λ+ µ)2

(λ+ µ)(λ+ 2µ)h2
, h3 =

39

49
a3,

b4 =
72 · 5
h4

[
4µ(λ+ µ)

(λ+ 2µ)2
+

5µ

λ+ µ

]
,


c1 = − µh

λ+ µ
, c2 = −3

7
c1, c3 = −5

h

λ+ 2µ

λ+ µ
,

d1 =
λ

µ
c1, d2 = −c2 =

3

7
c1, d3 =

4

h

λ+ µ

λ+ 2µ
, d4 = d3 − c3,
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{
∆V1 = æ1V1,

∆V2 = æ2V2,
æ1 + æ2 =

3 · 5 · 7
h2

,

æ1æ2 =
3 · 5 · 7 · 9

h4
,

æ2 − 3 · 5 · 7
h2

æ +
3 · 5 · 7 · 9

h4
= 0.
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