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Abstract

In the present work, on the basis of rational splitting of cosine operator-function,
there is constructed fourth order accuracy decomposition scheme for nonhomogeneous
hyperbolic equation, when the main operator is self-adjoint positively defined and is
represented as a sum of two addends. Stability of the constructed scheme is shown
and the error of approximate solution is estimated.
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Introduction

As it is known, the solution of Cauchy problem for nonhomogeneous hyper-
bolic equation can be given by means of sine and cosine operator functions,
where square root from the main operator is included in the argument. Us-
ing this formula, for the equally distanced values of the time variable, the
precise three-layer semi-discrete scheme can be constructed, whose tran-
sition operator is a cosine operator function. Main purpose of the work
is construction of decomposition scheme for abstract hyperbolic equation
by means of the above-mentioned scheme basing on splitting of cosine-
operator function. Splitting of cosine operator-function can be carried out
using cosine-operator functions, as well as using rational operator-functions.
Schemes of rational splitting have important practical value, as by means
of them it is possible to carry out numerical calculations.

D. Gordeziani and A. Samarskii in the works [1] - [3] constructed and
investigated first and second order precision decomposition schemes for
hyperbolic equation. Qin Sheng, Voss David A., Khaliq Abdul Q. M. in the
work [4] constructed second order precision decomposition scheme for sin-
Gordon equation. It has to be pointed out that these authors constructed
the scheme using exponential splitting and then obtained the corresponding
rational splitting using Pade approximation.
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In the present work, on the basis of rational splitting of cosine operator-
function, there is constructed fourth order accuracy decomposition scheme
for nonhomogeneous hyperbolic equation, when the main operator is self-
adjoint positively defined and is represented as a sum of two addends.
Stability of the constructed scheme is shown and the error of approximate
solution is estimated.

1 Statement of the Problem and Rational Decom-

position Scheme

Let us consider the Cauchy problem for abstract hyperbolic equation in the
Hilbert space H:

2U
ddé“-+Auu)_jxw, te[0,7], (1.1)
u@ =g, My, (1.2

where A is a self-adjoint (A does not depend on t), positively defined (gen-
erally unbounded) operator with the definition domain D (A), which is
everywhere dense in H, D (A) = H, A= A* and

(Au,u) > aljul|®*, Yue D(A), a=const>0,

where by ||-|| and (-,-) denotes respectively the norm and scalar product
in H; o and ¢ are given vectors from H; w(t) is a continuous, twice
continuously differentiable, searched function with values in H, f(¢) is a
given function with values in H.

It is known that if g € D (A), ¢1 € D (AY?) and f (t) € C* ([0,T]; H),
then there exists such twice continuously differentiable function u (¢), which
satisfies equation (1.1) and initial conditions (1.2) (see [5], Chapter III, §1
). In this case the solution is given by the following formula:

u(t) = cos (tA1/2) wo + A2 sin (tAl/Q) P1
t

+/€m(u_syﬁﬂ)A4ﬂf@ym, (1.3)

0

where operator functions cos (tAl/ 2) and sin (tAl/ 2) are defined by gener-
alized Euler formulas:

cos (tAl/z) =

% (e_it‘/Z + 6“*“7) ,
sin (tA1/2) = % (eit\/Z _ eﬂ‘h/ﬁ) 7
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where {eﬂt‘/z} is a unitary group of operators generated by operators
(£iAY/?).

It is proved, that there exists a limit lim (I + %z’Al/Q) - ¢ (I is a unit

n—oo

operator), for any ¢ € H and this limit is defined as eLitVay, (see [6],
Chapter IX).

Let A = Ay 4+ Ao, where A; and A, are self-adjoint, positively defined
operators.

Let us introduce a grid set:

T
wq—:{tk:k‘T, k=0,1,..n, n>1, T:}.

