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Abstract

It is well known that if the function of a single variable has a continuous derivative,

its trigonometric Fourier series is absolutely convergent. However, if the function of

two variables has continuous partial derivatives, its double trigonometric series is not

necessarily absolutely convergent (see [1], [2]). In the present paper, in particular, the

sufficient conditions are found for the absolute convergence of double trigonometric

series of functions of two variables with continuous partial derivatives.
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Let Lp(I2), I = [0, 1], 1 ≤ p < ∞, be a space of periodic functions with
period 1 with respect to each variable and integrable on I2 with power p
and let C(I2) be a space of periodic functions with period 1 with respect
to each variable and continuous on I2. As usual, for f ∈ Lp(I2)

ω

(
1
m

,
1
n

, f

)

Lp

=
(

sup
|t|≤m−1

|s|≤n−1

∫

I2

|∆t,sf(x, y)|pdx dy

) 1
p

,

where

∆t,sf(x, y) = f(x + t, y + s)− f(x, y + s)− f(x + t, s) + f(x, y),

ω1

(
1
m

, f

)

Lp

=
(

sup
|t|≤m−1

∫

I2

|f(x + t, y)− f(x, y)|p dx dy

) 1
p

,

ω2

(
1
n

, f

)

Lp

=
(

sup
|s|≤n−1

∫

I2

|f(x, y + s)− f(x, y)|p dx dy

) 1
p

.
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The corresponding moduli of continuity when f ∈ C(I2) will be de-
noted, respectively, by

ω

(
1
m

,
1
n

, f

)
, ω1

(
1
m

, f

)
, ω2

(
1
n

, f

)
.

The partial variations of a function f(x, y) are defined similarly as the
variations of a function of single variable. If Πn is a decomposition of the
segment [0, 1] with the points 0 ≤ x0 < x1 < · · · < xn ≤ 1 and

sup
y∈[0,1]

sup
Πn

n−1∑

k=0

|f(xk, y)− f(xk+1, y)| = V1(f) < +∞,

then we will write f ∈ V1(I2). Analogously, if

sup
x∈[0,1]

sup
Πn

n−1∑

k=0

|f(x, yk)− f(x, yk+1)| = V2(f) < +∞,

we will write f ∈ V2(I2).
Consider the decomposition Πm,n of the square [0, 1]2 by the points

(xk; yk), 0 ≤ x0 < x1 < · · · < xn ≤ 1, 0 ≤ y0 < y1 < · · · < ym ≤ 1. If

sup
Πm,n

m∑

i=0

n∑

k=0

|f(xi, yk)−f(xi+1, yk)−f(xi, yk+1)+f(xi+1, yk+1)| = V (f) < +∞,

we will write f ∈ V (I2).
Let f ∈ L(I2) and let

∞∑
m=−∞

∞∑
n=−∞

cmn(f)e2iπ(mx+ny)

be its double Fourier series. Let

amn(f) = (|cmn(f)|+ |c−mn(f)|+ |cm−n(f)|+ |c−m−n(f)|) , m ≥ 1, n ≥ 1,

am0(f) = (|cm0(f)|+ |c−m0(f)|) , m ≥ 1,

a0n(f) = (|c0n(f)|+ |c0−n(f)|) , n ≥ 1.

Lemma 1. Let f ∈ Lp(I2), p ∈ (1, 2], r ∈ (0, q], q = p
p−1 . Then for any
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M ≥ 1, N ≥ 1

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f) ≤ cp,r

2M−1∑

m=M

2N−1∑

n=N

ωr

(
1
m

,
1
n

, f

)

Lp

(m · n)−
r
q , (1)

2M−1∑

m=M

ar
m0(f) ≤ cp,r

2M−1∑

m=M

ωr
1

(
1
m

, f

)

Lp

m
− r

q , (2)

2N−1∑

n=N

ar
0n(f) ≤ cp,r

2N−1∑

n=N

ωr
2

(
1
n

, f

)

Lp

n
− r

q . 0) (3)

Proof. It is easy to see that the series

−
∞∑

m=0

∞∑

n=0

4cmn(f)ei2π(mx+ny) sin
πm

4M
sin

πn

4N

is the Fourier series of the function

δM,Nf(x, y) = f

(
x +

1
8M

, y +
1

8N

)
− f

(
x− 1

8M
, y +

1
8N

)

− f

(
x +

1
8M

,y − 1
8N

)
+ f

(
x− 1

8M
,y − 1

8N

)
.

