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Abstract

We consider the statics case of the two-temperature theory of two-component
elastic mixtures. The representation formula of a general solution of the homogeneous
system of differential equations obtained in the paper is expressed by means of four
harmonic and four metaharmonic functions. These formulas are very convenient and
useful in many particular problems for domains with concrete geometry. Here we
demonstrate an application of these formulas to the Dirichlet and Neumann type
boundary value problem for a ball. Uniqueness theorems are proved. We construct
explicit solutions in the form of absolutely and uniformly convergent series.
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1 Introduction

Elastic composite materials with complex structures, as well as with struc-
tures composed of substantially differing materials are widely applied in
the modern technological processes. Hemitropic elastic materials, mixtures
produced from two or more elastic materials, etc., belong to the class of
such composite materials and structures. The study of practical problems
of mechanical properties of such materials naturally results in the necessity
to develop mathematical models, which would allow to get more precise
description of actual processes ongoing during the experiments. Mathe-
matical modeling for such materials commenced as early as in the sixties of
the past century. The first mathematical model of an elastic mixture (solid
with solid), the so-called diffuse model, was developed by A. Green and
T. Steel in 1966. In this model, the interaction force between components
depend upon the difference of displacement vectors of components. In the
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same year they have developed the single-temperature thermoelasticity the-
ory diffuse model of the elastic mixtures. Mathematical model of the linear
theory of thermoelasticity of two-temperature elastic mixtures for the com-
posites of granular, fibrous and layered structures was developed in 1984
by L. Khoroshun and N.Soltanov, Normally, the study of processes ongoing
in the body is reduced in the relevant mathematical model described by
the system of differential equations with partial derivatives to the study of
boundary value problems (BVPy), mixed type BVP and boundary-contact
problems, and also the fundamental matrix for solving the system of differ-
ential equations playing a substantial role. For the diffuse and displacement
models of the two-component mixtures (single-temperature) thermoelas-
ticity theory, the issue of steadiness and correctness, identification of the
asymptotic behavior of problem solution, proving of the uniqueness and
existence theorems, solution of the BVP; for the domains bounded by the
specific surfaces, as absolutely and uniformly convergent series, are stud-
ied by many scientists, among them: Alves, Munoz Rivera, Quintanilla
[2], Basheleishvili [3], Basheleishvili, Zazashvili [4], Burchuladze, Svanadze
[6], Gales [8], Giorgashvili [10],Giorgashvili, Skhvitaridze [11], [12], Gior-
gashvili, Karseladze, Sadunishvili [13],Iesan [16], Natroshvili, Jaghmaidze,
Svanadze [32], Svanadze [38], Quintanilla [37], Pompei [36] etc.

We treat here only the classical setting of basic boundary value prob-
lems for smooth domains, however applying the results obtained in the
references Agranovich [1], Buchukuri, Chkadua, Duduchava, Natroshvili
[5], Duduchava, Natroshvili [7], Gao [9], Jentsch, Natroshvili [17], [18], [19],
Jentsch, Natroshvili, Wedland [20], [21], Kupradze, Gegelia, Basheleishvili,
Burchuladze [23], Mitrea, Pipher [24], Natroshvili [26], [27], [38], Natroshvili,
Giorgashvili, Stratis [29], Natroshvili, Giorgashvili, Zazashvili [30], Na-
troshvili, Kharibegashvili, Tediashvili [33], Natroshvili, Sadunishvili [34],
Natroshvili, Stratis [35], and using the same type approaches and rea-
sonings, one can analyze the generalized basic and mixed type boundary
value problems, as well as crack type and interface problems in Sobolev-
Slobodetskii and Bessel potential spaces for smooth and Lipschitz domains

In this paper we consider the statics case of the two-temperature theory
of two-component elastic mixtures. The representation formula of a general
solution of the homogeneous system of differential equations obtained in
the paper is expressed by means of four harmonic and four metaharmonic
functions. These formulas are very convenient and useful in many particular
problems for domains with concrete geometry. Here we demonstrate an
application of these formulas to the Dirichlet and Neumann type boundary
value problem for a ball. Uniqueness theorems are proved. We construct
an explicit solutions in the form of absolutely and uniformly convergent

4



Representation Formulas of General ... AMIM Vol.18 No.1, 2018

series.

