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Abstract

In the present paper we consider the geometrically nonlinear and non-shallow
spherical shells, when components of the deformation tensor have nonlinear terms.
Using complex variable functions and the method of the small parameter approximate
solutions are constructed for N = 2 in the hierarchy by |. Vekua. Concrete problem
has been solved.
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1 Introduction

I. Vekua has constructed the refined theory of shallow shells [1],[2]. This
method for non-shallow shells in case of the geometrical and physical non-
linear theory was generalized by T.Meunargia [3],[4].

In the present paper we consider the system of equilibrium equations
of the two dimensional geometrically nonlinear non-shallow spherical shells
which are obtained from the three-dimensional problems of the theory of
elasticity for isotropic and homogeneous shell by the method of 1. Vekua.

2 Approximation of Order N = 2

The displacement vector U (2!, 22, 23) are expressed by the following for-
mula [1, 2] (approximation N = 2)

3 1 3\2
U(z!, 22, 23) = u(zt, 2?) + %v(xl,xz) b (3(i2> — 1| w(z!,2?).
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Here u(z!, 22), v(z!, 2?) and w(z!, 22) are the vector fields on the mid-

dle surface 2 = 0, 2h is the thickness of the shell, 23 is a thickness coordi-
nate (—h < 23 < h), 2! and 22 are isometric coordinates on the spherical
surface

1 9 2

T =tan = cosyp, x° = tan—singy,
g (¥ 9 MY

where 6 and ¢ are the geographical coordinates.
Let us construct the solutions of the form [2, 5]

> k > k > k
U; = uz;e", V; = Ve, w; = w;e", (’L = 1,2,3),
k=1 k=1 k=1

where u;, v; and w; are the components of the vectors u, v and w respec-
tively, € = RLO is a small parameter, Ry is the radius of the midsurface of
the sphere.

Using I. Vekua’s method and complex variable functions the system of

equilibrium equations can be represented in the form

k k k
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(1+22)%’ A 020z

33



AMIM Vol.22 No.1, 2017 B. Gulua
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k 81U+ 8@+
6= A(az+az)'

Introducing the well-known differential operators

o_1(o ;0N o0 _1(0 .0
0z 2\ ox! ox2)’ 9z 2\ 9x! ox? )"

k k k k k k
X+, Y4, Z 4+, X3,Y 3, Z3 are the components of external force
. . 0 k=1 0 k—1
and well-known quantity, defined by functions u ;,..., u ;v j,..., v,

0 k—1
W 4,0, W 4 (’L,] = 1,2,3).

The complex representation of a general solutions of systems (1) end
(2) are written in the following form

e o [ e (L] [0 o

o 2) iaXI( 3 ) iax2(zaz)

S vy (71 22 4 0z )

koo 2 723X1 (2,2) it Ixa(2,2) | .Oxs(z,2) 20—

v _3< t, T o: T oz rop” G )
k 2

U3 =x1(2,2) + xa(z,2) - w+mx¢@+¢@y

B Oalzz) 0 A Oxs(2,2) | 16+ p) s

YT 10()\+u) 9z 30t @

—/ e ( // CC““)N@@%»
k

U 3= mXS(z 2) +9(2) + 9(2)

_//Agg 2)+ f'(z )}lnlc—zldédn,

3(A2+A2,L) (£ + 7).

where ¢ = £ +1in, p(2),0(2),f(z) and g(z) are any analytic functions of z,
x1(z, 2), x2(z,2), x3(2,2), x4(2,2) and x5(z, Z), are the general solutions
of the following Helmholtz’s equations, respectively:

k _
w 3 =x5(2,%) —

Axa(z,2) — fyixa(z,i) =0, a=1,2,
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6(N\+ 1)
A2

a =

Axs(z,z) — 15x3(2,2) =0, Axa(z,2z) —3x4(z,2) =0,
60(A + 1)

AX5(272) - 72X5(2)2) = 07 72 = )\+ 2,u .

D is the domain of the plane Oz'z? onto which the midsurface S of the
shell is mapped topologically.

Here we present a general scheme of solution of boundary problems
when the domain D is the circular ring with radius R; and Ry [6-11].

