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We consider the three-dimensional system of the equations of elastic static equilibrium

of bodies with double porosity. From this system of the equations, using a method of a

reduction of I. Vekua, we receive the equilibrium equations for the plates having double

porosity. The systems of the equations corresponding to approximations of N = 1 it is

written down in a complex form and we express the general solution of these systems

through analytic functions of complex variable and solutions of the Helmholtz equation.

The Dirichlet boundary value problem are solved explicitly for the concentric circular ring.
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1 Introduction

The first theory of consolidation for elastic materials with double porosity
was presented by Wilson and Aifantis [1]. This theory unifies the earlier
proposed models of porous media with single [2] and double [3, 4] porosities.
More general models of double porosity materials based on the Darcys law are
introduced in [5-9] and studied by several authors [10-17]. Recently, on the
basis of balance of equilibrated force the theory for elastic materials with a
double porosity structure are presented by Iesan and Quintanilla [18] and the
basic threedimensional BVPs of the equilibrium and steady vibrations of this
theory are investigated in [19, 20].

The problem of elastic bodies with double porosity was the subject of study
for some papers more than fifty years ago. Many authors have investigated



the BVPs of the theory of elasticity for materials with double porosity, that
are published in a large number of papers (some of these results can be seen
in [21-28] and references therein).

2 Basic three-dimensional relations

Let an elastic body with double porosity occupy the domain Ω ⊂ R3. Denote
by (x1, x2, x3) a point of the domain Ω in the arbitrary curvilinear system of
coordinates. Let the domain Ω be filled with an elastic isotropic homogenous
medium having double porosity. The considered solid body is characterized
by the displacement vector u = (u1, u2, u3), and also by the fluid pressures
p1(x

1, x2, x3) and p2(x
1, x2, x3) occurring respectively in the pores and fissures

of the porous medium.
Then a homogeneous system of static equilibrium equations is written in

the form [6]
∂iσij = 0, (1)

where ∂i ≡ ∂
∂xi

, σij are components of stress tensor, the summation over the
recurring index i is assumed to be made from 1 to 3.

Formulas that interrelate the stress components, the displacement vector
components and the pressures p1, p2 have the form [6]

σij = (λ∂kuk − β1p1 − β2p2)δij + 2µeij . (2)

where λ and µ are the Lamé parameters; β1 and β2 are the effective stress
parameters; δij is the Kronecker delta, eij are components of the deformation
tensor

eij = 0.5(∂iuj + ∂jui).

In the stationary case, the values p1 and p2 satisfy the following system of
equations [6] {

(k1∆3 − γ)p1 + (k12∆3 + γ)p2 = 0,
(k21∆3 + γ)p1 + (k2∆3 − γ)p2 = 0

in Ω, (3)

where k1 = κ1
µ′ , k2 = κ2

µ′ , k12 = κ12
µ′ , k21 = κ21

µ′ ; µ′ is fluid viscosity; κ1 and κ2
are the macroscopic intrinsic permeabilities associated with matrix and fissure
porosity; k12 and k21 are the cross-coupling permeabilities for fluid flow at the
interface between the matrix and fissure phases; γ > 0 is the internal transport
coefficient and corresponds to fluid transfer rate with respect to the intensity
of flow between the pore and fissures; ∆3 is the three-dimensional Laplace
operator.

17



It is easy to show that if γ > 0, k1k2 − k12k21 > 0, then the system
of equations (3) is equivalent to two independent equations: to the Laplace
equation [32]

∆3p̃1 = 0 in Ω (4)

and to the Helmholtz equation

∆3p̃2 − ζ2p̃2 = 0 in Ω, (5)

where
p̃1 := (k1 + k21)p1 + (k2 + k12)p2, p̃2 := p1 − p2,

ζ2 :=
γ(k1 + k2 + k12 + k21)

k1k2 − k12k21
> 0.

Adding the first equation of system (3) to the second equation of this system,
we immediately obtain equation (4).

3 Approximation N = 1

I. Vekua [29, 30] constructed hierarchical models for elastic prismatic shells,
in particular, plates of variable thickness, when on the face surfaces either
stresses are known. In [31] we apply I. Vekua’s method for a reduction of the
equations (1-5).

Consider approximation of the order N = 1.
We introduce the complex variable z = x1+ix2 (i

2 = −1) and the operators
∂z = 0.5(∂1 − i∂2), ∂z̄ = 0.5(∂1 + i∂2) (z̄ = x1 − ix2). The two-dimensional
Laplace operator is expressed as ∆ = 4∂z∂z̄.

The homogenous system of equation of the elastic plate may be written in
the following complex form [31]:

µ∆
(0)
u++2(λ+ µ)∂z̄

(0)

ϑ −2λ

h
∂z̄

(1)
u3−2∂z̄

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

)
= 0,

µ∆
(1)
u3−

3λ

h

(0)

ϑ −3(λ+ 2µ)

h2
(1)
u3+

3

h

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

)
= 0,

(6)


µ∆

(1)
u++2(λ+ µ)∂z̄

(1)

ϑ −6µ

h
∂z̄

(0)
u3−

3µ

h2
(1)
u+−2∂z̄

(
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
= 0,

µ∆
(0)
u3+

µ

h

(1)

ϑ = 0.