From formula (1.3) it can be easily obtained the following three-point re-
current relation:

ultisn) = 2cos (TAY2) u(ty) - u (te1) + 720, (1.4)
where
tr4+1
™y, = / sin ((tk+1 —s) A1/2) f(s)ds
tk—1

ti
—2¢cos (TAW) / sin ((tk —5) A1/2) A7V £ (s)ds. (1.5)

te—1

Let us construct decomposition scheme using the formula (1.4):

Ugy1 = V(T)uk—uk_l—}—TziZk, k=1,...,n—1, (1.6)
1 T
uyp = o, up = 5 <V (T) ®o + TV <\/§) §01> + T2§02, (17)
where
V(T) = V()(T;Al,AQ)—i-VO(T;AQ,Al), (1.8)

Vo(ri A, Ag) = (T+ar?A)) " (T+A24) (I +ar4,) ',
0 L 5 - L - L o
Ve = <I+127 Al) <I+127 A2> Fte) + 57 (),
1

2 9 2
2 = SI(O0)+ I (0)+ 0" (0) = - Af(0),
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/ 2
where \ = % + %),, a = % ii#, @ is a conjugate of a. f () is

a right hand side of the equation (1.1), ¢ and ¢; are initial values, 7 is a
time step, n > 1 is a number of division of time variable.

We declare function uj, as an approximation of u (¢) in the ¢ = .

In order to conduct numerical calculations of the scheme (1.6)-(1.7), it
is necessary to inverse operator I +~724; (j =1,2, 7=\, o, @), which
is equivalent to solving of the following equation:

¢+ Ajp = f,

where ¢ is unknown function and f is a given function.

2 Stability of the Rational Decomposition Scheme

To investigate stability of the scheme (1.6)-(1.7) we need the following
lemma (see [7]).

Lemma 2.1 Let the Recurrent relation
Ugq1 = Lug — Sug_1 + f

be given, where L and S are the commutative operators acting in the linear
space X; ug,u1 and fr are the given vectors from this space. Then the
following formula is valid:

K
upy1 = Uk (L, ) wr — SUk—1 (L, S)uo + Y Ui (L, ) fi, (2.9)
i=1

where the operator polynomials Uy, (L, S) satisfy the following relation
Ugs1 (L,S) = LUL(L,S)—SUk_1(L,S), k=1,2,..., (2.10)
Uy (L,S) = I, U (L,S)=L.
Note that (2.9) can be easily proved using the method of induction.

In previous works, using formula (2.9), we have investigated three-layer
semi-discrete schemes for abstract parabolic and hyperbolic equations (see

(7], [8])-
Let us continue investigation of stability of the scheme (1.6)-(1.7). The
following theorem takes place.

Theorem 2.1 Suppose A1 and As are self-adjoint positively defined oper-
ators. Then for the scheme (1.6)-(1.7) the following estimate is valid:

lurll < lleoll + v lleall + v7 2]l

7_2
t t — "t k=1, ..
N uk<tg[13;;]\f<>u+12tg[13;;]uf <>H), o,
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where v = (1 + 7'21/0) /N2, vy is minimal of lower boundaries of operators
Ay and As.
Proof. According to formula (2.9), we have

k

Upsr = Uk (L, D) ug — Up—1 (L, Dug + Y Up—i (L, 1) 1), (2.11)
i=1

where L = V (7). Substituting the value of u; into (2.11), we obtain:
wpet = (SLUGL D) = Uy (I, 1)) 0o+ ~rUs (L, D)V (-
k+1 = ) k(L k—1 L, %0 2T kL, /3 ¥1

k
72U (L, 1) 02 + 7> Up—i (L, 1) 9. (2.12)
=1

Let us consider scalar polynomial Uy, (z, 1) corresponding to operator poly-
nomial Uy (L, I). It is important that the polynomials U (2x,1) are the
second kind Chebyshev polynomials, for which the following representation
is valid (see e.g. [9], Chapter II)

sin ((k + 1) arccos x)

U (22,1) = Nipr , zT€l—1,1].
Hence it follows that
Uy (2,1) = 250 ((%Ccosg), ze]—2,2[ (2.13)
Therefore we obtain the following well-known estimate:
Up(2,1)] € ——— ze]-2,2] (2.14)
Vi

Let us estimate the norm of the operator (I + 047‘2A1)71. As, due to con-
ditions of the theorem, A; is self-adjoint and positively defined operator,
we have:

H(I+Oé7'2A1)71H sup

x€[vo,+00) |1 + 047'21'|
1

x€[vp,+00) \/1 + (1 _ )\) 20 4 %7-4$2

IN

(2.15)
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Analogously we obtain:

_ 1
I+aria) ™| < , 2.16
|@+aran™] < 1+ 11— 22w (2.16)
|27 < g (2.17)
14 M2y
From the estimates (2.15), (2.16) and (2.17) it follows that
1 1 1
V(A1 A <
Vo (7 41, A (1+ 1 (1= X r200) (T +A7200) (1+ L (1= X)7200)
_ (2.18)
1472y '
Analogously we obtain
1
Vo (1542, A)|| < ———. 2.19
IV (7 Az, A1) < T (2.19)
From (1.8), taking into account (2.18) and (2.19), we obtain:
O E—— (2:20)
=1y '

As V (1) is self-adjoint operator, from (2.20) it follows that

Sp(V (7)) C [-v1, 1], (2.21)

where v| = 2/ (1 + 7'21/0) .