Hence, using the Hausdorff–Young theorem, we will have

2M−1∑

m=M

2N−1∑

n=N

aq
mn(f)

∣∣∣∣ sin
πm

4M
sin

πn

4N

∣∣∣∣
q

≤ cp

(∫

I2

|δM,Nf(x, y)|p dx dy

) 1
p−1

≤ cp ω
p

p−1

(
1

8M
,

1
8N

, f

)

Lp

.

Therefore, on account of
∣∣∣∣ sin

πm

4M
sin

πn

4N

∣∣∣∣ ≥
1
2

, M ≤ m ≤ 2M − 1, N ≤ n ≤ 2N − 1,

we get
2M−1∑

m=M

2N−1∑

n=N

aq
mn(f) ≤ cpω

p
p−1

(
1

4M
,

1
4N

, f

)

Lp

.

0) In what follows we will denote by c, cα,β , respectively, the absolute constants and
constants depending on their indices, which are different in different inequalities.
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Using the Hölder inequality, we have

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f) ≤ (MN)1−

r
q

( 2M−1∑

m=M

2N−1∑

n=N

aq
mn(f)

) r
q

.

From the last two inequalities we have

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f) ≤ cp(MN)1−

r
q ωr

(
1

4M
,

1
4N

, f

)

Lp

≤ cp,r

2M−1∑

m=M

2N−1∑

n=N

ωr

(
1
m

,
1
n

, f

)

Lp

(mn)−
r
q .

Now it is easy to see that

∞∑

m=0

2icm0(f)ei2πx sin
mπ

4M

is the Fourier series of the function

δMf1(x) = f1

(
x +

1
8M

)
− f1

(
x− 1

8M

)
,

where f1(x) =
∫
I f(x, y) dy.

According to the Hausdorff–Young theorem we get

2M1∑

m=M

aq
m0(f)

∣∣∣∣ sin
mπ

4M

∣∣∣∣
q

≤ cp

( ∫

I
|δMf1(x)|p

) 1
p−1

dx

≤ cpω

(
1

4M
,f1

)
≤ cpω

p
p−1

1

(
1

8M
,f

)

Lp

.

Consequently, since

sin
mπ

4M
≥ 2−

1
2 , M ≤ m ≤ 2M − 1,

we have
2M−1∑

m=M

aq
m0(f) ≤ cpω

p
p−1

1

(
1

8M
,f

)

Lp

.

In view of the Hölder inequality

2M−1∑

m=M

ar
m0(f) ≤ M

1− r
q

( 2M−1∑

m=M

aq
m0(f)

) r
q

.
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From the last two inequalities we get

2M−1∑

m=M

ar
m0(f) ≤ cpM

1− r
q ωr

1

(
1

4M
,f

)

Lp

≤ cp,r

2M−1∑

m=M

ωr
1

(
1
m

, f

)

Lp

m
− r

q .

The validity of inequality (3) can be proved in a similar way.

Corollary 1. a) If f ′x ∈ Lp(I2), p ∈ (1, 2], r ∈ (0, q], q = p
p−1 , then for

M ≥ 1, N ≥ 1

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f) ≤ cp,r

2M−1∑

m=M

2N−1∑

n=N

ωr

(
1
m

,
1
n

, f ′x

)

Lp

m
−r q+1

q n
− r

q , (4)

2M−1∑

m=M

ar
m0(f) ≤ cp,r

2M−1∑

m=M

ωr
1

(
1
m

, f ′x

)

Lp

m
−r q+1

q . (5)

b) If f ′y ∈ Lp(I2), p ∈ (1, 2], r ∈ (0, q], q = p
p−1 , then for M ≥ 1, N ≥ 1

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f) ≤ cp,r

2M−1∑

m=M

2N−1∑

n=N

ωr

(
1
m

,
1
n

, f ′y

)

