ABOUT ONE PROBLEM OF POROUS COSSERAT MEDIA FOR
SOLIDS WITH TRIPLE-POROSITY

B. Gulua'?, R. Janjgaval3, T. Kasrashvili'*

1. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Thilisi State University
2 University Str., Thilisi 0186, Georgia
2Sokhumi State University
61 Anna Politkovskaia Str., Thilisi 0186,Georgia
3Georgian National University SEU
9 Tsinandali Str., Thilisi 0144,Georgia
4Georgian Technical University
77 Kostava Str., Thilisi 0175, Georgia

(Received: 12.07.2017; accepted: 17.012.2017)
Abstract

The purpose of this paper is to consider the two-dimensional version of the linear
theory of elasticity for solids with triple-porosity in the case of an elastic Cosserat
medium. Using the analytic functions of a complex variable and solutions of the
Helmholtz equation the second fundamental problem for the infinite plane with a

circular hole are solved explicitly.
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1 Introduction

In the past half century, the mathematical models of multi-porosity media,
as originally developed for the mechanics of naturally fractured reservoirs,
have found applications in many branches of civil engineering, geotechnical
engineering, technology and, in recent years, biomechanics [1-5]. Significant
progress has been made towards understanding and modeling of flow pro-
cesses in fractured rock. However, fractured rock may be considered as a
multiporous medium but the most studies have focused naturally fractured
reservoirs with double and triple porosities [6-11].

The triple porosity model represents a new possibility for the study of
important problems of engineering and mechanics. The intended applica-
tions of the theories of elasticity and thermoelasticity for materials with
a triple porosity structure are to geological materials such as oil and gas
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reservoirs, rocks and soils, manufactured porous materials such as ceramics
and pressed powders, and biomaterials such as bone [12, 4].

It should be noted that all the papers mentioned above dealt with a
classical (symmetric) medium. We consider the problem of elasticity for
solids with triple-porosity in the case of an elastic Cosserat medium [13].

2 Basic three-dimensional relations

Let an elastic body with triple-porosity occupy the domain Q C R3. De-
note by (1,72, 23) a point of the domain € in the Cartesian coordinate
system. Let the domain  be filled with an elastic Cosserat medium having
triple-porosity. The considered solid body is characterized by the displace-
ment vector u = (u1,ug,us), rotation vector w(wy,ws,ws) and also by the
fluid pressures pi(x1,x2,x3), p2(z1, z2,x3) and p3(z1, z2,x3) occurring re-
spectively in the pores and fissures of the porous medium.

Then a homogeneous system of static equilibrium equations is written
in the form [14, 16]

81'0'1']' = O, .
. in 1
{ Oipij+ €jik 03, =0, 7 =1,2,3 1)

where 0;; are stress tensor components, p;; are moment stress tensor com-
ponents, €;; is the Levi-Civita symbol, 0; = 8%1" the summation over the
recurring index ¢ is assumed to be done from 1 to 3.

Formulas that interrelate the stress and moment stress components, the
displacement and rotation vector components and the pressures pi,ps, ps3
have the form

oij = (Adive — B1p1 — Bape — B3p3)dij + (1 + a)dju;
+(p — @) Oju; — 20 €45, wi, (2)
i = Udind(Sij + (I/ + 5)82'013' + (l/ — 6)8]»%, 7 =123,

where A and p are the Lam parameters, «, 3, v, o are the constants char-
acterizing the microstructure of the considered elastic medium, 81, 52 and
B3 are the effective stress parameters, d;; is the Kronecker delta.

In the stationary case, the values pi, po and ps satisfy the following
system of equations

a1Apy + aiz(p2 — p1) + a13(ps — p1) = 0,
azApa + az1(p1 — p2) + a23(ps — p2) =0,
azAps + az1(p1 — p3) + az2(p2 — p3) =0,

(3)

where a;; is the fluid transfer rate between phase ¢ and phase j, a1 = %, 7,
ag = %, j, a3 = %, (for the fluid phase, each phase i carries its respectively

4



About One Problem of Porous ... AMIM Vol.22 No.2, 2017

permeability &;), p' is fluid viscosity, A = 911 + Oz + 033 is the three-
dimensional Laplace operator.