2 Basic Equations and Auxiliary Theorems
The basic statical relationships for the two-component elastic mixtures, tak-

ing two-temperature thermal field into consideration, are mathematically
described by the following system of partial differential equations [22], [15]

a1 Au'(z) 4 by grad div o/ (z) + cAu”(z) + d grad div " (z)

—x(u'(x) —u" () — grad(m 01(z) + m202(x)) = 0, (2.1)
cAu'(x) + d grad div v’ (z) + agAu” (z) + by grad div u” (z)
+oe(u/(z) — u”(2)) — grad(Ci6: (z) + G2b2(x)) =0, (22)
1 A0 (x) 4+ 30A02(x) — a(01(x) — O2(x)) =0, (2.3
7o AO(x) + 23A05(x) — a(b1(x) — O2(x)) =0, (2.4
where A is the three-dimensional Laplace operator, u’ = (u},ub,u5) ", v’ =

(uf, ug,ug)T are partial displacement vectors, #; and 65 are temperatures

of each component of the mixture, a;j, b;, ¢, d, j = 1,2 are the elasticity
coefficients, s, 3, a, 15, (j, 2, j = 1,2, are the mechanical and
thermal constants of the elastic mixture, x = (x1,z2,23) is a point in the
three-dimensional Cortesian space, T denotes transposition.

In the system (2.1)-(2.4), aj, bj, ¢, d, j = 1,2, are the constants given
as follows [15]

ap = 1 — As, 51=M1+)\5+>\1—%0¢0, c=pu3z+ As
1
as = p2 — As, b2=M2+)\5+)\2*%a0a p = p1+ p2,

d:M3—>\5+)\3—%a0, ap = A3 — A4,

where p1 > 0, pp > 0 are the densities of mixture components, \;, j =
1,2,...,5, uj, j=1,2,3 are elastic constants satisfying the conditions

2
py >0, A5 <0, pipe—p3 >0, A1+§u1—%ao>0,

2 P2 2 p1 2 PL 2
Mt = Pag) s+ opn— Prag) > (s + oz — Pag)?.
( L g pao)( 2+ Sh2 pao) ( 3+ Hs pa0)
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From these inequalities it follows that

a1 >0, a;+b >0,
dy := ajas — 2 >0, dy:= (a1 + bl)(ag + bg) — (C+ d)2

In addition, from physical consideration it follows that

%>0, a>0, % >0, j=1,2.3, d3:= 35— 5 > 0.

Assume that U = (u/,u”,01,602)". The stress vector, which we denote
by the symbol P(9,n)U, has the form

P(0,n)U = (P (0,n)U, PP (d,n)U, P®(d,n)U, PP 8,n)U)T,

where § = (A1, 02)", n is the unit vector,

W(0,n)U =T (0,n)U" = n(ni61 + naba),

@@, n)U =T (9,n)U" — n(&161 + &), U= (u/,u")7,
pP®) ( ,n)0 = 310,01 + 320,02,

W(0,1)0 = 3020,01 + 330,05,

TW (0, n)U" = 20, (p1t’ + pzu’)
+n [()\1 — %ao) diva' + (A3 — %040) div u”]

+ [n % ((p1 + As)rotw’ + (ug — As) rotu”)]
T8, n)U’ = 20, (usu’ + pou’)

+n [()\3 — %ao) diva' + (Ag — %040) div u"]
+ [n x ((1s — As) rotu’ + (g + As) rotu”)]

On = 0/0y, is the derivative along the normal, symbol [x] denotes the vector
products of two vectors in R>.