Let us estimate the norm of the operator 7Uy (L, I). As is known, when
the argument represents a self-adjoint bounded operator, the norm of the
operator polynomial is equal to the C-norm of the corresponding scalar
polynomial on the spectrum (see, e.g., [10] Chapter VII). Due to this fact,
from (2.14) with account of (2.21) we obtain

2
7|Uk (L, T = 7 max |Ug(x,1)| <7 max ——
10x (L, DI = mase [U (2, )] S 7 max | =g
2T

= <y (2.22)

\/4—1/12 o

Now let us estimate the norm of the operator 3 LUy, (L, 1) —Uy_1 (L, I).
The scalar polynomial Uy, (z,1) satisfies the following recurrent relation:

Uk+1(x,1) = xUk<1‘,1)—Uk,1<$,1), k=1,2,..., (2.23)
U() (I’, 1) = 1, U1 (x, 1):1‘.
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Due to recurrent relation (2.23) and formula (2.13), we have

%.Z‘Uk (,1) = Up_q (z,1) = [(zUg (,1) = Ug—1 (z,1)) — Ug—1 (2, 1)]

— N

= ks (1) ~ Ui (1]
sin ((k + 2) arccos £) — sin (k arccos %)
Vi
2 cos ((k + 1) arccos Z) sin (arccos %)
Vi
2cos ((k+ 1) arccos 3) /1 — %
VA —a?
= cos ((k + 1) arccos g) , x€[-2,2].

Hence we obtain

1
ink (2,1) = Ug—1 (z, 1)' <1, =ze€[-22]. (2.24)
Analogously to (2.22), according to the inequality (2.24) we have:
1
H2LUk (L,1) = Up—1 (L, 1)” <1. (2.25)

From (1.8) it follows the estimate

.
VIi—]||l £2 2.26
()= eon
k ~
Let us estimate Y Ug—; (L, 1) ;.
=1
k _ k
S Ui (LD || < 7> |lrUk—i (L, )]
=1 i=1
1 1 1 -1
( (1 o) (1) 1r o
7_2
531l
T2
< wt i+ — ") (22
< ot (o 17 @01+ T3 o 0]} 22)
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From (2.12), taking into account (2.22), (2.25), (2.26) and (2.27), we
obtain the desired inequality. [J

Now let us show that the scheme (1.6)-(1.7) remains stable after small
perturbation of the operator V (7). With this purpose, along with the
scheme (1.6)-(1.7) (for simplicity let us consider homogenous case), we con-
sider the following scheme:

ﬂkJrl = V(T) ﬂk_ﬁkfly k= 1,...,77,—1, (228)
- - - 1/~ - ~( 7\ - -
U = Po, W= (V (1) o+ 7V (\/§> <p1) +725,, (2.29)

where V (7) is a bounded operator in H, 3o, 1 and 3, are the given vectors
from H.
The following theorem takes place.

Theorem 2.2 If HV (r)=V (T)H < e7?, e = const > 0, then the estimate

18 valid:

k
lug+1 — Ut < ETVZeXp (evtg—i) 0i—1 + 0, k=1,...,n—1,
i=1
where
o = lleo—@oll +viler— @1l + v lle2 — @2

1 ~ 1
+oevt leoll + 37 llenll | +evtr (ol + v llel),

u and Uy are solutions of the systems (1.6)-(1.7) and (2.28)-(2.29), re-
spectively.

