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Abstract

In this paper we consider non-shallow shells. By means of |. Vekua's method
of normed moments we get the approximate expression of the stress tensor which is

compatible with boundary data on face surfaces.
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1 Equations of Equilibrium of an Elastic Medium

I[.Vekua has obtained the equations of shallow shells [1], [2]. It means that
the interior geometry of the shell does not vary in thickness. This method
for non-shallow shells in case of geometrical and physical non-linear theory
was generalized by T.Meunargia [3].

The vector form of the equilibrium equation of the elastic shells have
the following form

1 0go ,
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where 2% (i = 1,2,3) are curvilinear coordinates, g = det(g;) is the dis-
criminant of the metric tensor of the space, d is the volume force, ¢ are
contravariant stress vectors.

Hooke’s generalized law for isotropic and homogeneous shells has the
form
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where U is the displacement vector, R* and R; are covariant and contravari-
ant base vectors of the space, A and p are Lamé’s constants
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where E and ¢ are Young’s modulus and Poisson’s ratio, respectively, E is
the operator of identical transformation.

Let 2 denote a shell and the domain of the space occupied by this shell.
Inside the shell, we consider a smooth surface S with respect to which the
shell €2 lies symmetrically. The surface S is called the midsurface of the shell
Q. To construct the theory of shells, we use the more convenient coordinate
system which is normally connected with the midsurface S. This means
that the radius-vector R of any point M of the domain €2 may be expressed
by the formula

R(z', 22, 2%) = 7z, 2?) + 257 (2!, 2?),

where 7 and 71 are the radius-vector and the unit vector of the normal of
the surface S (23 = 0), respectively, (2!, 22) are the Gaussian parameters
of the midsurfaces [1].

The covariant and contravariant basis vectors R; and R of the sur-
face S (x3 = const), and the corresponding basis vectors and 7 of # the
midsurface are connected by the following relations

B A — AT P AR A
R; = A7 = AX'T;, R' = A7 —A_jr,
where
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Here ag and bg are the mixed components of the metric and curvature
tensors of the midsurface S(z3 = 0), H and K are the middle and Gaussian
curvature of the surface S and h is a semithickness of the shell.

Using formulae (2) and (3) we get
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2 1. Vekua’s reduction method

2 1
Multiplying both sides of equation (1) by factors %Pm (%) (m =
) and then integrating with respect to x3 from —h to h, we have
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and ST, respectively.
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For moments ¢* we get the expressions
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If we use expressions (6) in to equations (5) we obtain an infinite system
of second-order partial differential equations with respect to the moments
©) (0) -

i, 1 ,... of the unknown displacement vector U. Each equation of this
0) (0)
system contains an infinite number of desired moments 4, i, ...

15



AMIM Vol.20 No.1, 2015 B. Gulua

An infinite system of equations (5) has the advantage that it contains
two independent variables Gaussian coordinates z!', z? of the surface S.
But the decrease in the number of independent variables by one is achieved
by increasing the number of equations to infinity, which, naturally, has
an obvious practical inconvenience. Therefore it is necessary to make the
next step a further simplification of the problem. Our aim is to reduce the
problem to a finite system of equations in two independent variables.

3 1. Vekua’s method of normed moments

Let us fix a non-negative integer N and out of an infinite system (8) consider
only the first equations. Then we obtain the system of equations of finite
order
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which obviously depend on N.
For (9) we used the following equation

2m1+1<(m1j1) (m1+3) )
e L AR
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Expressions (9) contain N +3 vectors @, @, @, V , V. Our purpose is
+) ) 0 1) (V)
to express the vectors V and V by means of vectors i, i ,..., U , ensuring

the satisfaction of boundary conditions on face surfaces. If we represent
contravariant vectors of the stress forces by the approximate formula

N (m
O_—Vi(mhxz?x?’) = Z (E)Z(xlva)Pm (%) )

m=0
we can write boundary conditions on ST and S~ in the form

N (m) N (m) )
Z& =P, Y (-)"s?=P. (10)

Substituting expressions (9) into these equalities we get
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we get
xS @
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Then we can write the system of equations (11) as

IR I (+)
SN+ =V —(—DN(N+1)y /2= V | =2h A,
a a
@ ) - (12)
S (-D)N(N +1) ;J“V—(N+1)2 iv =2h Ay,

where
¢ = (A4 p)it @ 7 + pE,

Since the solution of the equation
AU =[N+ pi@i+ uBElU =V,

where U is the unknown vector and V is the given vector field, is expressed
by

the equality (12) may be rewritten as

g (t) g (:) (+)
(N +1)3 % V —(-1)N(N + 1),/7+ V =2hc! A,
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(+) ) _
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Thus we have

(+) N (—
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If we substitute these expressions into equalities (9) we obtain relations
) ) (m) oo W) _
which connect the vector-functions ¢ * and #, ,..., @ . If we substitute

(m)
the expression & * into (10) we get the approximate expression of the

stress tensor which is compatible with boundary data on face surfaces for
© @ (V)

any vector fields , i, ..., i , representing moments of the unknown vector
field U.

The expressions (9), which are compatible with boundary conditions on
face surfaces, will be called normed moments of order m of contravariant
vectors of the stress forces, or more briefly, normed moments of the stress

field.
: : : ), .
If we substitute the obtained expressions for normed moments & * into

equations (8) we get the system consisting N + 1 vector equations. Each of

0 @ @)
these equations contains N + 1 vectors #, i ,..., ¥ and their second-order

partial derivatives with respect to Gaussian parameters of the 6/N + 6th

0) , (0), (0 N) | (N), (N
order for defining 3N +3 functions (u) L (u) 2, (u) 3. (u) L (u) 2, (u) 3 which

© 1) W)

—

represent contravariant components of the unknown moments # , ..., U .
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