(7)

∆
(0)

p̃1 −
3

h2

(0)

p̃1 = 0,

∆
(0)

p̃2 −
(

3

h2
+ ζ2

)
(0)

p̃2 = 0,

(8)
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∆
(1)

p̃1 −
15

h2

(1)

p̃1 = 0,

∆
(1)

p̃2 −
(15
h2

+ ζ2
) (1)

p̃2 = 0,

(9)

where
(k)

p̃α(x
1, x2) =

(
k +

1

2

)
1

h

h∫
−h

p̃α(x
1, x2, x3)Pk

(
x3

h

)
dx3,

(k)
ui =

(
k +

1

2

)
1

h

h∫
−h

ui(x
1, x2, x3)Pk

(
x3

h

)
dx3,

(k)
u+ =

(k)
u1 +i

(k)
u2,

(k)

ϑ = ∂z
(k)
u++∂z̄

(k)
u+, k = 0, 1,

β∗1 =
β1 + β2
k0

, β∗2 =
β1(k2 + k12)− β2(k1 + k21)

k0
,

k0 = k1 + k2 + k12 + k21,

Pk

(
x3

h

)
is the Legendre polynomials of order k.

We take the operator 2∂z̄ out of the brackets in the left-hand part of the
first equation of system (6)

2∂z̄

(
2µ∂z

(0)
u++(λ+ µ)

(0)

ϑ +
λ

h

(1)
u3−β∗1

(0)

p̃1 −β∗2
(0)

p̃2

)
= 0. (10)

Since (10) is a system of Cauchy-Riemann equations, we have

2µ∂z
(0)
u++(λ+ µ)

(0)

ϑ +
λ

h

(1)
u3−β∗1

(0)

p̃1 −β∗2
(0)

p̃2 = aφ′(z), (11)

where φ′(z) are an arbitrary analytic function of z, a, are arbitrary nonzero
constant. Summing equation (11) with the conjugate equation, we will obtain

(λ+ 2µ)
(0)

ϑ +
λ

h

(1)
u3−β∗1

(0)

p̃1 −β∗2
(0)

p̃2 =
a

2
(φ′(z) + φ′(z)). (12)

From the second equation of system (6) we will define
(0)

ϑ

(0)

ϑ =
µh

3λ
∆

(1)
u3−

λ+ 2µ

λh

(1)
u3+

1

λ

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

)
(13)
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(13) we will substitute in (12), we obtain the following equation

∆

(
2µ

(1)
u3

)
− 12(λ+ µ)

(λ+ 2µ)h2

(
2µ

(1)
u3

)
= a

3λ

(λ+ 2µ)h
(φ′(z) + φ′(z))

− 12µ

(λ+ 2µ)h

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

) (14)

The general solution of the equation (14) taking into account that
(0)

p̃1 and
(0)

p̃2
satisfy to the equations (8), will have a form

2µ
(1)
u3 = χ(z, z̄)− λha

4(λ+ µ)
(φ′(z) + φ′(z)) + a1

(0)

p̃1 +a2
(0)

p̃2, (15)

where χ(z, z̄) the general solution of the following Helmholtz equation

∆χ− 12(λ+ µ)

(λ+ 2µ)h2
χ = 0;

aα =
12µh

9λ+ 6− δα2ζ2(λ+ 2µ)h2
β∗α, α = 1, 2;

Substituting equation (13) into (11) we obtain

2µ∂z
(0)
u++(λ+ µ)

µh

3λ
∆

(1)
u3−(3λ+ 2µ)

µ

λh

(1)
u3+

µ

λ

(
β∗1

(0)

p̃1 +β
∗
2

(0)

p̃2

)
= aφ′(z).

In this last formula are substituting the expression (15) for
(1)
u3

2µ∂z
(0)
u+ =

5λ+ 6µ

8(λ+ µ)
aφ′(z)− 3λ+ 2µ

8(λ+ µ)
aφ′(z) +

λh

6(λ+ µ)
∂z∂z̄χ

+∂z∂z̄

(
a0

(0)

p̃1 +b0
(0)

p̃2

)
, (16)

where

a0 =
4µh2

3(3λ+ 2µ)
β∗1 , b0 =

4µh2

3 + h2ζ2
3− h2ζ2

9λ+ 6µ− ζ2(λ+ µ)h2
β∗2 .

Let a = 8(λ+µ)
3λ+2µ , then integrating on z the above formula (16), we obtain

2µ
(0)
u+ = κ∗φ(z)− zφ′z − ψ(z) +

λh

6(λ+ µ)
∂z̄χ(z, z̄)

20



+∂z

(
a0

(0)

p̃1 +b0
(0)

p̃2

)
, (17)

where

κ∗ =
5λ+ 6µ

2λ+ 2µ
.