Proof. From (1.6) and (2.28) we have
Up1 — g1 =V (7) (up — Ug) — (up—1 — Up—1) + <V (1) -V (T>> U

Hence, using the formula (2.9), we obtain

Uk+1 — ﬂkJrl = Uk (L,I) (u1 — ﬂl) — Uk,1 (L, I) ('LLO — ﬁo)
k
+3 Ui (L, 1) (V (r) -V (7)) ;.
i=1
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Due to formulas (1.7) and (2.29), we obtain
~ 1 ~
Upt1 — Upp1 = <2LUk (L, I) = Up-1 (L, I)) (¢0 — o)

+%TU1€ (L, )V <\;§) (01— 1)

+72Uy (L, 1) (92 — $2)
50D (VD) -7 () %o

(@) (@)
+ LU @D (VO -V @) 20

From (2.30), according to inequalities (2.22), (2.25) and (2.26) and condi-
tions of the theorem, we have

k k k
lupsr =@l <6+ el < +ed fuill ey fui —all, (2:31)
=1 =1 =1

where ¢ = eTv and
§ = llpo— ol + v e — o1
- 1 1
+vT 2 — ol +evr §||900\|+ng|901|| :

From (2.31), with account of the estimate obtained in theorem 3.2, we
have

k
Epr1 < €Y gt O, (2.32)

i=1
where €; = ||u; — u;|| and
0 = 0 +evty (llpoll + v [leall) -
Using induction method, from (2.32) we obtain (the discrete analog of

Gronwall’s lemma)

k—1 '

e <c(l+0)f e +ed (140 6+ bk
i=1

Hence, taking into account that e < 8y and (14 ¢)¥ < exp (evty), we
obtain the inequality under proof. [J

Result: If |[@o — @0l — 0, |1 — @1l — 0, ||p2 — @2|| and € — 0, then
Huk - ’INLkH - 0, k= 1, ey N
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3 Estimate of Error of the Approximated Solu-
tion

We need the natural powers of the operator A = A1 + As. They are usually
defined as follows:

AT = (A1 + A)? = (A2 + AD) + (414 + ArAy),
AP = (A1 + Ao)® = (A3 + A3) + (AAr + A1 AG + AxAT + A3AY)
+(A142A1 + A3A1Ag) .

Analogously is defined (A; + A2)™, m > 3. It is obvious that the definition
domain D (A™) of the operator A™ is the intersection of definition domains
of its addends.

Let us introduce the following notations:

lella = [[Awpll + | A2, » € D(4),
ol = || ATl + [|430] + |41 d2p]l + | A2A10]l, ¢ € D (A?),
where ||-|| is a norm in H. ||¢|| gm , m > 2, are defined analogously.

For estimate error of approximate solution we will need the following
lemma (in the sequel ¢ denotes a positive constant).

Lemma 3.1 If f (t) € CYY) ([0,T]; H), f" (t) € D (A) and f (t) € D (A?)
for every t € [0,T] then the following estimation takes place:

s - | < 074<max 7 (1)

te[0,tg]

"t t . (333
+ e [0l ma 1 OlLe) . (339

Proof. From (1.5) for 721, we will have

tet1
™y = / sin ((tkH —s) A1/2> ATV2f () ds
tp—1
ti
—2cos (TA1/2> / sin ((tk —5) A1/2> Ail/Qf (s)
te—1

T

— /sin ((s +7) AI/Q) A_1/2f (ty — s)ds

—T
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—2cos TA1/2 /sm sA1/2 A_1/2f( s)ds
0

_ (/ ((8_1_7_)(8—’_67—)A>f(tk3)d8+7”1(7')>

—T

+ (2 ([ _ 722A> /Tsin (sA¥2) A2 (1 — s)ds + 72 (T))

0

T

o 3
= /(s+7’)f(tk—s)ds—/(s—z7—) Af (tp —s)ds

—T —T

T

—2/sin <3A1/2) A_l/zf (t, — s) ds

0
-

+r24 / sin (sAY?) A72f (15— 5)ds + 1 (7) 72 (7)

A 3
+ /“52ﬂ44w@wsf@w%h+ﬂﬂﬂ)

-7

" 2/T<S‘S§A>f(tks)ds+r4(7')>
0

n #A/#@kSMSHHﬂ)+ﬁUHTﬂﬂ
0

T T

_ /(s+7’)f(tk—s)ds—2/sf(tk—s)ds

o 0

7 3
_/(SJ%T) A(F () — sf (1)) ds

+(;/§Aww>swaM+wﬁ0

0
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+ (TzA/S(f(tk)Sf/(tk)) ds+r7 (T ) —|—er

0
- /<T—s><f<tk+s>+f<tk—s>>ds—/“*6” Af (1) ds

0 —T

7 3
+/5(827) AF' () ds

—T

T T 4
% (/33Af (t) ds — /s4Af’ (tk)ds> + %Af (te)
0

0

T5 !
— Af () + )i (7)
j=1
— (2/(7 —8) f (tg) ds —1—/32 (1 —35)f" (ty)ds +1g (7))
0 0
274