Definition. The vector U = (u/,u”,01,05)" is assumed to be regular
in a domain Q C R®if U € C%(Q) N CHQ).

Theorem 2.1. For the vector U = (u',u”,601,02)" to a regular solution
of system (2.1)~(2.4) in a domain Q C R? it is necessary and sufficient
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that it be represented in the form

u'(x) = grad @1 (x) + B1 grad ®o(z) + B3 {rot rot(z®3(z)) + rot(aﬂh(x))}
+ B grad r <T(§)r + 1) ®5(z) — aq rot rot(zr’®5(z))
+ B grad (T;r + 1> (27"51 + 3) O5 () + rot(xPg(x))

0
+ ap grad <2T8r + 3> ®7(z) + ag grad 2 ®7(x) + a4 grad Pg(x),
u”(z) = grad @1 (z) + B2 grad Po(z)

+ B4 {rot rot(x®3(x)) + rot(x@dx))}

+ B5 grad 12 <r66 + l> ®5(2) — oy rot rot(xr?®5(x))
r

+ B grad <T88r + 1) <2T88r I 3> B5(z) + rot(zs(z)) (2.6)

— ag grad (2?"8 + 3> ®7(z) + ag grad 2 dq(z)

+ a5 grad g(z),
= 201 ( ) 7(x) + (302 + 223) g (),

( ot 3) (z) = (a1 + 222) Pg(2),

where A®;(z) =0, j=1,5,6,7, (A —A)Pa(z) =0, (A —I)P;(x) =
0, j=3,4, (A—-X)dg(x) =0, a1 = »(a1 + by + az + by + 2(c + d)),
s = m+me+C+Co, ag = (ag+by+c+d) (G +Co) — (az+ba+c+d) (1 +m2),

1
N2dy (N2 — AD)
x {[Al(az + b2) — 5] [m ez + 53) + m2(501 + 322)]
— M(c+d) + 5] [¢1(e2 + 363) + (30 + 502)] } (2.7)
1
Afda (A = A3)
— [M(c+d) + 5] [m (522 + 323) + m2(30 + 22)]}

Yy =

as = {[M(a1 +b1) — 5] [C1(522 + 53) + G (501 + 502)]

Bi=—(az+ba+c+d), Bo=ar+bi+c+d, Bz=a+c,
Ba=—(a1+c¢), Ps=x(a1+az+2c), Ps=2(azbi + cbi + azd),

7
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Br = 2(a1by + ard + cba), A = s + 23 + 2329)/dy > 0,
= ay/dy >0, N3 = (a1 +az+2c)/ds > 0.

Proof. Assume that the vector U = (u/,u”,01,60,)" is a solution of
system (2.1)—(2.4). From (2.3)—(2.4) we obtain

A (51 + 529)01(2) + (322 + 23)02(2)] = 0,
(A = AD)[b1(z) — b2(z)] = 0,

where A2 = (s + 53 + 2502) /dy > 0.
From these system we get

01(x) =2 (27“5 + 3P7(x) + (502 + %3)@8(95)) )
(2.8)
02 () = 201 <2r§r + 3) Q7 () — (301 + 202) Pg (),

where A®7(z) = 0, (A - ) ®g(z) =0, ay = »(a1 + by +az+by+2(c+d)).
Substituting the values of 6(z) and 63(z), from (2.8) into equations
(2.1)—(2.2), we obtain

a1Au'(x) + by grad divu/(x) + cAu” (z) + d grad div v” ()

ol () — () = 20 (n + ) rad(2r -+ 3) e ()
+(n1 (302 + 523) + 2 (301 + 32)) grad Pg(x),

cAv (z) + dgrad div o/ (z) + ag Au” (z) + b grad div u” () (2:9)
(v (z) —u"(2)) = 200 (1 + C2) grad(?r% + 3)®7(x),
+(C1 (522 + 523) + C2(51 + 322)) grad P ().
A general solution of system (2.9) has the form
U'(x) = Uy(z) + V(x), (2.10)