ψ(z) are an arbitrary analytic function of z. Thus, the general solution of (6)
and (8) are represented by formulas

(0)

p̃1 =
(0)
χ1(z, z̄),

(0)

p̃2 =
(0)
χ2(z, z̄), (18)

2µ
(0)
u+ = κ∗φ(z)− zφ′z − ψ(z)− λh

6(λ+ µ)
∂z̄χ(z, z̄)

+
4h2

3
a0∂z

(0)
χ1(z, z̄) +

4h2

3 + ζ2h2
b0∂z

(0)
χ2(z, z̄),

(19)

2µ
(1)
u3 = χ(z, z̄)− 2λh

3λ+ 2µ
(φ′(z) + φ′(z)) + a1

(0)
χ1(z, z̄) + a2

(0)
χ2(z, z̄), (20)

where χ(z, z̄),
(0)
χ1(z, z̄),

(0)
χ2(z, z̄) are the general solutions of the following

Helmholtz equations

∆χ− η2χ = 0, ∆
(0)
χ1−η21

(0)
χ1 = 0, ∆

(0)
χ2−η22

(0)
χ2 = 0,

η2 =
12(λ+ µ)

(λ+ 2µ)h2
, η21 =

3

h2
, η22 =

(
3

h2
+ ζ2

)
.

From the second equation of system (7)

2∂z̄
(0)
u3+

1

h

(1)
u+ =

i

h
∂z̄ω, (21)

where ω as yet unknown real function.
From (21) we have

(1)
u+ = −2h∂z̄

(0)
u3+i∂z̄ω. (22)

Substituting (22) and ϑ = −h∆
(0)
u3 in the first equation of system (9) and

integrating on z we obtain the equation

−(λ+ 2µ)h∆
(0)
u3+iµ

(
∆ω − 3

h2
ω

)
− 2
(
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
= af ′(z), (23)

where f ′(z) are an arbitrary analytic function of z; a are arbitrary nonzero
constant. Summing equation (23) with the conjugate equation, we will obtain

−4(λ+ 2µ)h∆
(0)
u3 = a(f ′(z) + f ′(z)) + 4

(
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
.
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From the last equation follows

(0)
u3 = − a

16(λ+ 2µ)
(z̄f(z) + zf(z)) + g(z) + g(z)

− 1

4(λ+ 2µ)

∫ ∫ (
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
dzdz̄, (24)

where g(z) is an arbitrary analytic function of z.
Considering the imaginary part of the equation (23), we obtain the equa-

tion

2µ
(
∆ω − 3

h2
ω
)
= −i(f ′(z)− f ′(z)),

which general solution is represented as follows

ω = τ(z, z̄) + i
h2

6µ
(f ′(z)− f ′(z)), (25)

where τ(z, z̄) the general solution of the following Helmholtz equation

∆τ(z, z̄)− 3

h2
τ(z, z̄) = 0,

Substituting formulas (24) and (25) in the (22), we obtain (a = 8(λ+ 2µ))

(1)
u+ = i∂z̄τ(z, z̄) +

4h2(λ+ 2µ)

3µ
f ′′(z) + zf ′(z) + f(z)− 2hg′(z)

+
1

2(λ+ 2µ)h

∫ (
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
dz. (26)

Taking into account the taken value of a constant a we will rewrite a
formula (21)

(0)
u3 = − 1

2h
(z̄f(z) + zf(z)) + g(z) + g(z)

− 1

4(λ+ 2µ)

∫ ∫ (
β∗1

(1)

p̃1 +β
∗
2

(1)

p̃2

)
dzdz̄. (27)

Thus, the general solution of (7) and (9) are represented by formulas

(1)

p̃1 =
(1)
χ2(z, z̄),

(1)

p̃1 =
(1)
χ1(z, z̄), (28)

(1)
u+ = i∂z̄τ(z, z̄) +

4h2(λ+ 2µ)

3µ
f ′′(z) + zf ′(z) + f(z)− 2hg′(z)

+
1

2(λ+ 2µ)h

(
4h2

15
β∗1∂z̄

(1)
χ1(z, z̄) +

4h2

15 + ζ2h2
β∗2∂z̄

(1)
χ2(z, z̄)

)
,

(29)
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(0)
u3 = − 1

2h
(z̄f(z) + zf(z)) + g(z) + g(z)

− 1

4(λ+ 2µ)

(
4h2

15
β∗1

(1)
χ1(z, z̄) +

4h2

15 + ζ2h2
β∗2

(1)
χ2(z, z̄)

) (30)

where τ(z, z̄),
(1)
χ1(z, z̄),

(1)
χ2(z, z̄) are the general solutions of the following

Helmholtz equations

∆τ − γ2τ = 0, ∆
(1)
χ1−η23

(1)
χ1 = 0, ∆

(1)
χ2−η24

(1)
χ2 = 0,

γ2 =
3

h2
, η23 =

15

h2
, η24 =

(
15

h2
+ ζ2

)
.