Lp

m
− r

q n
−r q+1

q , (6)

2N−1∑

n=N

ar
0n(f) ≤ cp,r

2N−1∑

m=N

ωr
2

(
1
n

, f ′y

)

Lp

n
−r q+1

q . (7)

Proof. Since

cmn(f) =
1
m

cmn(f ′x),

when m 6= 0, for M ≥ 1, N ≥ 1 we have

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f) =

2M−1∑

m=M

2N−1∑

n=N

m−rar
mn(f ′x) ≤ M−r

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f ′x).

Now using Lemma 1 for the function f ′x(x, y) we get

2M−1∑

m=M

2N−1∑

n=N

ar
mn(f ′x) ≤ cp,r

2M−1∑

m=M

2N−1∑

n=N

ωr

(
1
m

,
1
n

, f ′x

)

Lp

(mn)−
r
q

≤ cp,rM
r

2M−1∑

m=M

2N−1∑

n=N

ωr

(
1
m

,
1
n

, f ′x

)

Lp

m
−r q+1

q n
− r

q .

From the last two inequalities it follows that inequality (4) is true. The
validity of inequalities (5)–(7) is proved in a similar way.
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Theorem 1. Let f ∈ Lp(I2), p ∈ (0, 2], r ∈ (0, q]. Then for any µ =
0, 1, . . . , ν = 0, 1, . . . , µ1 ≥ µ, ν1 ≥ ν we have

2µ1−1∑

m=2µ

2ν1−1∑

n=2ν

ar
mn(f) ≤ cp,r

2µ1−1∑

m=2µ

2ν1−1∑

n=2ν

ωr

(
1
m

,
1
n

, f

)

Lp

(mn)−
r
q , (8)

2µ1−1∑

m=2µ

ar
m0(f) ≤ cp,r

2µ1−1∑

m=2µ

ωr
1

(
1
m

, f

)

Lp

m
− r

q , (9)

2ν1−1∑

n=2ν

ar
0n(f) ≤ cp,r

2ν1−1∑

n=2ν

ωr
2

(
1
n

, f

)

Lp

n
− r

q . (10)

Proof. Assuming in (1) that M = 2i, N = 2k, from (1) we get

2i+1−1∑

m=2i

2k+1−1∑

n=2k

ar
mn(f) ≤ cp,r

2i+1−1∑

m=2i

2k+1−1∑

n=2k

ωr

(
1
m

,
1
n

, f

)

Lp

(mn)−
r
q .

Summing up this inequality when i changes from µ to µ1, and k changes
from ν to ν1, we get the validity of (8). Inequalities (9) and (10) are
obtained, respectively, from (2) and (3) in a similar way.

Denote by Ar the set of those functions f for which

∞∑

m=0

∞∑

n=0

ar
mn(f) < ∞. (11)

Theorem 1 yields the following

Corollary 2. Let the conditions of Theorem 1 be satisfied. Then if

∞∑

m=1

∞∑

n=1

ωr

(
1
m

,
1
n

, f

)

Lp

(mn)−
r
q < ∞,

∞∑

m=1

ωr
1

(
1
m

, f

)

Lp

m
− r

q < ∞,

∞∑

n=1

ωr
2

(
1
n

, f

)

Lp

n
− r

q < ∞,

we have f ∈ Ar.
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Proof. Assuming in inequalities (8)–(10) µ = 0, ν = 0 and passing to the
limit when µ1 →∞ and ν1 →∞ we get

∞∑

m=1

∞∑

n=1

ar
mn(f) ≤ cp,r

∞∑

m=1

∞∑

n=1

ωr

(
1
m

,
1
n

, f

)

Lp

(mn)−
r
q ,

∞∑

m=1

ar
m0(f) ≤ cp,r

∞∑

m=1

ωr
1

(
1
m

, f

)

Lp

m
− r

q ,

∞∑

n=1

ar
0n(f) ≤ cp,r

∞∑

n=1

ωr
2

(
1
n

, f

)

Lp

n
− r

q .

