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Abstract

It is proved that the tensor completion is permutable with the operations of direct

product and direct limit of exponential groups and, but in generally, is not permutable

with the Cartesian product and the inverse limit of exponential groups.
Key words and phrases: Exponential group, tensor completion.
AMS subject classification: 20B07.

1 Introduction

The notion of an exponential group was introduced by R. Lyndon in [1].
In [2] A. G. Myasnikov refined the notion of a exponential group by intro-
ducing an additional axiom. In particular the new notion of a exponential
group is a direct generalization of the notion of a module to the case of
non-commutative groups. The systematic study of the category of expo-
nential groups in the sense of A. G. Myasnikov was started in [2]–[5]. In
paper [2] it is shown that in the investigation of exponential groups the
decisive role is played by the notion of tensor completion. In the present
paper we investigate the problem of the permutability of a functor of tensor
completion with principal group operations.

2 Preliminary Information and Statement of the
Problems

Let us give the main definitions from [2]. Fix an arbitrary associative ring
A with unit, and also a group G. Let the action of A on G, i.e. the mapping
G × A → G be given. The result of the action of α ∈ A on g ∈ G will be
written in the form gα.

We consider the axioms:
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(1) g1 = g, g0 = 1, 1α = 1;

(2) gα+β = gα · gβ, gαβ = (gα)β;

(3) (h−1gh)α = h−1gαh;

(4) [g, h] = 1 =⇒ (gh)α = gαhα.

Definition 1. A group G is called an A-exponential group or an A-
group if the action of the ring A which satisfies axioms (1)–(4) is given on
G.

Following [2] the class of all A-exponential groups will be denoted by
MA.

Definition 2. A homomorphism ϕ : G → H is called an A-homomor-
phism if

(gα)ϕ = (gϕ)α, g ∈ G, α ∈ A.

For the main definitions in the category MA and the results on these
groups we refer the reader to [2]–[5].

For the completeness of our discussion we give here the definition of the
notion of tensor completion.

Definition 3. Let G be an A-group, µ : A → B be a ring homo-
morphism. Then a B-group GB is called the tensor B-completion of an
A-group G if GB satisfies the following universal properties:

(1) there exists an A-homomorphism i : G → GB such that i(G) B-
generates GB, i.e. 〈i(G)〉B = GB;

(2) for any B-group H and any A-homomorphism ϕ : G → H there exists
a B-homomorphism ψ : GB → H that makes the following diagram
commutative:

G
i //

ϕ

²²

GB

ψ}}||
||

||
||

H

, iψ = ϕ.

Note that if G is an abelian A-group, then GB ∼= G ⊗
A

B is a tensor

product of an A-module G by a ring B.
In [2] it is proved that for any A-group G and any homomorphism

µ : A → B the tensor completion GB exists always and it is unique to
within an isomorphism.

We are interested in the following two questions. Suppose we are given
the family of A-groups {Gi, i ∈ I}.
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(1) Let G =
∏
i

Gi be a direct product of groups Gi (see definition in [2]).

Is it true that
GB =

∏

i

GB
i ?

In other words, is the functor of tensor completion permutable with
direct product?

(2) Let G = lim−→ Gi be the direct limit of groups Gi (see definition in [2]).
Is it true that

GB = lim−→ GB
i ?

Let us show that the answers to questions (1) and (2) are positive.
The operation of tensor completion commutes with the operations of di-
rect product and direct limit, but in general, does not commute with the
operations of Cartesian product and inverse limit. The permutability of
tensor completion with direct limits allows one to reduce many problems
on completion to the case of a finitely generated group.

The basic results and notions which we will use below can be found in
the books [6], [7].

In [7] it is proved that in the category of abelian groups the operations of
a direct product of groups and of direct and inverse limits of groups possess
the universal property. The corresponding operations in the category of
exponential groups also possess analogous properties [2], since their proofs
are parallel to the proofs from [7].

Theorem 1. The functor of tensor completion is permutable with a
direct product. In other words, if

G =
∏

j

Gj then GB =
∏

j

GB
j . (2.1)

Before proving the theorem, let us formulate and prove the following
lemma.

Lemma 1. Let for each j there exist an A-homomorphism ϕj : Gj →
H, where H is an A-group, and also

[
ϕj(Gj), ϕk(Gk)

]
= 1 (2.2)

for all pairs j, k, where j 6= k. Then there exists an A-homomorphism
ϕ :

∏
j

Gj → H that continues ϕj for all j.

Denote H0 = 〈(ϕj(Gj), j ∈ J〉A. Let us perform the linear ordering of
the set of indices J and prove that any element h ∈ H0 is representable in
the form

gj1gj2gj3 · · · gjs , where gjk
∈ ϕjk

(Gjk
), j1 < j2 < · · · < jk. (2.3)
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By virtue of condition (2.2) it is obvious that elements of form (2.2)
make a subgroup. Since ∀α ∈ A by axiom (4) the element

(gj1gj2 · · · gjs)
α = gα

j1g
α
j2 · · · gα

js

elements of form (2.3) make an A-subgroup. Now the required A-homomorphism
ψ can be constructed as follows.