The three-dimensional system of equations (1), (2) and (3) describes the
static equilibrium of a porous elastic Cosserat medium with triple-porosity.
Substituting relations (2) into (1), we obtain equilibrium equations with
respect to the components of the displacement and rotation vectors

(p+ )Auj + (A + p— @)0j(Orur) — 20 €451 Oiwy,
—0;(B1p1 + B2p2 + B3p3) = 0, 0 Q
(l/ + /B)ij + (O’ +v— 5)83(8kwk) + 2« Cjik O;ug, ’
—4ow; =0, 7=1,2,3

If to the system of equilibrium equations we add boundary conditions
on the boundary 0f2 of the domain €, then we can consider various classical
boundary value problems.

3 The plane deformation case

From the basic three-dimensional equations we obtain the basic equations
for the case of plane deformation. Let € be a sufficiently long cylindrical
body with generatrix parallel to the Oxs-axis. Denote by V' the crosssection
of this cylindrical body, thus V' C R2. In the case of plane deformation
ug = 0, w; = 0, wo = 0, while the functions u1, us, ws, p1, p2 and p3 do not
depend on the coordinate x3 [17].

As follows from formulas (2), in the case of plane deformation

Oa3 = 07 03a = 07 Hap = 07 H33 = 07 aHB = 172
Therefore the system of equilibrium equations (1) takes the form

01011 + a1 =0,
01012 + Oao22 = 0, inV, (4)
O1pu13 + Oapioz + (012 — 021) = 0,

Relations (2) are rewritten as

o11 = A0 + 2ud1ur — Pip1 — Bap2 — Baps,

022 = A0 + 2udaus — B1p1 — Bap2 — Baps,

o12 = (u+ a)druz + (@ — @)douy — 2aws,

091 = (u + a)Oaut + (p — a)drus + 2aws, (5)
033 = A\ — B1p1 — Bap2 — B3ps,

p13 = (v + B)01ws, a3 = (v + B)0sws,

ps1 = (v — p)owws, pg2 = (v — B)0ws,
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where 0 = 01uq + Oous.
Equations (3) take the form

a1Agp1 + ar2(p2 — p1) + a13(ps —p1) =0,
azAaops + ag1(p1 — p2) + azs(ps —p2) =0, (6)
azAagpz + az1(p1 — p3) + az2(p2 — p3) = 0,

where Ay = 011 + Oa9 is the Laplace operator in two dimensions.

If relations (5) are substituted into system (4), then we obtain the
following system of equilibrium equations with respect to the functions u,
(%) and w3

(1 + a@)Aquy + (A + o — )00 + 2a0sws

—01(Bip1 + Baps + Pips) = 0,

(1 + ) Agug + (A + 1 — ) 020 + 2a0 w3 inV, (7)
—0o(B1p1 + Pips + Bips) = 0,

(I/ + ﬂ)Agw + 20[(81U2 - 82u1) —4aws = 0,

On the plane Oz, we introduce the complex variable z = x1 4+ ixz9 =
re?’, (i = —1) and the operators 9, = 0.5(9; — i0y), 0; = 0.5(01 + iDs),
Z =11 — iT9, and Ay = 40,05.

To write system (4) in the complex form, the second equation of this
system is multiplied by ¢ and summed up with the first equation

{ 0:(o11 — 022 + i(012 + 021)) + 0z(011 + 022 + (012 — 021)) = 0, (8)
0x(p1g + ip23) + 0z (pig — ipes) + 012 — 021 =0,

where by formulas (5)

o11 — 022 +i(o12 + 021) = 4pdzuy,
011 + 0922 + i(Ulg — 0'21) = 2()\ +u— 04)0 + 40[8ZU+ — dovws

9
—2(B1p1 + Bap2 + B3p3), )
p13 4 i3 = 2(v + B)0sws,  p31 +ipze = 2(v — §)0zws,
U4+ = U1 + iUQ, 0= 8Zu+ + agﬂ+.
We write equations (6)
bi/ar  —aiz/a1 —ai3/aq
Agp — Ap = O, A = —a21/a2 bQ/ag —agg/CLQ (10)

—az1/as —asz/az  bs/asz

b= (p17p2’p3)T’

b1 = a12 + a13, bz = a1 + as3, bz = az1 + asz.
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If relations (9) are substituted into system (8), then system (7) is written
in the complex form

2(p + a)0z0,ut + (A + p — )00 — 20i0zws3
—0z(B1p1 + Pap2 + B3p3) = 0, inV. (11)
2(v + 8)0:0 w3 + i(0 — 20,u4) — 2aws = 0,