T

where Uj = (ug,uy)' is a general solution of the homogeneous system of

differential equations

arAug(z) + by grad div ug(z) + cAug(x) + d grad div ug ()
—s(ug(x) — ug(x)) = 0,
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cAu((x) + d grad div uj(x) + agAuj(z) + be grad div ug ()
ae(uty () — wll(2)) = O, (2.11)

and V(z) is a particular solution of the nonhomogeneous system (2.9).
The solution Uj(z) has the form

ug(x) = grad ®1(x) + By grad ®o(x) + F3 [rot rot(x®s(x)) + rot(x@;(x))}
+ 5 grad r? (Té?ar + 1) O5(x) + Bg grad <r§r + 1>

X (27“88 + 3) &5 () — o rotrot (:Ur2<l>5(x)) + rot (:UT2<I)6(:13)) ,
r

up(x) = grad @1 (x) + P2 grad ®o(z) + B4 [rot rot(z®3(z)) + rot(a:<I>4(a:))]

+ B5 grad 2 7“2 + 1) ®5(z) + Be grad rﬁ +1
or or

X <2T§r + 3) O5(x) — o rot rot (am“2<1>5(x)) + rot (x®g(x)) ,

where A®;(z) =0, j=1,5,6,(A=X3)Pa(z) =0, (A-N3)Pj(z) =0, j=
3,4, the constant a1, A3, A3, B;, Jj = 1,2,...,7 are defined by formulas
(2.7).

The particular solution of the system (2.9) will be written as

v'(x) = as grad (27‘5 + 3) &7 () + aq grad Pg(x),

v"(x) = —ag grad (27“; + 3> O7(x) 4+ a5 grad $g(z),
where A®7(z) = 0, (A —\3)Ps(z) = 0, the constants A2, «j, j=2,3,4,5
are defined by (2.7).

Substituting the values of the vectors Uy(z) and V(z) into (2.10), we
there by prove the first part of the theorem. As to the second part, it is
proved by a straight forward verification that the vector U = (u/,u”, 61, 60) "
represented in form (2.6) is solution of system (2.1)—(2.4). 0

Assume that r, ¥, ¢, (0<r <400, 0< 9 <, 0< ¢ < 2m) are the
spherical coordinates of the point € R3. Denote by %1 the sphere with
unit radius and centre at the origin lying in the space R3.

Let us consider, in the space La(X1), the following complete system of
orthonormal vectors [10],
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X (0, 0) = e,Y,™ (9, 0), k>0,

1 0 e, 0O (m)
= —— >

Kk +
1 ey O 0 (m)
Lk (U = — —e,— | Y, 9 k>1
mk( ,CP) k‘(k?—i—l) (s1n19619 650890> k ( ,90)7 = 4

where |m| < k, e, ey, e, are the orthonormal vectors in R3,

er = (cos psind, sinpsind, cos 19)T,
ey = (cospcos?, sinpsind, —sind)’,

e, = (—singp, cosp, 0)7,

m 2k+1(k—m)! _(m .
Yk:( )(19790):\/ = Ek—km;!P’g )(COSH)e e,

P,gm)(cos ) is the adjoint Legendre pqunomial.
Assume that f) = (fl(J), 2(]), éj))—r, j =1,21is a vector-function and
the function f; and f5, represent as the following Fourier-Laplace series

00 k

k=0m=—k
X[ Yo (0, 0) 90 2k (0, 0]}, G = 1,2,
0o k
[iWe)=>" 3 alyin(w,), j=45, (2.12)
k=0m=—k

where O%(jgw 67(7{,)9, fy%,)ﬁ, 7 =12, afﬁc, I = 4,5 are Fourier-Laplace coeffi-

cients.

Note that in formula (2.12) and in further analogous series containing
the vectors Yi,x (9, ©), Zmi(9, ¢) the summation index k varies from 1 to
~+o0.