Let an element g ∈ ∏
j

Gj be written in the form

g = (. . . , gj1 , . . . , gjs , . . . ),

where instead of the points there are units. Assume that

ψ(g) = gj1gj2 · · · gjs .

We can verify That ϕ is a homomorphism in a straightforward manner.
Let us return to the proof of the theorem. For this, between the groups

GB and
∏
j

GB
j we construct a pair of counter A-homomorphisms. Let

ij : Gj −→ GB
j

be a canonical A-homomorphism given by the definition of tensor comple-
tion. By Lemma 2 there exists an A-homomorphism

ϕ : G −→
∏

j

GB
j .

Then it is obvious that
[
ij(Gj), ik(Gk)

]
= 1, if j 6= k.

By the definition of tensor completion there exists a B-homomorphism ψ1

that makes the diagram

G =
∏
j

Gj i //

ϕ

²²

GB

ψ1{{wwwwwwwwww

∏
GB

j

commutative.
Let us verify that

[〈ij(Gj)〉B, 〈ik(Gk)〉B
]

= 1.
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This is so because the generatrices of the first subgroup commute with the
generatrices of the second subgroup. By virtue of the definition of tensor
completion there exists a B-homomorphism βj that makes the diagram

Gj //

ij
²²

〈i(Gj)〉B

βj{{vvvvvvvvv

GB
j

(j ∈ J)

commutative.
Now by virtue of Lemma 2 there exists a B-homomorphism ψ2 from∏

j
GB

j into GB. That these are counter-homomorphisms can be verified in

a straightforward manner. ¤
Theorem 2. The operation of tensor completion is permutable with

direct limits.
Let us construct in a standard manner the counter-mappings between

the group GB∗ and the group

H = lim−→ GB
j .

Denote
ϕj : GB

j −→ H.

Then there exists a B-homomorphism

ψ1 : H −→ GB
∗

that makes the diagram
GB

j

ϕj

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

πB
j

²²
H

ψ1

// GB∗

commutative. Here πj : Gj → G∗ is the projection, πB
j : GB

j −→ GB∗ is the
corresponding homomorphism of tensor completions.

Using the universal property of tensor completion, for every index j we
construct the mapping (ψ2)j that makes the diagram

GB
j

ϕj

ÄÄÄÄ
ÄÄ

ÄÄ
ÄÄ

πB
j

²²
H

(ψ2)j

// GB∗
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commutative.
Since the subgroups πj(Gj) cover the group G∗ and since the homo-

morphisms (ψ2)j and (ψ2)k are consistent on the common elements, the
A-homomorphism ψ2 : G∗ → H is well-defined. The B-homomorphism ψB

2

will be the sought counter homomorphism for ψ1.
Remark 1. The permutability of tensor completion with direct limits

allows one to reduce many problems on completion to the case of a finitely
generated group. In fact, let {Gi, i ∈ I; πj

i } be the direct limit of all finitely
generated subgroups of the group G. Then G = lim−→

i∈I

Gi and GB ∼= lim−→
i∈I

GB
i .

Remark 2. Let us give an example showing that the Cartesin product
operation is not permutable with the operation of tensor completion.

Denote
i :

∏

j

Gj →
∏

j

GB
j .

Then by virtue of the universal property of tensor completions we have the
B-homomorphism

iB :
(∏

j

Gj

)B
→

∏

j

GB
j

which in the general case is not an isomorphism. An analogous example
already exists in the theory of abelian groups.

Let us take as a ring A the field of rational numbers Q, while as Gn,
n ∈ N, we take a cyclic group of order n. Let Gn = 〈an〉, n ∈ N. Then

GQn = Gn ⊗Q = 0.

Therefore ∏

j

GB
j = 0.

At the same time the group
∏
n

Gn contains elements of infinite order and

therefore the group (∏
n

Gn

)Q
=

∏
n

Gn ⊗Q

is nonzero.
Let G∗ be a limit group of the inverse spectrum

G = {Gj , j ∈ J, πk
j }.

We construct the B-homomorphism

σ : (G∗)B → lim←−GB
i .
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For this we denote by
πj : G∗ → Gj

the projection of the limit group onto the j-th component. Then

πB
j : (G∗)B → GB

j

is the corresponding homomorphism of tensor completions. Let

µj : lim←−GB
i → GB

j

be the natural projection.
Then there exists a homomorphism

σ : (G∗)B → lim←−GB
j ,

that makes the diagram

(G∗)B σ //

πB
j ##GG

GG
GG

GG
GG

lim←−GB
j

µj

²²
GB

j

commutative.
We will illustrate by an example that in the general case this homomor-

phism is not an isomorphism.
Let us consider Gk, k ∈ N, Gk = 〈ak〉, where ak is an element of order

pk, p is a prime number. Then, as is known, lim←−Gk
∼= Zp∞ is an additive

group of integer p-adic numbers,

ZQp∞ = Zp∞ ⊗Q
is the vector space over Q of continual cardinality. Simultaneously,

lim←−GQk = lim←−(Gk ⊗Q) = lim←−0 = 0.
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