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Abstract

In the present paper by means of the |. Vekua method the system of differential
equations for the nonlinear theory of non-shallow spherical shells is obtained. Using
the method of the small parameter approximate solutions of |. Vekua's equations for
approximations N = 0 is constructed. The small parameter ¢ = h/R, where 2h is the

thickness of the shell, R is the radius of the sphere. Concrete problem is solved.
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1 Equations of Equilibrium of an Elastic Medium

Making use of tensor notation, we can write the equilibrium equation of the
continuous medium and stress-strain relations (Hooke’s law) in the form [1]

Vie! + @ =0, (1)
o' = E9e,, (R; + dju), (2)

where V; are covariant derivatives with respect to the space coordinates x*,
® is the volume force, o* are the contravariant constituents of the stress
vectors, FYP? is the contravariant tensor of rank four:

FUPrd — )\gijgpq + (gipgjq + giqgip) (gij — RiRj) ’

A and p are Lamé’s constants, ey, are covariant components of the strain
tensor:

1
ep = 3 (Rpﬁqu + R,0pu + 8pu8qu), (3)
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u is the displacement vector, R; and R’ are covariant and contravariant
base vectors of the space, g% are contravariant components of the discrim-
inant g of the metric quadratic form of the space.

2 Non-shallow spherical shells

Let Q2 denote a shall and the domain of the space occupied by this shell.
Inside the shell, we consider a smooth surface S with respect to which the
shell 2 lies symmetrically. The surface S is called the midsurface of the shell
Q). To construct the theory of shells, we use the more convenient coordinate
system which is normally connected with the midsurface S. This means
that the radius-vector R of any point of the domain {2 can be represented
in the form
Rz, 2% 23) = (2!, 2?) + 23n(a!, 2?),

where r and n are the radius-vector and the unit vector of the normal of
the surface S (23 = 0), respectively, (2!, 22) are the Gaussian parameters
of the midsurfaces.

For the non-shallow spherical shell of radius R, R; and R' are con-
nected with the covariant and contravariant base vectors r; and r* of the
midsurface S (z3 = 0) by the following relations:

$3 « 1 « 3
Ro=(14+=)ra, R*= -7, Ry=R>=n. (4)
R x

142
+R

The relation (1) can be written as:

Vao(00®) 4 d3(963) + 9@ = 0, (5)
where V, are covariant derivatives on the midsurface S (z3 = 0) of spherical
23\ 2
hell and ¥ = (1 + —
shell an ( + R)

The Hooke’s law (2) can be written as:

8o 9Pud 1
o=\ r ’31; + nosu + % + =0%udsu
T 23 2
(6)
re 0%u
X 3 +
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anp B o« o Y] 3
n, r8u+r8u+ 0%udPu <(1+$>r5+85u>

23\ ° 23\* R
1+ — 1+ —
! <+R> <+R>

r®dPu  (n+ Pu)du

T 3 + 2 (n+83u),
1+ 142
R "R
8o OPud 1
o= |T ﬁl;Jrn@gqu%qLQag’u@gu (n+ 0su)
L T
1+ — il
+ R 2(1+ R)
(7)
(n+ Pu)d’u  rPd3u 3
x
=z 1+ —
1+ 7 + R

+u [Qnagu + 83u63u] (n + O0su) .

3 I. Vekua’s reduction method

In the present paper we use 1. Vekua’s reduction method for the nonlinear
theory of non-shallow shells (I. Vekua used the method for linear theory of
shallow shells) the essence of which consists, without going into detals, in
the following: since the system of Legendre polynomials P, (%) is complete
in the interval [—h, h], for equation (5) the equivalent infinite system of 2-D
equations is obtained [2-3]

Va'o e th+1 <(mal) 31 Y 3+...> 7o, (8)
where i
<(m)l, @) = 2”;; 1/(19 L0®) Py, (77 das,
“h
m) 277”;2— 1 ((5> @5 3)
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Thus we have obtained the infinite system of 2-D equations (8), for

which the boundary conditions of the face surfaces (x3 = +h) are satisfied,
+

ie. (0')3 = o3(z!, 22, £h) is the preassigned vector field and is entered in

the equilibrium equations.
The equations of the state (6) may be write as:

(g) *= A(rﬁag(ﬁ) )ra + u(raﬁﬁ(z) )rﬂ + wa(ﬁ)

+ Z {Bfgl [A(ul)’?’ro‘—k,u(u) n}

mi=0
© 32 (A [0 0 (0,5 o
+u(8a(%)85(%2))r5+ﬂ( agsm) | 8ol ))8ﬁ(mz)]
BB ) .
o [/\ %1)’38"(”1 2) (8“(1f)(u))n+u<n6°‘(%l)) (ﬂ&z),}

3 ([ (oWl )

m3=0

+M(m(u)(,)a( ))aﬁ( >] Cz%(aaw)(mz),) %),}}}

where
(Z) = QW;; L /hqu<a;l3)dac3, (Z)' = 2mh+ ! ((ma_l)—l—(mzig)%-...),
—h
h
s [ (0 7))
= Omy F % [277;1135?”?1 * 2mm— 152"71_1] ’
h
e 25 [ (14 ) () () )

min(mi,ma)

— m
= OmimasPmy+mo—2s»
s=0

12
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o 2ml /hPm(fs)Pm(%)Pm(?)

mime 2h 1 n 3 dxg
_h R
( min(mi,ma2)
R@2m+1) 9 ™ R
- ¥7 Z amlmgrpm1+m2—2r <_>
h y = h

><Qm<—]§>, mi +mg —2r <m

min(mi,ma)

R(2m+1) 0 R
- A Fy Z amlmger <_h)

r=0

= =

X Qm1+m2—2r <_

e 21 / P (5 P52 o5 Po(5)

), mi1+mo—2r >m

mimz T 2 2 T3
h (1+%)
R2(2m—|— 1) 9 min(mi,ma) min(ms,m) R

- Taiy Z Omymar Z am3mspm1+m2—2r <_h>

r=0 s=0
R
X Qms+m— 23<_>, m1+mg —2r <msg+m —2s
e (2m + 1) a m]n(mhmg) min(m37m) R

- Tai Z Omymor Z Oémgms-ng—i-m—2s <_h>

r=0 s=0

X Qmy+ma— 2T< >, my +mg — 2r > ms+m — 2s
\

i 25t [ (3022
—h

min(mi,mz)

— T
= § OmymorOrm, +mg—2r
r=0

it 25 | () (o

min(my 7mg) min(ms,m)

_ m3—+m—2s
= g Omymor E am3m55m1+m2 27
r=0 s=0

13
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The equations of the state (7) may be write as:

o0

AN {B;’{l [)\(rﬁﬁg(n&l))n+,u(naﬁ(7z1))r4

m1=0

+Bm [(/\+M) Vit + u(”&l)’] + 3 {Bg;m {)\(7’585(”111,1)) Ui

mo=0

+pu(r? (TLI)’)@B(TE) +u((n111)’86(7z2))r,3]

ul)’ (T’Z?)/)n + A +2u)(n u

+BI [(A + (‘% ") (n‘?)']

FConam, B(aﬁ w95 iy 4 p(nd? i)y (Tf)]
0

Lomms {A(aﬁ (ma) 9 (W&z)> (ms) (0° (m) (w&z),)aﬁ (quf)] }}}

B 2t [ (03 (o=

2h [ m+1 sl m g1 +fi m(m + 1)0m 2
R |2m+3 ™ 2m—1"™ R2 [ (2m —1)(2m — 3)
2m? +2m—1 . (m+1)(m+2) ..
2m—-1)2m+3) ™  (2m+3)2m+5) ™ |’

h

B P | (12 o (22 (22 52
—h
min(mi,ms)

— nm
= OmimosPmy+ma—2ss
s=0

h
i =g | (0 R) P55 () ()
mam _ BN P () Py ) P (2 ) P (22 d
Bunimy= 55, /(1+R h n )i\ h p )
—h
min(mi,ma) min(mg,m)

= pM3+m—2r
= g Umimas E Amam, Bm1+m2—2s'
s=0 r=0

14
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Here we have used the formulas of F. Neumann and J. Adams:

1
/ Fuldt _ o) (@), (2] > 1),
-1

x—t

min(m,n

)
Pm(x)Pn(x) = Z amnTPm+n—2r(x)-
r=0

respectively, where @, (z) is the Legender function of second order, and

Ap_ 7 ArAn_r2m +2n —4r + 1 A ~1-3---(2m—1)
Amin_r 2m+2n—2r+1’

Omnyr =

m= .
m!