The constructed general solution enables one to solve analytically a suf-
ficiently wide class of boundary value problems of the elastic equilibrium of
porous plates with double porosity.

4 A problem for a circular ring

In this section, we solve a concrete boundary value problem for a concentric
circular ring with radius R1 and R2 (see fig. 1). On the boundary of the
considered domain the values of pressures p1 and p2 and the displacement
vector are given.

Fig. 1.

We consider the following problem

(0)

p̃1 =


+∞∑
−∞

A′
1ne

inϑ, |z| = R1,

+∞∑
−∞

A′′
1ne

inϑ, |z| = R2,

(0)

p̃2 =


+∞∑
−∞

B′
1ne

inϑ, |z| = R1,

+∞∑
−∞

B′′
1ne

inϑ, |z| = R2,
(31)
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(0)
u+ =


+∞∑
−∞

C ′
1ne

inϑ, |z| = R1,

+∞∑
−∞

C ′′
1ne

inϑ, |z| = R2,

(1)
u3 =


+∞∑
−∞

D′
1ne

inϑ, |z| = R1,

+∞∑
−∞

D′′
1ne

inϑ, |z| = R2,
(32)

(1)

p̃1 =


+∞∑
−∞

A′
2ne

inϑ, |z| = R1,

+∞∑
−∞

A′′
2ne

inϑ, |z| = R2,

(1)

p̃2 =


+∞∑
−∞

B′
2ne

inϑ, |z| = R1,

+∞∑
−∞

B′′
2ne

inϑ, |z| = R2,
(33)

(1)
u+ =


+∞∑
−∞

C ′
2ne

inϑ, |z| = R1,

+∞∑
−∞

C ′′
2ne

inϑ, |z| = R2,

(0)
u3 =


+∞∑
−∞

D′
2ne

inϑ, |z| = R1,

+∞∑
−∞

D′′
2ne

inϑ, |z| = R2,
(34)

The metaharmonic function
(0)
χ1(z, z̄) and

(0)
χ2(z, z̄) are represented as a series

(0)
χ1(z, z̄) =

+∞∑
−∞

(α′
1nIn(η1r) + α′

2nKn(η1r))e
inϑ,

(0)
χ2(z, z̄) =

+∞∑
−∞

(β′1nIn(η2r) + β′2nKn(η2r))e
inϑ,

(35)

where In(·) and Kn(·) are modified Bessel function of n-th order, z = reiϑ,
and are substituted in the boundary conditions (31) we have

+∞∑
−∞

(α′
1nIn(η1R1) + α′

2nKn(η1R1))e
inϑ =

+∞∑
−∞

A′
1ne

inϑ,

+∞∑
−∞

(α′
1nIn(η1R2) + α′

2nKn(η1R2))e
inϑ =

+∞∑
−∞

A′′
1ne

inϑ,

+∞∑
−∞

(β′1nIn(η2R1) + β′2nKn(η2R1))e
inϑ =

+∞∑
−∞

B′
1ne

inϑ,

+∞∑
−∞

(β′1nIn(η2R2) + β′2nKn(η2R2))e
inϑ =

+∞∑
−∞

B′′
1ne

inϑ,

Compare the coefficients at identical degrees. We obtain the following systems
of equations

In(η1R1)α
′
1n +Kn(η1R1)α

′
2n = A′

1n,
In(η1R2)α

′
1n +Kn(η1R2)α

′
2n = A′′

1n,
In(η2R1)β

′
1n +Kn(η2R1)β

′
2n = B′

1n,
In(η2R2)β

′
1n +Kn(η2R2)β

′
2n = B′′

1n.

(36)
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From (36) for coefficients α′
1n, α′

2n, β′1n and β′2n we have:

α′
1n =

A′
1nKn(η1R2)−A′′

1nKn(η1R1)

In(η1R1)Kn(η1R2)− In(η1R2)Kn(η1R1)
,

α′
2n =

A′
1nIn(η1R2)−A′′

1nIn(η1R1)

In(η1R1)Kn(η1R2)− In(η1R2)Kn(η1R1)
,

β′1n =
B′

1nKn(η2R2)−B′′
1nKn(η2R1)

In(η2R1)Kn(η2R2)− In(η2R2)Kn(η2R1)
,

β′2n =
B′

1nIn(η2R2)−B′′
1nIn(η2R1)

In(η2R1)Kn(η2R2)− In(η2R2)Kn(η2R1)
.