Let us formulate several important lemmas [10], [25]

Lemma 2.2. If f/ € C/(%1), j=1,2, f; € CY(Z1), j=4,5, 1>1
then the coefficients afﬁ:, Bg,)c, ’yg,)g, j = 4,5 admit the following estimates

i = O™, B} = O™,
A = oY, B —ow ), j=1,2

10



Representation Formulas of General ... AMIM Vol.18 No.1, 2018

Lemma 2.3. The vectors X,ip(¥,¢), Yik(P,¢), Znk(9,¢) defined by
equalities (2.11) admit the following estimates

2k +1
|ka(791 SD)| < i ) k> 07
47
k(k+1) kE(k+1)
Y, —_— Z, —_ >1
Note that [39]
(m) 2k +1
Y, (v k>
| k ( 330)| < 47_‘_ ) - 07
The equalities
7T k=0 0
/dcp/Yk(m)(ﬁ,cp) sind di = \/7?’, —n m=n (2.13)
/ / 0, in other cases,

are also true.

Let QT = B(R) C R® be the ball bounded by the spherical surface
Y r = 00" of radius R and centre at the origin. We introduce the notation
QO =R3\ QF.

Theorem 2.4. The vector U = (u’,u”,@l,eg)T represented in form
(2.6) is uniquely defined in the domain Q* by the functions ®;(z), j=1,8,
if the following conditions are fulfilled

/ ®;(x)ds, =0, j=1,3,4,6, r=|z| > R, (2.14)
>

i.e. to the zero value of the vector U = (u/,u",01,02)" there corresponds
the zero value of the vector (&1, ®o,..., Pg)" and vice versa.

The proof of this theorem is similar to that of theorem in [12].
Hereinafter we make use the following equalities [10]

Ep - ka(ﬁa W) = Yk(m) (197 ()0>7 €r - Ymk(197 (p) = 07
Er ka(ﬁa (/7> =0, e X ka(797 90) =0, (215)
€r X Ymk(ﬂa (P) = - mk(ﬁa (P)y er X ka(797 90) = Ymk(ﬁa 90);

11
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da(r)

gradla(r)¥,™ (9, 0)] = =2 Xk (0, )
+ W@(T)Ymk(ﬁ, o),
rot[za(r)Y ™ (9, )] = VE(k + 1)a(r) Zmi(9, @), (2.16)
rot rot[za(r)Y,™ (9, )] = k(k:_l)a(T)ka(ﬁ, ©)+
Ny (j T i)amYmkw,w),
ANlalr) X090 = (1 + 2 )tV 0.
divla(r) Y0, 9)] =~ o) v 9, )
div[a(r)ka(ﬁ, 30)] =0,
rotfa(r) X,k (0. 0)] = VO Do) 2, 0.0) (217

rot[a(r) Y,k (9, )] = —(

rot[a(r) Zmk (9, )] =

(Lt
dr

d 1
dr r

k(k+ 1)

1)a<r>zmkw,so>,

a(r) Xk (9, )+

Jal¥os(,).

r

3 Statement of the Problem.
The Uniqueness Theorem

Problem. Find, in the domain Q, such a regular vector U = (v, u”, 01,0

)T

that satisfies in this domain the system of differential equations (2.1)-(2.4)
and, on the boundary 9Q%, one of the following boundary conditions:

(I)T (the Dirichlet problem)

{W @} =1V0), W@ =r%0),

{01(2)}" = fa(2),

(IT)* (the Neumann problem)

12

{02(2)}" = f5(2);
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{POOnUENT = V), (PPO.nUEYT = fP(2),
{(POO,mU" ()T = falz), {(PD@.m)0()}" = f5(2),

where the vector fU) = (f , 2]), éj ), 7 = 1,2 and the functions fy, fs,
are given on the boundary 90", n(z) is the external normal unit vector
passing at the point z € Q" with respect to the domain Q7.