4 The general solution of system (10-11)

In this section, we construct the analogues of the Kolosov-Muskhelishvili
formulas [17] for system (10-11).
Equations (10) imply that

p1 = f'(z) + f'(2) + luxa(z, 2) + laxe(z, 2),
p2 = f'(2) + f'(2) + laixi(z, 2) + laaxa(z, 2), (12)
p3 = f'(z) + f'(2) + Isix1(2, 2) + l3ax2(2, 2),

where f(z) is an arbitrary analytic functions of a complex variable z in the
domain V and x,(z, Z) is an arbitrary solution of the Helmholtz equation

Aoxal(z,Z) — KaXa(z,2) =0,

Ko are eigenvalues and (l11,l21,131), (l12,l22,132) are eigenvectors of the
matrix A.

Theorem. The general solution of the system of equations (12) is
represented as follows:

2y = sp(s) — 57) - 9 + MOEEE D) (1) 4 )
+2i057(2,Z) + 3 j_'éﬂ@g[élxl(z, Z) + d2x2(z, 2)], (13)

2y = (e 2) - 256 (2) — P,

A+ 3p
Ap’
analytic functions of a complex variable z in the domain V, x(z,2) is an
arbitrary solution of the Helmholtz equation

lia l2a l34 _
where »x = B 1= 2B+ 22 By + 52 3, ©(2) and ¥(z) are arbitrary
Ko Ka Ka

Ao7(2,2) — €27(2,2) = 0,

where
dua

R

&=
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Proof. We take the operator 95 out of the brackets in the left-hand
part of the first equation of system (11)

0:2(p+ )0 usr + (A + p— )8 — 2cviws

14
—(Bip1 + Bap2 + B3ps)) = 0. (14)
Since (14) is a system of Cauchy-Riemann equations, we have
2(p 4+ @)dur + (A4 p— )0 — 2aiws (15)
= (¢ + 1)¢'(2) + Bip1 + Bap2 + Bsps,
where (z) is an arbitrary analytic function of z.
A conjugate equation to (15) has the form
2(p+ @)0zu4+ + (A + 1 — )8 + 2aiws
, (16)
= (3 + 1)¢'(2) + Bip1 + B2p2 + Bsps,
Summing up equations (15) and (16) and taking into account that
0= 8ZU+ + 82?14_,
we obtain
1
f— / / . 1
T M(‘P (2) +¢'(2)) + T 2M(51P1 + Bap2 + B3p3) (17)

If from equation (15) we subtract equation (16) and write the expression
i(0,uy — Ozuy ), then we have

x+1 2c
i(Ouy — Ostuy) = ——i(P'(2) — ¢'(2)) — ws3. 18
(Oue = 0:1y) = il () = D) — s (19
The second equation of system (11) is written as
2c0 . _ 4o
40,05w3 — T3 ﬁz(aqur — Ozl )ws — Pl 0. (19)

Substituting formula (18) into formula (19) we obtain the equation

a(x+1)
v+ 8)(p+a)

i(#'(2) = ¢/ (2))- (20)

2
Asws — w3 =

The general solution of equation (20) is written in the form

o) (21)

T(2,2) —

2
2uws = » K
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where 7(z, Z) is a general solution of the Helmholtz equation

A, — &7 =0. (22)

2
The multiplier P fas been introduced for convenience in writing our
v

+

subsequent formulas.
Substituting formulas (17) and (21) into equation (16) and taking into
account that 7(z, z) is a solution of equation (22), we obtain

2u0uy = ' (2) — ¢ (2) + 2i0,0:7(z, 2)

+ (Bip1 + Bap2 + B3p3)- (23)

1
A+2p

From formulas (12) we find the following expression for the combination
Bip1 + Bap2 + B3p3

B1p1+Bapa+Bsps = (Bi1+B2+083) (f'(2)+1(2))+40.0:[01x1(z, 2)+dax2(z, 2)].

Substituting the latter formula into (23), integrating over z we obtain
formula (13) which we are proving.