Let us introduce the functions φ(z), ψ(z), χ(z, z̄), by the series:

φ(z) = α ln z +
+∞∑
−∞

anz
n ψ(z) = β ln z +

+∞∑
−∞

bnz
n,

χ =

∞∑
−∞

(
α′
nIn(ηr) + α′′

nKn(ηr)
)
einθ,

and are substituted in the boundary conditions (32) we have

∞∑
−∞

(κ∗anr
neinϑ − nānr

ne−i(n−2)ϑ − b̄nr
ne−inϑ)

− ληh

12(λ+ µ)

+∞∑
−∞

(α′
nIn+1(rζ)− α′′

nKn+1(rζ))e
i(n+1)ϑ

(κ∗α− β̄) ln r + (κ∗α+ β̄)iϑ− ᾱe2iϑ =


+∞∑
−∞

E′
ne

inϑ, |z| = R1,

+∞∑
−∞

E′′
ne

inϑ, |z| = R2,

− 2λh

3λ+ 2µ

(
α

r
e−iϑ +

ᾱ

r
eiϑ +

∞∑
−∞

nrn−1
(
ane

i(n−1)ϑ + āne
−i(n−1)ϑ

))

+
+∞∑
−∞

(α′
nIn(rζ) + α′′

nKn(rζ))e
in)ϑ=


+∞∑
−∞

F ′
ne

inϑ, |z| = R1,

+∞∑
−∞

F ′′
ne

inϑ, |z| = R2,

where

Bn = Dn − µ(β1 + β2 + β3)

λ+ 2µ

(
(n+ 1)rncn+1 − (n− 1)r−nc̄1−n

)
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− 4µ

λ+ 2µ

[
δ1κ1
2

(αn−1In(κ1r)− βn−1Kn(κ1r))

+
δ2κ2
2

(γn−1In(κ2r)− δn−1Kn(κ2r))

]
,

(n = ±1, −2, ±3, ...),

B1 = D1 −
µ(β1 + β2 + β3)

λ+ 2µ

(
2rc2 +

α

r

)
− 4µ

λ+ 2µ

×
[
δ1κ1
2

(α0I1(κ1r)− β0K1(κ1r)) +
δ2κ2
2

(γ0I1(κ2r)− δ0K1(κ2r))

]
,

and Cn = En.
From the condition of displacement uniqueness it follows that

κ∗α+ β̄ = 0.

Comparison of terms independent of ϑ gives

2κ∗ lnR1α− 2R2
1ā2 −

ληh

12(λ+ µ)

(
α′
−1I0(ηR1)− α′′

−1K0(ηR1)
)

+κ∗a0 − b̄0 = E′
0,

2κ∗ lnR2α− 2R2
2ā2 −

ληh

12(λ+ µ)

(
α′
−1I0(ηR2)− α′′

−1K0(ηR2)
)

+κ∗a0 − b̄0 = E′′
0 .

(37)

Comparison of terms involving einϑ for n = ±1,±2, ... gives

κ∗R2
1a2 − ᾱ−R−2

1 b̄−2 −
ληh

12(λ+ µ)

(
α′
1I2(ηR1)− α′′

1K2(ηR1)
)
= E′

2,

κ∗R2
2a2 − ᾱ−R−2

2 b̄−2 −
ληh

12(λ+ µ)

(
α′
1I2(ηR2)− α′′

1K2(ηR2)
)
= E′′

2

(38)

κ∗Rn
1an + (n− 2)R2−n

1 ā2−n −R−n
1 b̄−n

− ληh

12(λ+ µ)

(
α′
n−1In(ηR1)− α′′

n−1Kn(ηR1)
)
= E′

n,

κ∗Rn
2an + (n− 2)R2−n

2 ā2−n −R−n
2 b̄−n

− ληh

12(λ+ µ)

(
α′
n−1In(ηR2)− α′′

n−1Kn(ηR2)
)
= E′′

n,

(n = ±1, −2, ±3, ...),

(39)

α′
1I1(ηR1) + α′′

1K1(ηR1)−
2λh

3λ+ 2µ

(
2R1a2 +

ᾱ

R1

)
= F ′

1,

α′
1I1(ηR2) + α′′

1K1(ηR2)−
2λh

3λ+ 2µ

(
2R2a2 +

ᾱ

R2

)
= F ′′

1 ,
(40)
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α′
nIn(ηR1) + α′′

nKn(ηR1)

− 2λh

3λ+ 2µ

[
(n+ 1)Rn

1an+1 − (n− 1)R−n
1 ā1−n

]
= F ′

n,

α′
nIn(ηR2) + α′′

nKn(ηR2)

− 2λh

3λ+ 2µ

[
(n+ 1)Rn

2an+1 − (n− 1)R−n
2 ā1−n

]
= F ′′

n ,

(n = 0, −1, ±2, ±3, ...).