Theorem 3.1. Homogeneous (f9) =0, j=1,2, f; =0, j=4,5)
problem (I)ar has the trivial solution only, whereas any solution of problem
(IT)* is defined to within a summand

u'(z) = a+[bxx]+ [Bo + 5131590()\27“)] T,

1d
u"(a:) =a+ [b X .’L‘] |:B[) + 5331dgo(/\27“)]
01(x) = Oz(x) =¢, x€QT,
where a and b are any three-dimensional constant vectors, ¢ = const, B, j
1,3 has a (2.7) from, By and By are the solutions of system

[3(b1 +d) + Ba]Bo = — [4(m 1 + M353)}12dcj%90(>\2R) +ai| By

=M + 2, . ) (31)
[3(b2 +d) — B2]Bo = — |4(u3B1 + MQﬁ:S)Rngo()QR) —a Bl

- Cl + C27

d d IR I1/5(Aar)
A = 1 —go(A Aor) = ———F—%
ngO( QR) 1m d QO( QT) 90( QT) r Il/2(A2R)7
Iy /5(Aar) is the Bessel function with an imaginary argument.
Proof. Assume that the vector U = (u’,u”,61,60)" is a regular solution
of system (2.1)—(2.4). Multiplying both sides of the equation (2.3) by 61,
and of the equation (2.4) by 62 and applying the Stokes’ formula, we obtain

/ 0,(:) P (9. m)62) +02(Z)P<4>(a,n)e(z)rds - / 541 (arad 0, ()2
o0+ A
+2509 grad 01 () - grad Oa(z) + s¢3(grad O (x))?|dz = 0.

13
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By the boundary conditions of homogeneous problems (I)d and (I1)§
we obtain

/[%1 (grad 0y (x))? + 2500 grad 61 (z) - grad O () + se3(grad f2(x))?]dz = 0.
O+

From this it follows that 0;(z) = 02(z) = ¢ = const, x € then for the
vectors v'(z) and u”(x), we obtain

a1 A/ (z) + by grad div v/ (z) + cAu"(w) + d grad divu (z)
(

— w(u(z) —u"(2)) =
cAv/(z) + d grad div v/ m)—i—agAu (x) + by grad div u” (z)

— (v (z) —u(2)) =

(3.2)

1) In the case of problem (I)§ vector U’ = (u/,u")" satisfying the boundary

conditions
{u’(z)}+ =0, {u"(z)}+ =0, z€0Q". (3.3)

2) In the case of problem (I1){ vector U’ = (u/,u”)" satisfying the bound-
ary conditions

.
{TO@,mU'(2)} = Clm +m)n2), (3.4)
{T® @, n)U'(z)}+ — O(CL+ G)n(z), =€ Qb

Let us multiply the first equation of (3.2) by the vector «’, the second
one by the vector u”, sum up and applying the Stokes formula, we obtain

/ () - TO@, )T (2) + u(2) - T (D, n) U’ ()] dis

ont

- / B, U") + (el () — " (2))?] dx =0,

Q+

14



Representation Formulas of General ...

AMIM Vol.18 No.1, 2013

where

EU,U") = (a1 4 by)(dive')? + (ag + by) (div u)?

+2(c + d) diva/ diva” + B 23: <auk+8u)
C 1V Uu lvu 9 ' ax 8xk
k#£j=1 J

1
ou ;

3
23 (G G e 3 (ke ) (e

k#j=1 k#j=1
RIS (D 0y ou Dufy

8xj B ka 8$j B 8$k

k,j=1

From (3.3) and (3.5) we have

t/W@ﬂUﬁ+%m%w—u%@VMx:0
QO+
Since E(U',U’") >0, 3 > 0, from (3.6) we get

u'(z) =" (x), B(U,U)=0, z€QF,
A solution of this equation has the form
u(z)=u"(z) =a+[bxz], z€Q,

where a and b are any three-dimensional constant vectors.

