ON THE NUMERICAL SOLUTIONS OF THE AXI-SYMMETRIC
TURBULENT-DIFFUSION EQUATION

N. Khatiashvili, O. Komurjishvili, Z. Kutchava

I. Vekua Institute of Applied Mathematics of
Iv. Javakhishvili Tbilisi State University
2, University St., Thilisi 0186, Georgia

(Received: 12.02.13; accepted: 17.06.13)
Abstract

In the paper the turbulent diffusion equation in the axi-symmetric case with the
appropriate initial condition is considered. The approximate solution is obtained by
means of the stable finite-difference schemes.The numerical example is given.
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1 Introduction

The problem connected with the transport of some substance by the vortex
in the infinite area is described by the turbulent diffusion equation with the
appropriate initial condition [1]
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at+V(%CJrvy(,?ervaz (D + D1)Au (1.1)

u(z,y,z,0) =Y(x,y, 2) (1.2)

where u is substance concentration, ¥ (z,y, z) is the given continues func-
tion, D; is the molecular diffusion coefficient, D is the turbulent diffusion
coefficient depending on time ¢t and given by

D(t) = yvu(t), vi(t) = AlVIR,

v« (t) is a turbulence viscosity, 7 and A are some constants, V' is the velocity
of the vortex and R is a radii. v, (t) and D(t) could be calculated from the
experiments.
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2 The finite difference schemes for
the axy-symmetric turbulent diffusion equation

We now consider the axi-symmetric case of the equation (1.1) (the axis of
symmetry is Ox) and suppose that V' is known, D is the constant and is also
known. From the experimental results is also known, that at the beginning
of the turbulent process D; is negligible and far from the initial point the
substance disappears very fast. Hence, instead of the infinite area we can
consider some cylinder, at the surface of which the substance concentration
is zero. The meridian cross-section of this cylinder will be denoted by
G={-l/2 <z<l/2,—h <r <h}, where y = rcos¢;z = rsine.

We also suppose that the vortex is axi-symmetric, at the initial time is
located at the point (0,0,0) and the substance concentration is given by
the formula

¢(1‘> Y, Z) = Rpsin eXp(—Oé’$| — pr— N)>

where a, 3, N are definite positive constants, and exp(—5N) is negligible.
Let us consider the following problem
Problem 1. In the area Qr = G x (0 <t < T) to find the solution u
of the parabolic equation

ou ou ou 10u

satisfying the following initial- boundary conditions

u(z,r,0) = (x,r); u(z,—h,t) =u(x, h,t)=0;
u(—1/2,r,t) =u(l/2,rt) = 0; (2.2)

where V,,, V. are the velocity components, V = (V,,V,) .

A numerical treatment of the parabolic type equations by different finite
difference schemes was considered by numerous authors [2-10]. We will
construct the new type of finite difference schemes. Let us rewrite (2.1)
and (2.2) in the form
ou " (82u 82u> ou ou

W+W —bl&—an (2.3)

a:
(x,mt) e Qr =G x (0<t<T),u(x,r,0) =up(z,r),
U(xﬂ“at)h“:% (.Z',T) EGaé:G+F7_Z/2§$SZ/27 —h <y <h,

a, b1, by, @ are definite functions, I' is the contour of the rectangle.
In the non-dimensional variables z = z1, r = x2h, (—1 < x1,29 < 1),
the equation (2.3) becomes
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ou 0*u  a 0%u ou by Ou
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where
R (x2+1)% —a

b, =
2 h(zg 4+ 1)

(2.4)

Let us construct a finite difference scheme. We divide the area of inte-
gration Qr = G x [0, T by the planes z1; = —1 + ihq, X2 = jho, t, = n7,
hi,hg, 7 > 0 into cells, where t = 1,2,...,(N—-1),j=1,2,...,(N—1),n =
0,1,2,...L; hy = &, ho = &7 = 1. w5, = {2y, = (k1h1,koho) € G} is a
squared net with the steps h; and hy. w; = {t,, = n7} is the net with the

stepT:%;Ogtgl.

For the equation (2.4) we introduce following alternating direction finite

difference schemes

1
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where

p
Ay =yy = (e, +2); Diiy =z Y[(k+ )7l =y

1
Yo = E[u(xl +hi,2) —u(zy, 22));

1
Yy = h—2[u(x1, T2 + ha) — u(z1, 2)];

o7
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Ag)y™ — (b1A1 + 2 A
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1
Yz, = H[“@hﬁ) —u(zy — h1, z2)];

1
Yzo = E[U(mla xa) — u(z1, x2 — ho)l;

The parameter o is chosen from the condition [9]

CQ')”L2
o> —.
“v(n—1)

The stability and complete approximation of this schemes were proved
in [9, 10].

In our case

a=D; b=V, by =V, —D/r.

Below the numerical example is given in non-dimensional variables in
a simple case, when the velocity V is a constant V = (0,1), ¢ (z,y,2) =
sinexp(—|x| —r — 3), and D = 1073 (Fig.1; Fig.2). The graphs are con-
structed by using ”Maple”.

Note. In more general case,for low Reynolds number for the definition
of velocity components the Stokes linear axi-symmetric system is valid [1,
11]. In this case the velocity components are given by the formulas [11]

2 2 3qr?
q q n q

P2+ (z—c)2)2 (124 (z+c)?)

5
2

— =+ 017“2 — A,
2+ (P}

3qr(z +c¢) n 3qr(z —¢)
(r2 4 (x + 0)2)3 (r2+ (x — 0)2)3

V=

)

where ¢, ¢, C1, A are definite constants.

For this case the numerical results are in preparation.
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Fig. 1. Initial distribution of substance
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Fig. 2. Distribution of substance at the moment ¢ =1
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