4 Approximation of Order N =0

Introduce the notations

0) ©)
g; :TZ', F=X.

To find components of the displacements vector and stress tensor, we
take the following series of expansions with respect to the small parameter
e [4-5]:

(0.9]
k) ) (k)
(uia Tia X’L) = Z( U ’i7T’i Z'aXi )gk' (1]-)
k=1

Substituting the above expansions into relations (8), (9), (10) and than
equalizing the coeflicients of expansions for €™, we obtain the following
system of equations:

1 k (k) (k) 0 k—1
4110 (Aaz %) N+ )0 0 = X 4 (S} o) ) ,
LB ®) <<o> (k1) ) (12)
/’Lv U g=X3|U j..., U 4],

where

1 0 2

T = tan - cosy, x° = tan—sin
5 14 5 ¥,

2

4 4
(z =2 +iz? A = ﬁ, v = K@gg), are the isometric coordinates
2Z

on the shell midsurface of spherical shell,

k k k
(U) +=Uu 1+i(u) 2,

15
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(k) (k)

0 = <a (U) + + 05 ) .
Introducing the well-known differential operators

1 1
0. =5 (0x' —i0a%), 0: = (02" +i0a?).
(k) (k) (0) (0 (k=1) (k—1)
X+ and X3 are expressed by wy, us,..., u 4, u 3 and it is assumed
that they are already found.

Simple calculations show that general solutions of the system (12) can
be represented by means of three analytic functions of z in the form

:_// 90’ dédn // Cg )dédn o) (13)

1 Atpl (¢ d§dn
_w(z)+8,u,h2)\+2,u,7r// -

o= r@+7@ -2 [ [ X amic-zldean (14
D
where ¢'(z), f(2) and 9 (z) are analytic functions of z = 1 + ize € D, and
¢=&+in.
Further,

(k)

(k) )\+3u)
Fel(2:2) // -z C— et <% A+ p

D is the domain of the plane Ox1x2 onto which the midsurface S of the
shell 2 is mapped topologically.

Here we present a general scheme of solution of boundary problems
when the domain D is the circular ring with radius R; and Ra.

The second boundary problem (in displacements) for any k takes the
form

u+_—// Cgp’ dfdn // CC )d€dn o)

¢1 =R
— b |2] = Ry,
F@=1

G /-/i-a ‘Z| = Rs.

(15)

16
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(k) S G3, |z2| =Ry,

ws = f(2) + f(2)lno = (16)

(k) (k) . . ) (1)
where G+ and (G3 are the known values containing solutions u;, uj, ...,

k—1
( U )Z-, (i =1,2,3) of the previous approximations.

Next ¢'(z), 1(z) and f(z) are expanded in power series of the type

¢'(z) = Z anz", Y(z)= anz", f(z)=ynz+ Z 2", (17)

(k) (k)
and the expression G4+ and @3 in the form of a complex Fourier series

G+—Z et G3—ZBk€

By substituting (17) into (15) we obtain the system of algebraic equa-
tions

A
MO 10—p — 20y — bp_1 = Rnn—+1 , n=>1,
KOy — 28—y — b1 = Rn+1An+1, n >0,
_ A//
—2ay — by = R‘,Z‘*f, n>1,
2G4y —b_p_1=RITALL, n>0,
, 7 p2ntl
where o, = 8R* | ————=dp.
" / 1+ 22"
Ry
For coefficients a,, and b,, we have:
Rn—lAl _ Rn—].AN
_ 2 —n+1 1 —n—+1 >
G—n = n—1 pn—1 ;o n=l
#RY7 Ry a_pq1
RnJrlA RTL+1A
Qp = n+1%a n+1’ n >0,
n
ar
bp-1=—2an — Rnn_+117 n=>1,
bopo1 = —2a_y, — R"+1An+1, n > 0.

17
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For coefficients ¢, and v we have:

Y= Bj, —B[’)” o+ G = BjIn Ry —BglnR17
lan/Rg lnRQ - lan
RYB!! — R}B,
Cn = 2n 2n
Ry" — Ry
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