The second boundary problem (in displacements) for any k takes the
form

K 5/\+6u1// dgdn // : dgdn
T T3 Nt 2un -z

22 <18X1(z %) +1ax2(2,5)>

x@'(2) = 9(2) -

A+2u \7m 0z Yo o 0Z (3)
(k)
G1, |z| =Ry,
(k)//
Gl; |Z’:R2,
ko 2 (7vdxi(z,2) | moxa(z,2) | .0xs(z,2)
Y= 3 <’)/1 0z + Y2 0z e 0z
(k)
b g O FI= R 4)
332+ 2 (k)
(33 +2u) 0% |2 = Ra,
k . _ _ 2Ah / /7
vs=x(57) 42 - 5o (¢6) +90)
(k)
N G?ln |Z|_R17 (5)
G%a ’z‘_R%
k _ -8X4(Za2) A 8X5(Z¢2) 16()‘+:u) 17
VT 100\ +p) 0z (/\+2u)f (2)

4/A(<,§2f’ )i (// CCdﬁdn)f()2g,(Z) .
k
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53:20()\)\_'_)X5(Zz)+g _//ACC
Q (7)
R7
<[ £1(2) + F(2)] In|¢ — =ldedn = (Qkf 2] = Ry
Q ’Z‘:R%
i Q4 -l =R
- 12l = Ry,
'IIICJSZXS(Z,E)—M(f’(z)+f/(z)) _ (k)3 L (8)
Q,é’ ’Z|:R2,

(k) (k) y (k) (k) " (k) (k) (k) (k) (k’)/ (k) Y (k)/ (k) "
where G1{, G, G4, G', G4, G5, Q1, Q1, @3, Q'>, Q4 and Q'3 are

the known values.
Next ¢'(z) and ¥(z) are expanded in power series of the type

o(z) = _i anz", P(z) = _ioj bp2",

o0

X1(2,2) = X (undn(m7) + B1nKn(117)) emﬁ,
By . (9)
x2(z,2) = _Z: (anln(y2r) + BanKn(yar)) emﬁ,
X8(2,2) = 5= (aann(VT5) + Bn K (VTBr)) €7,

where I, (kr) and K, (xr) are Bessel’s modificed functions, the expression
k), &), k) R (K (), ‘ ,
Gi, G, G35, G5, G4 and G '3 in the form of a complex Fourier series

(k) 0 , (k) 0 A (k) 0 A
Gi=2 Allnemﬂ’ G2= ) A,Znemﬁ’ Gi5= > Agneznﬁ’

> > ;ZO (10)
(k)/ _ = ! ind (k)/ _ = /g (k)/ _ /g
Q1_2A4ne ’ Q2_2A5ne ) Q3_2A6ne :

By substituting (9) and (10) into (3), (4) and (5) we obtain:

5\ + 6p >
3)\ T3 Z Rn 1€—na—ne i(n—1)9 ZO: R?bnefmﬁ
oo

A i(n
i Z [(alnIn+1('YlRl) — BinKps1(11Ry)) 'Y (11)

(conIni1(v2R1) — PonKnt1(12R1)) ”‘H} ZA eind
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BA + 61 = €na > -
nln i(n+1)9 T —in® n—2

o0

xem? Z [(Oém L1 (mR2) — BinKns1(mR2)) e (12)

A+ 20 4

o0

+ (qonIns1 (2 Ra) = BonEni1 (12 R2)) D7) = 37 A e,

o

Z(an 2(MR1) + BinK (11 Ry)) €™

+Z oond, 'rL 2R1 +B2n n( QRI)) eim9 (13)

2)\h > i —in pind
_m_z:( U4+ Gne 19 ZA
oo

Z(Oéln 2(MR2) + 1Ky (11 R2)) €™

+ Z oond, 'rL 2R2 + B2n n( QRQ)) eim9 (14)
BV : . :
B e 2'“ Z(aneznﬁ + &nefzm?)Rg _ Z /2/n€1m97

—00

2 (e.o]
§Z[% (a1 (11 R1) = BinKni1(71R1))

+ 1 (conIni1(v2R1) — PonKni1(12R1))

2
R (15)
(agn n.t,_l(\/iRl) B3n n-i-l(\/iRl)) int1)?
4\ 19 _ '
AN ane z n— A zn
(3)\ ¥ 2u) Zan Z
2 o
3 Z {% (a1nlny1(mRe) — PrnKni1(n1R2))
—1—% (a2ndni1(72R2) — PonKni1(12R2))
R (16)
(Oé3n I+1(V15R2) — Bay, n+1(\ﬁR2)) i)
+L Z nR g, e=in=19 _ Z " gind
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Ro
where &, =2 [ A(p)p**dp.
Ry
Compare the coefficients at identical degrees (11)-(16). We obtain the

following system of equations

(In—1(mPR1)ain — Kn—1(mR1)Bin

5\ + 6/1, -1 _
RY —nl—n

3A+2u 1 “

A+ 20
—In—1(7v2R1)aon + Kn—1(72R1)B2n) —
~RY M =AYy, >0,

- In— R n - Kn— n
Nton (In—1(m1R2)a 1(71R2) 51
—I—1(y2R2)ag, + Kn—1(72R2)Ban) — 2Ry ™ tepa—p