(41)

From (38) and (40) we have

a2 =
2κ∗ lnR2/R1L2 + (R2

2 −R2
1)L1

2κ∗ lnR2/R1L3 + (R2
2 −R2

1)L4

where

L1 = 2(R2
1 −R2

2)−
λ2ηh2(I0(ηR2)− I0(ηR1))(R2K1(ηR1)−R1K1(ηR2))

3(λ+ µ)(3λ+ 2µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))

+
λ2ηh2(K0(ηR2)−K0(ηR1))(R2I1(ηR1)−R1I1(ηR2))

3(λ+ µ)(3λ+ 2µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))
,

L2 =
λ2ηh2(R2

2K2(ηR2)−R2
1K2(ηR1))(R2I1(ηR1)−R1I1(ηR2))

3(λ+ µ)(3λ+ 2µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))

+κ∗(R4
1 −R4

2)−
λ2ηh2(R2

2I2(ηR2)−R2
1I2(ηR1))(R2K1(ηR1)−R1K1(ηR2))

3(λ+ µ)(3λ+ 2µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))
,

L3 = E′′
0 − E′

0 +
ληh(I0(ηR2)− I0(ηR1))(F

′′
1K1(ηR1)− F ′

1K1(ηR2))

12(λ+ µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))

−ληh(K0(ηR2)−K0(ηR1))(F
′′
1 I1(ηR1)− F ′

1I1(ηR2))

12(λ+ µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))
,

L4 = −ληh(R
2
2K2(ηR2)−R2

1K2(ηR1))(F
′′
1 I1(ηR1)− F ′

1I1(ηR2))

12(λ+ µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))

+R2
2E

′′
2 −R2

1E
′
2 +

ληh(R2
2I2(ηR2)−R2

1I2(ηR1))(F
′′
1K1(ηR1)− F ′

1K1(ηR2))

12(λ+ µ)(I1(ηR2)K1(ηR1)− I1(ηR1)K1(ηR2))
.

The coefficients α, β, b−2, α
′
1, α

′′
1, κa0 − b0 are found by solving (37),

(38), (40).
From (41), dividing the first equation of (39) by Rn

1 , and second by Rn
2 ,

and subtracting, one obtains the first of the following formulas:{
Tnan + Snā−n+2 = Gn,

S−n+2an + T−n+2ā−n+2 = Ḡ−n+2,
(42)

where

Gn = Rn
2E

′′
n −Rn

1E
′
n

+
ληh(Rn

2 In(ηR2)−Rn
1 In(ηR1))(F

′′
n−1Kn−1(ηR1)−B′

n−1Kn−1(ηR2))

12(λ+ µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

−
ληh(Rn

2Kn(ηR2)−Rn
1Kn(ηR1))(F

′′
n−1In−1(ηR1)−B′

n−1In−1(ηR2))

12(λ+ µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))
,
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Tn = κ∗(R2n
2 −R2n

1 )

−λ
2ηh2n(Rn

2 In(ηR2)−Rn
1 In(ηR1))(R

n−1
2 Kn−1(ηR1)−Rn−1

1 Kn−1(ηR2))

6(λ+ µ)(3λ+ 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

+
λ2ηh2n(Rn

2Kn(ηR2)−Rn
1Kn(ηR1))(R

n−1
2 In−1(ηR1)−Rn−1

1 In−1(ηR2))

6(λ+ µ)(3λ+ 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))
,

Sn = (n− 2)
[
(R2

2 −R2
1)

+
λ2ηh2(Rn

2 In(ηR2)−Rn
1 In(ηR1))(R

1−n
2 Kn−1(ηR1)−R1−n

1 Kn−1(ηR2))

6(λ+ µ)(3λ+ 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

−λ
2ηh2(Rn

2Kn(ηR2)−Rn
1Kn(ηR1))(R

1−n
1 In−1(ηR1)−R1−n

2 In−1(ηR2))

6(λ+ µ)(3λ+ 2µ)(In−1(ηR2)Kn−1(ηR1)− In−1(ηR1)Kn−1(ηR2))

]
.

The second equation (42) is obtained from the first by replacing n by −n+ 2
and going the conjugate complex expression.

From (42) we have

an =
T2−nGn − SnC2−n

TnT2−n − SnS2−n
, (n = ±1, −2, ±3, ...).

The coefficients α′
n, α

′′
n, bn are found by solving (39), (41).

The metaharmonic function
(1)
χ1(z, z̄) and

(1)
χ2(z, z̄) are represented as a series

(1)
χ1(z, z̄) =

+∞∑
−∞

(α′′
1nIn(η3r) + α′′

2nKn(η3r))e
inϑ,

(1)
χ2(z, z̄) =

+∞∑
−∞

(β′′1nIn(η4r) + β′′2nKn(η4r))e
inϑ,

(43)

and are substituted in the boundary conditions (33) we have

+∞∑
−∞

(α′′
1nIn(η3R1) + α′′

2nKn(η3R1))e
inϑ =

+∞∑
−∞

A′
2ne

inϑ,

+∞∑
−∞

(α′′
1nIn(η3R2) + α′′

2nKn(η3R2))e
inϑ =

+∞∑
−∞

A′′
2ne

inϑ,

+∞∑
−∞

(β′′1nIn(η4R1) + β′′2nKn(η4R1))e
inϑ =

+∞∑
−∞

B′
2ne

inϑ,

+∞∑
−∞

(β′′1nIn(η4R2) + β′′2nKn(η4R2))e
inϑ =

+∞∑
−∞

B′′
2ne

inϑ,
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Compare the coefficients at identical degrees. We obtain the following systems
of equations