Substituting expressions (13) and (14) into formulas (9), for combina-
tions of stress tensor components we obtain the following formulas

011 + 092 + (012 — 0921)

ZQL — w(B1 + B2 + B3)

¢ )+ P - 2ids0zr - HOLEBER) 1) 4 )

3 +M2M8Z85[51x1(z, Z) + d2x2(z, 2)],

o1 — o2 +i(o12 + 021) =2 {—290”(2) — 2 (2) + 21'32327'}
20(B1 + B2 + 33)

8
2F7(2) + ——0:0:[51x1 (2, 2) + axa(2, 2)],

A+2p A+2u
o33 Z /\iﬂ o' (2) + 90’(2)] -3 i“%azazwm(a Z) + 02x2(2, 2)]
_LQJ&+m+mXN@+?@m
p13 + ipio3 = 2057 + Wiw”(z),
131 + iz = 2(:_:;) OsT + WW”(Z)

Thus, the general solution of a two-dimensional system of differential
equations that describes the static equilibrium of a porous elastic medium

9
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with triple-porosity is represented by means of three analytic functions
of a complex variable and three solutions of the Helmholtz equation. By
an appropriate choice of these functions we can satisfy five independent
classical boundary conditions.

Let mutually perpendicular unit vectors 1 and s be such that

I xs=es,

where eg is the unit vector directed along the x3-axis. The vector 1 forms the
angle ¥ with the positive direction of the xi-axis. Then the displacement
components u; = u -1, us = u-s as well as the stress and moment stress
components acting on an area of arbitrary orientation are expressed by the
formulas

w4 ius = e Puy,

. 1 .
oy + 1015 = B [011 + 092 + i(012 — 0921)
+(o11 — o2 +i(o12 + 021))6_2“9} )

1 ) . ) ,
s =5 [(,u13 + ip3)e " + (13 — W23)6“9} ~

5 Solution of the second fundamental problem for
the infinite plane with a circular hole

Let the origin of coordinates be at the centre of the hole of radius R.

On the boundary of the considered domain the values of pressures
p1, P2, P3, the displacement and rotation vectors are given.

We consider the following problem

+oo . _ _
pj’r:R = Pj = Z Anjemﬁy Anj = A—nja ] = 1731 (24)
—00

+oo .
2ty =g = 2u(G1 +iGo) = 3 Bpe™,
I (25)
2/1&)3|r:R = 2NG3 = Z Cnemﬁ, Cn = C_n.
—00

The analytic function f/(z) and the metaharmonic functions x/(z, z) is
represented as a series

o] +oo
f,(Z) = Z anz_nv Xa(zv Z) = Z anaKn(KOér>elnﬁ7
n=0 —00

10



About One Problem of Porous ... AMIM Vol.22 No.2, 2017

where K, () is modified Bessel function of n-th order, and are substituted
in the boundary conditions (24) we have

s a . a .
> (e ™+ ™)

N n=0

0o

+Z JlOéan (H1R>+l]2an2K HQR ind ZAn]e
—0o0

Compare the coefficients at identical degrees. We obtain the following
systems of equations
ap + ao + 11 Ko(k1R) a1 + Lja Ko (ko R)age = Aoj, j=1,2,3,

1 .
ﬁ&n + llen(IilR)Oén 1+ leKn(IQQR)Oén 9 = Anja 7=1,2,3.

(26)

It is also assumed that ag is a real value; that is, ag = ag. The coefficients
apn, Qp1, Qp2, are found by solving (26).

The analytic functions ¢(z), ¥(z) and the metaharmonic functions
7(z, z) are represented as series

0 [e%e} “+o00
(=D b W=D e 7059 = 3 ekl
n=0 n=0 oo

and are substituted in the boundary conditions (25) we have

y g i)
R boe + lnR bl + blZ’l9 Z W
— Z RTZGZ (19 _ R eoe™™ — InR ¢ + 100

i(n—1)¢

E € . S i(n
+Z 1)Rr—1 Zﬁz%KnH(&R)e( 19

(51 + B2 + B3) ‘ = an (1—n)
1 _ i(l—n
Nt 2 nk ai + idaq 7;2 (= 1)R e (27)
4p
z (n+1) _
+(ap +ao)R —i—ZRnl ] N+ o

+o0
01Kk Sok .
x> <121Kn+1(H1R)04n1 + 222Kn+1(H2R)04n2> e!(n )Y
Too
_ ZBneznﬂ
—00

11
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= %+1 > /a ; Gn
Zan gR mﬂ_’_ 5 (Rizefznﬁ_Rizezn19>