_Rg_lbn—l = Alll —n+1s 120, (17)

- (I, (1R n1 — Kj n—
)\+2M( (1 R1)o1 a1 (71R1)B1n—1

—In(v2R1)ag n—1+ Kn(v2R1)B2 n-1)
YR, = AL 0> 0,

-~ Un n— Ky n
Nton (Iny1(mR2)an +1(mR2)pb1 )
—Int1(v2R2)aon + Knt1(72R2)Ban) — R;"flb,n,l

SA+6u € _ .
<3)\ 4 2Z RnT—LI-I B QRS 1€0> an = A/1/n+17 n > 0,
2

In(viR1)ain + Ky (y1R1) Bin + In(v2Ri)aon + Kn(v2R1)Bon

oA o
—m( Yan + Ri"a_,) = A,

I,(viR2)aun + Kn(71R2) Bin + In(v2Ro)ao, + K (v2R2)Bon
. 2\ ( "o + Ro"G )_ "
B g g 20 Tl en) = Aons
% (In+1(mPR1)oin — Knt1 (71 R1)Bin)
+1 (In41(72R1)on — Kpy1(v2R1)B2n)

3
(In—ﬁ-l(\/ﬁRl)af}n - Kn+1(\/ﬁR1)B3n)

(18)

iv15

4n —n—1- /
_— _ = A
33A+2u) 1 T Ssntb

+
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? (In+1(m1R2)a1n — Kny1(mR2)Bin)
+% (In41(v2R2)on — Kpy1(v2R2)52n)

ivi5 = (20)
4 n n—1— /
R Q_p = .
33X +2u) " 2 sl

The coefficients a, by, @1n, Qon, Q3n, Bin, Bon, B3n are found by solving
(17)-(20).

Let us introduce the functions f/(z), g(z)and w(z, z), (k)ﬁr, o ", %2);;,
(Qk) s by the series
P =S e )=
X4(2,2) = 5 (unTu(V3) + B Fn (V30)) €77,
X5(202) = 3 (snlao) + Bk (3m) €7, (21)
Qb= 3 4™, Qb= 3 Ape, Qb= Ay,
é)”l :% Al e 5”2 :% Al etV : " :O% Al en?,

By substituting (21) into (6-8) we now find the coefficients ¢, dy,, aun,
Q5n, Q6n, Ban, Bsn and ag, from following system of algebraic equations:

iv/3
7 (In+l(\/§R1)a4n - Kn+l(\/§R1)B4n>
Ay
—m (In+1(’YR1)045n - Kn—l—l('YRl)BSn)
16(A+p)n  _ 2n -
T oy o ~pntif-n T}-ld—" = Z;n+1, n >0,
3()\ + QM)RI Ry (22)
iv3 n o -
T (In+1(\/§R2)0¢4n - Kn+1(\/§R2)64n> + Wd—n
2
Ay
—m (In+1(’7R2)045n - Kn+1('YR2)BEm)
16(\ + p)n En

-, — en 4+ 2R Yegen, =AY 1, n >0,
3\ + 2u)RyTET T Ryt T A S0 Sy =
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i\Q/‘3 (I"_l(\/gRl)O%n - Kn_l(\/§R1)54n> —e_nR ey
A

16(\ Ri1 .
+ A+ pnk en—2nRY T, =AY, n> 1,

3 3(A+2u) o
ﬁ (In—l(\/gRQ)OMn - Kn—l(\/gRQ)B4n> + 250R2_n_1c,n

2
A
‘WLL) (In—1(yRa)asn = Kn1(yR2)B5n)

16(X + ,u)nRg_l _ 17 "
=R, = A n>
3()\ 2/’6) c n 2 4 —n+1 n -z

A
————— (In(vR1)asn + Kn(YR1)Bsn
+ Ry + Ry™Md_y — —regcn — —2e_pe_n = AL,
N n n (24)

_n £ €0
n n n = "
Fydn + By dn = nRY e nRY Cn s

_l’_

20()\)\4_@ (LIo(yR1)oso + Ko(vR1)PBs0)

+dy + 80 — 260(60 + 50) = Ag’)O?
A
— (Ip(vR Ko(vR
2000 + 1) (Io(vR2)aso + Ko(vR2)Bs0)
+dg + dy — 2¢01n RQ(CO + Eo) = A/5/0,
2\ " ,
16n = Aﬁn)
3(A+2p) (26)

2\
— 2 _Ric, = A,

The coefficients ¢, d;,, Q4n, O5n, Q6n, Ban, B5n and ag, are found by solving

(22)-(26).

In(’YRl)aEm + Kn(’YRl)B&L -

In('YR2)a5n + Kn(’YRQ)ﬁEm -
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