In(η3R1)α
′′
1n +Kn(η3R1)α

′′
2n = A′

2n,
In(η3R2)α

′′
1n +Kn(η3R2)α

′′
2n = A′′

2n,
In(η4R1)β

′′
1n +Kn(η4R1)β

′′
2n = B′

2n,
In(η4R2)β

′′
1n +Kn(η4R2)β

′′
2n = B′′

2n.

(44)

From (36) for coefficients α′′
1n, α′′

2n, β′′1n and β′′2n we have:

α′′
1n =

A′
2nKn(η3R2)−A′′

2nKn(η3R1)

In(η3R1)Kn(η3R2)− In(η3R2)Kn(η3R1)
,

α′′
2n =

A′
2nIn(η3R2)−A′′

2nIn(η3R1)

In(η3R1)Kn(η3R2)− In(η3R2)Kn(η3R1)
,

β′′1n =
B′

2nKn(η4R2)−B′′
2nKn(η4R1)

In(η4R1)Kn(η4R2)− In(η4R2)Kn(η4R1)
,

β′′2n =
B′

2nIn(η4R2)−B′′
2nIn(η4R1)

In(η4R1)Kn(η4R2)− In(η4R2)Kn(η4R1)
.

Let us introduce the functions f(z), g(z), τ(z, z̄), by the series:

f(z) =

+∞∑
−∞

cnz
n g(z) = δ ln z +

+∞∑
−∞

dnz
n,

τ =
∞∑
−∞

(
β′nIn(γr) + β′′nKn(γr)

)
einθ,

and are substituted in the boundary conditions (34) we have

iγ

2

∞∑
−∞

(
β′nIn+1(γr)− β′′nKn+1(γr)

)
ei(n+1)ϑ − 2h

∞∑
−∞

nd̄nr
n−1ei(1−n)ϑ

+
∞∑
−∞

nc̄nr
nei(2−n)ϑ +

4(λ+ 2µ)h2

3µ

∞∑
−∞

n(n− 1)c̄nr
n−2ei(2−n)ϑ

+
∞∑
−∞

cnr
neinϑ − 2δ̄h

r
eiϑ =


+∞∑
−∞

G′
ne

inϑ, |z| = R1,

+∞∑
−∞

G′′
ne

inϑ, |z| = R2,

∞∑
−∞

(
dne

inϑ + d̄ne
−inϑ

)
rn − 1

2h

∞∑
−∞

(
cne

i(n−1)ϑ + c̄ne
−i(n−1)ϑ

)
rn+1

+(δ + δ̄) ln r + (δ − δ̄)iϑ =


+∞∑
−∞

F ′
ne

inϑ, |z| = R1,

+∞∑
−∞

F ′′
ne

inϑ, |z| = R2,
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where

Bn = Dn − µ(β1 + β2 + β3)

λ+ 2µ

(
(n+ 1)rncn+1 − (n− 1)r−nc̄1−n

)
− 4µ

λ+ 2µ

[
δ1κ1
2

(αn−1In(κ1r)− βn−1Kn(κ1r))

+
δ2κ2
2

(γn−1In(κ2r)− δn−1Kn(κ2r))

]
,

(n = ±1, −2, ±3, ...),

B1 = D1 −
µ(β1 + β2 + β3)

λ+ 2µ

(
2rc2 +

α

r

)
− 4µ

λ+ 2µ

×
[
δ1κ1
2

(α0I1(κ1r)− β0K1(κ1r)) +
δ2κ2
2

(γ0I1(κ2r)− δ0K1(κ2r))

]
,

and Cn = En.
From the condition of displacement uniqueness it follows that

δ − δ̄ = 0.

Comparison of terms involving einϑ gives

iγ

2

(
β′0I1(γR1)− β′′0K1(γR1)

)
+R1(c1 + c̄1)−

2hδ

R1
= G′

1,

iγ

2

(
β′0I1(γR2)− β′′0K1(γR2)

)
+R1(c1 + c̄1)−

2hδ

R2
= G′′

1,
(45)

iγ

2

(
β′n−1In(γR1)− β′′n−1Kn(γR1)

)
+Rn

1 cn − (n− 2)R2−n
1 c̄2−n

+
4(λ+ 2µ)h2

3µ
(n− 1)(n− 2)R−n

1 c̄2−n + 2(n− 1)hR−n
1 d̄1−n = G′

n,

iγ

2

(
β′n−1In(γR2)− β′′n−1Kn(γR2)