In the case of problem (1) we have

(W ()} =0, {u(2)}" =0, €80,

from (3.7) we obtained a =0, b =0, i.e. v'(z) =0, u”(z)
also {01(2)}" = {fa(2)}" = ¢ = 0, it follows that 6;(z) = 6,
QF. Thus we conclude that U(z) =0, z € Q.

In the case of problem (I1)$ we have 61 (z) = 0(z) = c,

&ck

) (3.6)

=0, €O,
()_07 T €

x € QT and

obtain for the vector U’(z) the problem (3.2), (3.4). A general solution of

this problem has the form

u'(z)=a+[bxaz]+ [Bo + ﬂlBlldgo(/\gr)} r, x€Qf

d

d
u'(z)=a+[bxaz]+ |:B(] + BgBlgo()\QT‘):| cx, xeqQt,

rdr

where a and b are arbitrary three-dimensional constant vectors, ¢ = const,
Bj, 3 = 1,3 has (2.7) form, By and B are the solution of system (3.1). O

15
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4 Solution of the Dirichlet and Neumann
Boundary Value Problems

A solution of these problems is sought for in the form (2.6), where the
functions ®;(z), j = 1,8 are written as

i (% ) Y™ 9,0)AY) i =1,56,7,

o
g T[M]8

k

= Z Z gr(Mar)Y,™ (0 @)ASL,
k=0m=—k
- (4.1)
Z Z gr(Asr)Y,™ (0 @)Afnaw Jj =34,
k=0m=—k
Z Z gy, (0,0)A%).
k=0 m=—k

Here Afngw j = 1,8, are the constants to be defined, and

IR Ipp12(Njr)
g >"T = - 9 J= 172737
k(Air) 7 D12 A R)

Ij41/2(7) is the Bessel function with an imaginary argument.

Substituting the values of ®;(z), j =1,3,4,6 from (4.1), into (2.14)
and taking into account the equalities (2.13), we get that A(()]o) =0, j=

1,3,4,6.
Substituting the values of the function ®;(z), j = 1,8, defined by (4.1)
into (2.6) and taking into consideration the equalities (2.16), we obtain

-3 3 {uloxmon

k=0 m=—k

ROE T D)0 (r) Yok (9, 0) + ) (1) Zu (0, 90)]},

zz{ ) X, (0, 0)

k=0m=—k

F T D) Yok (9, ) + 02 (1) Zun (0, )] }

16
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Z Z 6Y )9, 0), j=1,2, (4.2)

k=0 m=—k
where
, E/r\F! k(k+1
= 5 ()" A L 1A%+ D 4

+ ktt [(ﬁ5(k +2) — ark)r? + P54k (2k + 3)] <;> ASL

mk

1 ) k—1
+ = [a(k +2)r® — (=1 agk(2k + 3)] <T> A
R R
d
+ O‘3+j%gk(>\17‘)14,(23€, k>0,
) L\ a1 @ d (3)
vmk(r) = =\ R A+ ,Bj;gk(AQT)Amk + Bayj a + . gk()\gr)Amk

+ % [(Bs(k + 1) — a1k)r? + Bsij(k + 1)(2k + 3)] <;> AP

1 , r\F ! 7
+ 5 [asr? — (=1 ag(2k + 3)] <R> Afni

1
+ 043+j;9k()\17’)A523€, k>1,
k
j r
wggﬁ(r) = 62+jgk()\27“)14£i3€ + <R> Afgi, k>1,

k
1 T
609 (r) = 201 (2k + 3) <R> AT 1 (e + 303)51;5 — (01 + 262) 8]

X gk(AlT)A( )

mk’

k>0, j=1,2.