This and the conditions of the corollary yield the validity of inequality
(11).

Corollary 2 when p = 2 and r = 1 was obtained in [3].

Theorem 2. Let f ′x, f ′y ∈ Lp(I2), p ∈ (1, 2], r ∈ (0, q]. Then for any
µ = 0, 1, . . . , ν = 0, 1, . . . , µ1 ≥ µ, ν1 ≥ ν we have

2µ1−1∑

m=2µ

2ν1−1∑

n=2ν

ar
mn(f) ≤ cp,r

2µ1−1∑

m=2µ

2ν1−1∑

n=2ν

ωr

(
1
m

,
1
n

, f ′x

)

Lp

m
−r q+1

q n
− r

q , (12)

2µ1−1∑

m=2µ

2ν1−1∑

n=2ν

ar
mn(f) ≤ cp,r

2µ1−1∑

m=2µ

2ν1−1∑

n=2ν

ωr

(
1
m

,
1
n

, f ′y

)

Lp

m
− r

q n
−r q+1

q , (13)

2µ1−1∑

m=2µ

ar
m0(f) ≤ cp,r

2µ1−1∑

m=2µ

ωr
1

(
1
m

, f ′x

)

Lp

m
−r q+1

q . (14)

2ν1−1∑

n=2ν

ar
0n(f) ≤ cp,r

2ν1−1∑

n=2ν

ωr
2

(
1
n

, f ′y

)

Lp

n
−r q+1

q . (15)

This theorem is obtained from Corollary 1 in the same way as Theorem
1 is obtained from Lemma 1.

Corollary 3. Let the conditions of Theorem 2 be fulfilled. Then if

∞∑

m=1

ωr
1

(
1
m

, f ′x

)

Lp

m
−r q+1

q < ∞,

∞∑

n=1

ωr
2

(
1
n

, f ′y

)

Lp

n
−r q+1

q < ∞,
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and if one of the following conditions

∞∑

m=1

∞∑

n=1

ωr

(
1
m

,
1
n

, f ′x

)

Lp

m
−r q+1

q n
− r

q < ∞,

∞∑

m=1

∞∑

n=1

ωr

(
1
m

,
1
n

, f ′y

)

Lp

m
− r

q n
−r q+1

q < ∞

is satisfied, then f ∈ Ar.

The validity of this corollary is obtained from Theorem 2 in the same
way as Corollary 2 was obtained from Theorem 1.

Corollary 4. Let f ′x, f ′y ∈ C(I2). Then if

∞∑

m=1

ωr
1

(
1
m

, f ′x

)
m− 3

2
r < ∞,

∞∑

n=1

ωr
2

(
1
n

, f ′y

)
n−

3
2

r < ∞,

and if one of the following conditions

∞∑

m=1

∞∑

n=1

ωr

(
1
m

,
1
n

, f ′x

)
m− 3

2
rn−

r
2 < ∞,

∞∑

m=1

∞∑

n=1

ωr

(
1
m

,
1
n

, f ′y

)
m− r

2 n−
3
2

r < ∞

is satisfied, then f ∈ Ar.

The validity of this corollary follows from Corollary 3 if we assume that
p = q = 2 and take into consideration that the modulus of continuity in
the norm of the space L2(I2) are majorized by corresponding modulus in
the norm of the space C(I2).
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Theorem 3. Let f ′x, f ′y ∈ Lp(I2), p ∈ (1, 2], r ∈ ( q
q+1 , q

]
. Then we have

∞∑

m=1

∞∑

n=1

ar
mn(f)

≤ cp,r

∞∑

m=1

m
−r q+2

q
+1

[
ωr

(
1
m

,
1
m

, f ′x

)

Lp

+ ωr

(
1
m

,
1
m

, f ′y

)

Lp

]
,

(16)
∞∑

m=1

ar
m0(f) ≤ cp,r

∞∑

m=1

ωr
1

(
1
m

, f ′x

)

Lp

m
−r q+1

q , (17)