—7Af (tk) + 7Af (tx)

A A 7
+ SAS (k) — —Af () + 5 Af (1) - fAf )+ ry(7)
7j=1

4
= 2P+ T (1) — (2 Sl 1) AF (1)

12 3 12 2
8
2 1 1
+7° <5 BT 3> Af' (tr) +Z"”J (7)
j=1

4
= TF(t) = SAS (1) + 1 f” (tr) +Zm

1 -1
= (I—|—1272A> I (tg) + 7 f” (tx) +er (3.34)
where

lrj (D) < er® e [|f (B)lla,> §=1,4,5,9, (3.35)

; < e "( i =3.6,7 3.36

Hrj (T)H > CT tg[l(?i(] Hf )‘ A J s Uy by ( )

Irs (I < er® max |7 (1)), (3.37)

te[0,tg]
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()] = et |2 / (s41/2) A772f (1 5) ds
0
= et [ [ eos (ea?) ae | a2 1 - )
0 0
< 6 ) 3.38
< or® max |11 (1), (3.38)

From (3.34) for ¢ we have:

1 9
e = (1 i 1127%4) P+ T )+ R, (3:39)

where for Ry (1) according to the inequalities (3.35)-(3.38) we have the
following estimation:

7

t€[0,t]

9
1
[Re (7)< ) Z (1) §c7'4<max

+ ma 477 O] + max (142 >H)' (3.40)

As it is known the following estimation takes place

1 —1 1 1 1 —1
2 o 2 2
<I+ 127’ A) <I+ 127’ A1> <I+ 127’ A2>

< e (1) e (3.41)

f(tk)

From (1.8) and (3.34) taking into account (3.40) and (3.41) we will get the
sought estimation. [J

Theorem 3.1 Let the following conditions be fulfilled:

(a) A = 1 + \1[, o= % R 3_(21_>‘)2;

(b) A, A1 and Ay are self-adjoint, positively defined (generally unbounded)
operators;

(c) o € D (4), g1 € D (A21/%);

(d) f(t) e CUV)([0,T); H), f"(t) € D(A) and f (t) € D (A2+Y/2) for
every t € [0,T7].

Then for error of approzimate solution obtained by scheme (1.6)-(1.7),
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the following estimate holds:

lu(tr) — wgl| < evr? <H801!A2 + 7 ([0l 4z + tr max flu (t)]] 42
<i<k

/ n
+ mmax [ (1) 4 + max |1 @)

+ig < max
t€[0,tx]

P )]+ s 17 Ol + o 17 0L )

t€(0,tx] t€(0,tx]

Proof. Let us note that if ¢g € D (A3) , 1 €D (A2+1/2) and f(t) €
D (A?*1/2) for every ¢ € [0,T), then from formula (1.3) automatically fol-
lows that u (t) € D (A®) for every t € [0,T].

According to the following formula (see. [6], p. 603):

t
A/e_SAds —e e 0<r<t,
T

we can obtain the expansion

k—1 ti t s1 Sk—1
e tA = Z(—l)l ﬁAl + (—A)k// / e *Adsdsy_1...ds1.
=0 0 0 0
Using this formula we obtain
k . 7'2i .
COS (TAl/Q) = Z (—1)Z wA’L + Rk (7-7 A) ) (342)
i=0 ’

where Ry, (7, A) is a residual member, for which the following estimation is
true:

IRk (7, 4) ] < T gl s e e D (A (3.43)

(2k + 2)

We denote an error of the approximate solution at ¢t = t; by zg, 2 =
u (tg) — ug. Due to formulas (1.4) and (1.6), we have

21 =V (T) 2 — 21 + R(7) u (tg) + 72 (% - Jk) , (3.44)

where R(r) = 2cos (TAW) — V(7). (3.45)

Using induction method, we obtain that

k
(I+724) 7 =3 (-1 7247 + Ry (1, A), (3.46)
=0

(2
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where

Ry (7, A) = (—1)F 72542 (T 4 724) 71 AR+, (3.47)

It is obvious that for residual member of Ry, (7, A) the following estimate
is valid: N
| )| < 2l ger, e D (aM1). (348)

Let us estimate the operator R (7). We decompose the operator V ()
from right to left using the formula (3.46) in the way that each residual
member be of sixth degree respect to 7. Therefore we obtain