)
+Rn

2 cn − (n− 2)R2−n
2 c̄2−n

+
4(λ+ 2µ)h2

3µ
(n− 1)(n− 2)R−n

2 c̄2−n + 2(n− 1)hR−n
2 d̄1−n = G′′

n,

(46)

d0 + d̄0 −
R2

1

2h
(c1 + c̄1) + 2δ lnR1 = Q′

0,

d0 + d̄0 −
R2

2

2h
(c1 + c̄1) + 2δ lnR2 = Q′′

0,

(47)

Rn
1dn +R−n

1 d̄−n − 1

2h

(
Rn+2

1 cn+1 +R−n+2
1 c̄−n+1

)
= Q′

n,

Rn
2dn +R−n

2 d̄−n − 1

2h

(
Rn+2

2 cn+1 +R−n+2
2 c̄−n+1

)
= Q′′

n.
(48)
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From (45) and (47) we have

c1 + c̄1 =
R2ReG

′′
1 −R1ReG

′
1

R2
2 −R2

1

,

β′0 =
2γ(K1(γR1)ImG

′′
1 −K1(γR2)ImG

′
1)

3(K1(γR1)I1(γR2)−K1(γR2)I1(γR1))
.

The coefficients d0 + d̄0, β
′′
0 are found by solving (45), (47).

From (48)

d1−n =
(R4−2n

2 −R4−2n
1 )c2−n + (R2

2 −R2
1)cn

2h(R2−2n
2 −R2−2n

1 )

+
2R1−n

2 Q′′
n−1 − 2R1−n

1 Q′
n−1

2(R2−2n
2 −R2−2n

1 )
.

(49)

Substituting from (49) in (46) we have

iγ

2
In(γR1)β

′
n−1 −

iγ

2
Kn(γR1)β

′′
n−1 +

[
Rn

1 − (n− 1)Rn
1 (R

2
2 −R2

1)

R−2n+2
2 −R−2n+2

1

]
cn

+
4(λ+ 2µ)h2

3µ
(R−n

1 (n− 1)−R−n+2
1 )(n− 2)c̄−n+2

+
(n− 1)hRn

1 (R
−2n+4
2 −R−2n+4

1 )

R−2n+2
2 −R−2n+2

1

c̄−n+2

= G′
n −

2(n− 1)hRn
1 (R

−n+1
2 Q

′′
−n+1 −R−n+1

1 Q
′
−n+1)

R−2n+2
2 −R−2n+2

1

,

(50)

iγ

2
In(γR2)β

′
n−1 −

iγ

2
Kn(γR2)β

′′
n−1 +

[
Rn

2 − (n− 1)Rn
2 (R

2
2 −R2

1)

R−2n+2
2 −R−2n+2

1

]
cn

+
4(λ+ 2µ)h2

3µ
(R−n

2 (n− 1)−R−n+2
2 )(n− 2)c̄−n+2

+
(n− 1)hRn

2 (R
−2n+4
2 −R−2n+4

1 )

R−2n+2
2 −R−2n+2

1

c̄−n+2

= G′′
n −

2(n− 1)hRn
2 (R

−n+1
2 Q

′′
−n+1 −R−n+1

1 Q
′
−n+1)

R−2n+2
2 −R−2n+2

1

,

(51)

− iγ
2
In−2(γR1)β

′
n−1 +

iγ

2
Kn−2(γR1)β

′′
n−1

+

[
R−n+2

1 +
(n− 1)R−n+2

1 (R2
2 −R2

1)

R2n−2
2 −R2n−2

1

]
c̄−n+2

+

[
4(λ+ 2µ)h2

3µ
(Rn−2

1 (n− 1) +Rn
1 )n+

(n− 1)hR2−n
1 (R2n

2 −R2n
1 )

R2n−2
2 −R2n−2

1

]
cn

= G
′
−n+2 −

2(n− 1)hR2−n
1 (Rn−1

2 Q
′′
n−1 −Rn−1

1 Q
′
n−1)

R2−2n
2 −R2−2n

1

,

(52)
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− iγ
2
In−2(γR2)β

′
n−1 +

iγ

2
Kn−2(γR2)β

′′
n−1

+

[
R−n+2

2 +
(n− 1)R−n+2

2 (R2
2 −R2

1)

R2n−2
2 −R2n−2

1

]
c̄−n+2

+

[
4(λ+ 2µ)h2

3µ
(Rn−2

2 (n− 1) +Rn
2 )n+

(n− 1)hR2−n
2 (R2n

2 −R2n
1 )

R2n−2
2 −R2n−2

1

]
cn

= G
′
−n+2 −

2(n− 1)hR2−n
2 (Rn−1

2 Q
′′
n−1 −Rn−1

1 Q
′
n−1)

R2−2n
2 −R2−2n

1

.

(53)
The coefficients β′n, β

′′
n, cn, dn may be found from (49)-(53).

It is easy to prove the absolute and uniform convergence of the series
obtained in the circular ring (including the contours) when the functions set
on the boundaries have sufficient smoothness.
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