∞∑

n=1

ar
0n(f) ≤ cp,r

∞∑

m=1

ωr
1

(
1
n

, f ′y

)

Lp

n
−r q+1

q . (18)

Proof. We have

∞∑

m=1

∞∑

n=1

ar
mn(f) ≤

( ∞∑

m=1

m∑

n=1

+
∞∑

m=1

∞∑
n=m

)
ar

mn(f)

=
( ∞∑

n=1

∞∑
m=n

+
∞∑

m=1

∞∑
n=m

)
ar

mn(f) = I1 + I2;

(19)

I1 =
∞∑

ν=0

2ν+1−1∑

n=2ν

∞∑
m=n

ar
mn(f) ≤

∞∑

ν=0

2ν+1−1∑

n=2ν

∞∑

m=2ν

ar
mn(f).

In equality (12) setting µ = ν, ν1 = ν +1 and passing to the limit when
µ1 →∞ we get

∞∑

m=2ν

2ν+1−1∑

n=2ν

ar
mn(f) < cp,r

∞∑

m=2ν

2ν+1−1∑

n=2ν

ωr

(
1
m

,
1
n

, f ′x

)

Lp

m
−r q+1

q n
− r

q

≤ cp,r

2ν+1−1∑

n=2ν

ωr

(
1
n

,
1
n

, f ′x

)

Lp

n
− r

q

∞∑

m=2ν

m
−r q+1

q .

Since r ∈ ( q
q+1 , q

)
we have r q+1

q > 1. Therefore from the last two inequal-
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ities we get

I1 ≤ cp,r

∞∑

ν=0

2ν+1−1∑

n=2ν

ωr

(
1
n

,
1
n

, f ′x

)

Lp

n
− r

q 2ν(−r q+1
q

+1)

≤ cp,r

∞∑

ν=0

2ν+1−1∑

n=2ν

ωr

(
1
n

,
1
n

, f ′x

)

Lp

n
−r q+2

q
+1

= cp,r

∞∑

n=1

ωr

(
1
n

,
1
n

, f ′x

)

Lp

n
−r q+2

q
+1

.

In a similar way we can get

I2 ≤ cp,r

∞∑

m=1

ωr

(
1
m

,
1
m

, f ′y

)

Lp

m
−r q+2

q
+1

.

From the last two inequalities and from (19) we get the validity of inequality
(16).

In equalities (14) and (15) assuming, respectively, that µ = 0, ν = 0
and passing to the limit when µ1 → ∞, ν1 → ∞ we get the validity of
inequalities (17) and (18). Theorem 3 is proved.

Corollary 5. Let the conditions of Theorem 3 be satisfied. Then if

∞∑

m=1

[
ωr

(
1
m

,
1
m

, f ′x

)

Lp

+ ωr

(
1
m

,
1
m

, f ′y

)

Lp

]
m
−r q+2

q
+1

< ∞, (20)

then f ∈ Ar,

Proof. From (16) and (20) we get

∞∑

m=1

∞∑

n=1

ar
mn(f) < ∞.

Since r ∈ ( q
q+1 , q

)
we have r q+1

q > 1. Therefore from (17) and (18) we have

∞∑

m=1

ar
m0(f) < ∞,

∞∑

n=1

ar
0n(f) < ∞.

From the last three inequalities we get the validity of Corollary 5.
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Corollary 6. Let f ′x, f ′y ∈ C(I2), r > 2
3 and

∞∑

m=1

[
ωr

(
1
m

,
1
m

, f ′x

)
+ ωr

(
1
m

,
1
m

, f ′y

)]
m−2r+1 < ∞.

Then f ∈ Ar.

This corollary follows from Corollary 5 if we take into consideration that
the modulus of continuity in the norm of the space Lp(I2) are majorized
by the corresponding modulus in the norm of the space C(I2) and take
p = q = 2.

Corollary 7. Let f ′x, f ′y ∈ C(I2) and r > 2
3 . If for some i ∈ {1; 2}

∞∑

m=1

ωr
i

(
1
m

, f ′x

)
m−2r+1 < ∞

and for some j ∈ {1, 2}
∞∑

m=1

ωj

(
1
m

, f ′y

)
m−2r+1 < ∞,

then f ∈ Ar.