Vo (m3 As—j, Aj) = W (13 A3—j, Aj) + Ry (15 As—5, 45), 1=1,2, (3.49)
where
W (r; As_j, Aj) = J—72 ((a+ @) Az_j + )\Aj)
+74 (o + oo + &%) A5 + adAz_jA;
+ AAAjAs_j + N AZ)
RV (7‘; Ag_j, A]) = (I + OéTQAg_J)il (I + )\T2Aj)71 EQ (T, aAg_]’)
+ (I + aT2A3_j)_1 1’::52 (T, )\A])
—ar? (I + 047'2./43_]‘)_1 El (7’, )\A]) Ag_j
+a27'4 (I + 047’2A3_j)_1 ﬁo (7’, )\AJ) Agfj
+§2 (7’, OéA37j) — )\Tgffl (7‘, OéAgfj) Aj
+)\27'4§0 (T, OéAg_j) A? — 67_2}’%1 (7‘, 04A3_j) A3_j
+a>\7'4§0 (7’, OéAgfj) AjAgfj
—|—52T4§0 (7‘, OéAgfj) A%_j.
From here, taking into account (3.48), we obtain
IRy (m; As—j, Aj) @l S er®llgllas . G=1,2, w€D(A%).  (3.50)
From (1.8), using (3.49), we have:
V() = 2I—72(a+a+\) (A + Ag)
+74 ((o® + @ + aa + A?) (A7 + 43)
+Aa+a) (A1 Ay + AyA))) + R(7), (3.51)

where

R(7) = Ry (7; A1, A2) + Ry (15 Ag, Ay). (3.52)
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Due to theorem condition (a), parameters o and A satisfy the following
equalities:

a+a+ = 1,

1

2 | =2 — 2
A= —
a” +a” + oo+ 12’
1
A a) = —.
(a+@) B

With account of these equalities, from (3.49) we obtain:
74 ~
V(r)=2I-1?A+ EA2 + R(7). (3.53)
Due to (3.42), we have:
4
2 cos (TAW) =20 — T2 A+ A2+ 2R, (1, A). (3.54)

From (3.45), taking into account equalities (3.53), (3.54) and inequali-
ties (3.50), (3.43), we obtain:

IR(M) el <21Rs (7, ) oll + |[R () 0| < er®liglls, v € D (4%,

(3.55)
According to formula (2.9), from (3.44), we obtain:
k
si1 = Up(L D)z = Upoa (L, 1) 20 + Y Upi (L, 1) R(7) u (i)
i=1
k
+72Y Ui (L, 1) (1/% - {ﬁvz)
i=1
k
- U LD+ S U (LD R u(t)
i=1
k ~
+72Y " Up—i (L, 1) (%’ - %bi) : (3.56)

i=1
For z; we have:
21 = u(ty) —u = 1R(T) w0+ [ A7 ?sin (TAl/Q) — 1TV - 1
2 2 V3

T

+ / sin ((r — ) AY?) A72f () ds — % (3.57)
0
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Analogously to estimate (3.55), we obtain:

<A1/2 sin (rA1/?) — %Tv (\%)) o1

< e leillgz, p1€D(A%). (3.58)

for integral term we have in formula (3.57):

T

/Sin ((7’ —35) A1/2) ATV2f () ds

0

T

= /((T—S)—(T 5 ) A)f(s)ds+F1(T)

0

T

= [e-916is- [T ar a7 0)

0 0

y

/
N (/T(TGS)BAf(O)ds+?3 (ﬂ) + 7 (7)
(

52
=) (FO 57 0+ 5 ) ds 7 ()

0

—

= 7'2

T o 7 " 27° /
3O+ L0+ L0 - 2y o)

+71 (1) + 72 (1) + 73 (1)
where
[ (M < er® max || f (8)ll 42

te(0,7]

[F2 (Il < er® max || ()

IFa Il < er® max {7 O] -

)

According these inequalities we have:

T

/Sin ((T —3) A1/2> A_l/Qf (s)ds — 'r2g02

0

5 " ,
< er <tgl[3§]Hf O+ max [ )] 4 + 7 max Hf(t)HA2>(3.59)
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From (3.57), with account of (3.55), (3.58) and (3.59), we obtained:

[z < er® <|501H,42 +7 [loll 45 + max ||/ (#)]]
te[0,7]

+ ma |77 O] + 7 max ||f(t)||A2> . (3.60)

From the formula (3.56), taking into account inequalities (3.55), (2.22),
(3.60) and (3.33), we obtain the sought estimation. [
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