If we substitute the values of the vectors u'(x), u”(x) and the functions
0;(x), j=1,2,into (2.5) and use the equality (2.15), (2.17), we get

PO =3 3 {00 X (0.0 + VAT

k=0 m=—k
X (b (1) Yot (9, 9) + el (r )ka(ﬁ,@]}? J=12 (43)
00 k
PO@,m)0(x) =3 3 ag (V" (0,0), j =34,
k=0 m=—k
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where
. d
aSi(r) = 22 | (1 + pradag) wh (1) + (3 + pad;) ul) ()

(-2 )]
<[ (5 2) e - 2D )
Ez\g@zo) 015 + </\2—a0>5]

o+ 2 ) - T )]

dr
- _(77151] + (1025) 0 ! )( )+ (m201; + (2025) ,(nﬂ k>0,

r

bfﬁ(r) = Qd% [(,U«l(slj + p3da2;) ’Ufil)g( ) + (13015 + p2daj) v fnl)c(r):|
+ [(p1 + As5) 015 + (13 — As) 025] [i“gi(r) - (d +
(2 =350 15+ G2+ 35) 8] [ T2 (S5 +
k>1,

) = 2.0 (1615 + sy i} r) + (s + piadg) wZ )]
= [(11 4 As) 01 + (3 — As) 02 (CZ + T> whk(r)

— [(13 = As) 015 + (2 + As) 6241 (CZ + T) w (),

k>1,7=1,2,
v 65,1 (1) dosh(r)
amk(r) = (%1(53]‘ + %254]‘)7 + (%253j + %3(54]‘)7, j=3,4,

d;; is the Kroneker symbol.

Assume that the vectors fU)(z), j = 1,2 and the function fU)(2), j =
4, 5 satisfy the sufficient smoothness conditions. Then they can be expanded
into (2.12) Fourier-Laplace series.

Let us now consider problem (I)™. If in both parts of the equalities
(4.2) we pass to the limit as x — z € Q" (r — R), take into account
the boundary condition (4.1) and the formulas (2.12) that for the desired

)

constants Ay, j = 1,8 we obtain the system of linear algebraic equation

18
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By R AL — 2R3 A + 205 AT

d
+ O3+j ngk()\lR)AéO) - O‘(()]O)’ <44)

6a1A(7) + [(222 + 223)015 — (221 + 223)025] A(()%) = Oé(()?éﬂ), j=12

u(jL(R) _ a(]) U(j) (R) B(J)

g mk Tk m (4.5)
wh (R) =49, 09 (R)=al?, j=1,2, k>1.

By virtue of theorem 2.4 and theorem 3.1, the systems (4.4)—(4.5) have
a unique solution. If we substitute the solutions of these systems into (4.2),
then the vector U = (u/,u”,61,02) " given by (4.2) will be a formal solution
of problem (I)*. Tp justify the existent of such a solution we must show
the convergence of the series (4.2)—(4.3).

Note that for k& — 400 the Bessel function admit the folloving asymp-
totic estimates [39]

r k/r

s~ () g =2 (5) r<r (46)

According to the asymptotic estimates (4.6), the series (4.2)—(4.3) will
be absolutely and uniformly convergent, if the following majorant series is
convergent

ag Z sz (|amk\+km 4+ Y k\+kra3+”\> (4.7)

k=ko 7j=1
where agﬁc, ﬁg])c '77(511 ozggljj ), 7 = 1,2, are Fourier-Laplace coeflicients.
The series (4.7) will be convergent if these coefficients admit the following
estimates

Oz(j) _ O(k_B), /B(j) _ O(k‘_4),

mk mk
A9 — ok, o —ork j=1,2

According to Lemma 2.2, the estimates (4.8) will hold if we require of the
boundary vector-functions to satisfy the following smoothness conditions

(4.8)

fD(2) e C®0"), j=1,2, fi(z) e C*at), j=4,5. (4.9)

Therefor if the boundary vector-functions satisfy the conditions (4.9),
then the vector U = (u/,u”,01,0) " represented by the equalities (4.2) will

be a regular solution of Problem (I)7.
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The solving of the Problem (II)% is analogous.
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