This corollary follows from Corollary 6, since for any i, j ∈ {1, 2}
ω(δ, δ, f ′x) ≤ 2ωi(δ, f ′x), (21)
ω(δ, δ, f ′x) ≤ 2ωj(δ, f ′y). (22)

Let

Λα =
{
f : ω(δ, δ, f ′x) = O(δα), ω(δ, δ, f ′y) = O(δα)

}
, α ∈ (0, 2],

λα =
{
f : ωi(δ, f ′x) = O(δα) for some i ∈ {1, 2},

ωj(δ, f ′y) = O(δα) for some j ∈ {1, 2}}
, α ∈ (0, 1].

From (21) and (22) it follows that when α ∈ (0, 1], then λα ⊂ Λα.
The following corollaries are special cases of Corollaries 6 and 7.

Corollary 8. If f ∈ Λα, 0 < α ≤ 1, and r > 2
2+α , then f ∈ Ar.

Corollary 9. If f ∈ λα, then f ∈ Ar for r > 2
2+α .

Lemma 2. Let the function g ∈ V (I2) ∩ C(I2). Then

ω

(
1
m

,
1
n

, g

)

L2

≤ cgω
1
2

(
1
m

,
1
n

, g

)
(mn)−

1
2 . (23)
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Proof. Let

∆h,ηg(x, y) = |g(x + h, y + η)− g(x, y + η)− g(x + h, y) + g(x, y)| .
Then

ω

(
1
m

,
1
n

, f

)

L2

= sup
h<m−1

η<n−1

( ∫

I2

∆2
h,ηg(x, y) dx dy

) 1
2

≤ sup
h<m−1

η<n−1

sup
(x,y)∈I2

∆
1
2
h,ηg(x, y)

(∫

I2

∆h,ηg(x, y) dx dy

) 1
2

≤ ω
1
2

(
1
m

,
1
n

, f

)
sup

h<m−1

η<n−1

( ∫

I2

∆h,ηg(x, y) dx dy

) 1
2

.

It is easy to see that
∫

I2

∆h,ηg(x, y) dx dy

= m−1n−1

∫

I2

m−1∑

µ=0

n−1∑

ν=0

∣∣g(x+(µ+1)h, y+(ν +1)η)−g(x+µh, y+(ν +1)η)

− g(x + (µ + 1)h, y + νη) + g(x + µh, y + νη)
∣∣ dx dy

≤ V (g)m−1n−1.

From the last two inequalities we obtain the validity of inequality (23).

Theorem 4. Let the functions f ′x and f ′y belong to the class V (I2)∩C(I2).
Then if

∞∑

m=1

[
ω

r
2

(
1
m

,
1
m

, f ′x

)
+ ω

r
2

(
1
m

,
1
m

, f ′y

)]
m−3r+1 < ∞,

then f ∈ Ar.

Proof. Using inequality (23) for functions f ′x and f ′y we will have

∞∑

m=1

[
ωr

(
1
m

,
1
n

, f ′x

)

L2

+ ωr

(
1
m

,
1
n

, f ′y

)

L2

]
m−2r+1

≤ Cf ′x,f ′y

∞∑

m=1

[
ω

r
2

(
1
m

,
1
m

, f ′x

)
+ ω

r
2

(
1
m

,
1
m

, f ′y

)]
m−3r+1 < ∞.

From this and Corollary 5 when p = q = 2 we get the validity of Theorem
4.
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Corollary 10. Let the functions f ′x and f ′y belong to the class V (I2)∩C(I2).
Then if r > 2

3 , then f ∈ Ar.

Corollary 11. Let f ′x ∈ Vi(I2)∩C(I2) for some i = 1, 2 and f ′y ∈ Vj(I2)∩
C(I2) for some j = 1, 2. Then if r > 2

3 , then f ∈ Ar.

This corollary follows from Corollary 10 if we take into account that
Vk(I2) ⊂ V (I2), k = 1, 2.
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