V+B n=0 (28)

_ Z C ezm?
= n
—00

Compare the coefficients at identical degrees. Then one obtains from

the constant term and from those involving e*?, e and e respectively
xInR by —InR ¢; + i€ Ko(ER)ay =
(sc+ 1)i 2p (29)
by Ki(ER C
5R +o 5 1(ER)a = (1,
_ 1 _
»R by — R by + Eéz — €K 1(ER)ag = B,
Gt Gy by + 2 Ky(€R)ag = C 30
5 0= %)+ 7+ 3 0 ag = Co,
—%@—R@—%K [(ER)a_y = B4,
(e + 1) 2 (31)
by Ky (ER C
2R + —f—ﬁ 2(5 )a2 2
where
InR
B(l) = B() - M(Bl +)\B—2i_42‘u53) - al
4 01k 0ok
3 —I—MQM LKo(FElR)Oé 1+ —2K0(/12R)a 12)
+ B2+
B, =B -t (51 )\%2 Ba)R (1 1 a)
4 01k dokK
3 —I—MQM <121K1(/<61R)0401 + K1(52R)a02>
+ B2 + fB3)
B, =B+
-1 1+ ()\ T 2M>R a
4# 51%1 52“2
N+ 2n <K_ (/ﬂR)Oé_Ql + TK_1<K,2R)O[_22 .

For ¢ (n = 2, £3,...) gives

P - , -
~n DRt K ER)on = Blopir, n23 -
(e +1)i 2u 32

bn Ky, n — Ln, >
SRn + v+ P (ER)ay, =Cpy, n >3
1 B 1 /

@:5ﬁﬁ%*Rn3 —i{Ky-1(§R)an—2 =B, 1, n>3 (33)

12



About One Problem of Porous ... AMIM Vol.22 No.2, 2017

where
g —p. _ Bt B+ Bs)ants
" " A+ 2 nR"
4,u 51/@1 52“2
N+ 2,U, TK—n—l(’ilR)O‘—n—ll + QK—n—l(H'2R)a—n—l2> s
p(B1+ B2 + B3) (n — 2)an—1
B’ =B,
" * A+ 2 Rn—2
4 01K 0ok
h\ Jrlu2,u <121Kn(ﬁ1R)an_11 + 222Kn(1€2R)04n_12> .
It is known that
(B B2+ Bs)

bo =T (ap + dp), co=1",

A+ 2u
where I', IV are known quantities, specifying the stress distribution at in-
finity (It is also assumed that by is a real value (see [17])). Hence, by the
formulae (30-31)

oo = %21_(?1%)00, cg = —R%*(c — 1)by — i€ RK{(£ER)ag + RA,
b, — 2R (v + B)iEK1(ER)Cy — 2uK2(ER) (A1 + Rbo)
g =

ApRxK>(ER) — (v + B) (e + DEK(ER)
(5 + 1)2'(/_1_1 + Rbp) + 2RCy
g = v+ D).
> = R (ER) — (v + B) (e + DER1(ER) TP
In order to find expressions for b; and c;, it is necessary to refer to the
condition for single-valuedness of the displacements

~A(B1LA+ B2+ Bs)
A+ 2u

nby + ¢ = ai,

which in combination with the second relation of (29) gives

b Bl — W#m + i€ Ko(ER)Cy
1

- 2xIn R + 7(%“)5?0(8%)

= AB1+ B2+ p3)InR_

)

= — b —
“ o A+2p a“
(e +1)i
=Cy——=b
o1 1 sp b
and, finally, (32-33) determines all coefficients b,,, ¢, u:
A1, Aoy,
= = 2
bn A, Qnp A, n > 2z,

13
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bp— ) _
en=(n—1)R"! < 2 €K 1(ER)ap—2 + B;l_1> , > 2,

where

Rn—3
Apn = —— 2 K (€RVB,_, —i€K, 1(€R)C
in = _I/—I—B n(f ) 1_n—7,f n—l(f —n»
(et )i, »
A2n - 2R" B 1-n + (n _ 1)Rn_1 Cna
A = 2uxK,(ER) _ (2 +1)E{K—1(ER)
" (v+B)(n—1)R1 2R" '

It is easy to prove the absolute and uniform convergence of the series
obtained in the circular ring (including the contours) when the functions
set on the boundaries have sufficient smoothness.
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