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Abstract

Falkner–Skan similarity problems for conducting fluid with the help of continuity

equation and Green’s function are reduced to solution of integro-differential equation.
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The solution is found in a power series of a small parameter ε = 1
N ,

where N is magnetic parameter.
Recurrent correlations are found for any approximate physical charac-

teristics of boundary layer.
In this paper is generalized the self-similar solution of classical Falkner–

Skan problem for conducting fluid and its solution is given with strong
external magnetic field.

The fundamental equations of the two-dimensional steady flow of the
boundary layer of an incompressible conducting fluid are:

u
∂u

∂x
+ v

∂u

∂y
= U∞

dU∞
dx

+ ν
∂2u

∂y2
+

σB2
0

ρ
(U∞ − u), (1)

∂u

∂x
+

∂v

∂y
= 0 (2)

with the boundary conditions

y = 0, u = v = 0,

y →∞, u = U∞(x),
(3)

where u(x, y), v(x, y) are velocity components in boundary layer, U∞(x) is
velocity outside the boundary layer, B0(x) is external magnetic field, ν is
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kinematic viscosity of fluid, σ is conductivity coefficient of fluid, ρ is density
of fluid.

Determine from equation (2) cross velocity v which satisfies boundary
condition (3). We have

v = −
∫ y

0

∂y

∂x
dy. (4)

Substituting equation (4) into equation (1), we obtain

u
∂u

∂x
− ∂u

∂y

∫ y

0

∂u

∂x
dy = U∞

dU∞
dx

+ ν
∂2u

∂y2
+

σB2
0

ρ
(U∞ − u). (5)

Introduce new variables

ξ = x, η =
y

δ(x)

and new function f(ξ, η) via

u(x, y) = U∞(x)f(ξ, η), (6)

where δ(x) is thickness of boundary layer.
Substituting (6) into (5), we have

∂2f

∂η2
+

(
U ′∞δ2

ν
+

1
2

U∞(δ2)′

ν

)
∂f

∂η

∫ η

0
f dη +

U ′∞δ2

ν
(1− f2)+

+
σB2

0δ2

ρν
(1− f) =

U∞δ2

ν

(
f

∂f

∂ξ
− ∂f

∂η

∫ η

0

∂f

∂ξ
dη

)
.

From equation (6) we see that a self-similar solution exists if f(ξ, η) is
independent from ξ and coefficients

U ′∞δ2

ν
= β,

U∞(δ2)′

ν
= β ,

σB2
0δ2

ν
= N (7)

are independent from x, that is, β, β, N are constants; so, when there is a
self-similar solution, the total differential equation for f(η) is

f ′′ +
(

β +
1
2

β

)
f ′

∫ η

0
f dη + β(1− f2) + N(1− f) = 0 (8)

and boundary conditions are

f(0) = 0, f(∞) = 1. (8′)

This equation (8) is generalized Falkner and Skan equation magnetic
field. It is integro-differential equation of f(η).
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Now we shall try to find the relation between U∞(x) and δ(x), for the
self-similar solution.

Integration of equations

δ2

ν

dU∞
dx

= β,
U∞
ν

dδ2

dx
= β (9)

gives

U∞(x) = cxm, δ(x) =
(

νβ

cm

) 1
2

x
1−m

2 ,

where
m =

β

β + β
, β =

m

1−m
β, β =

1−m

m
β. (10)

External magnetic field is

B0(x) =

√
Ncm

σβ
x

m−1
2 .

From (9) and (10) we get the velocity distribution U∞(x) and magnetic
field B0(x) by which a self-similar solution in the boundary layer exists.

Equation (8) is integro-differential equation of relatively f . For solution
of this problem we consider to case strong external magnetic field.

Introduce new variable
z =

√
N η

and new function
Φ(z) = 1− f(η).

Then the integro-differential equation (8) and boundary conditions (8′)
will be transformed into integro-differential equation of Φ(z):

Φ′′ − Φ =
1
N

{(
β +

1
2

β

)(
Φ′

∫ z

0
Φ dz − zΦ′

)
+ β(2Φ− Φ′)

}
(11)

with boundary conditions

Φ(0) = 1, Φ(∞) = 0. (12)

Solution of this problem (11), (12) is

Φ(z) = Φ0(z)+

+
1
N

∫ ∞

0

[
β(Φ2 − 2Φ)−

(
β +

1
2

β

)
Φ′

∫ η

0
(1− Φ) dξ

]
Gdξ, (13)
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where G(z, ξ) is Green function of following problem:

G′′ −G = 0, G(0) = 0, G(∞) = 0.

This solution is

G(z, ζ) =

{
G1(z, ζ) = 1

2 [e−(ζ+z) − e−(ζ−z)], 0 < z < ζ,

G2(z, ζ) = 1
2 [e−(z+ζ) − e−(z−ζ)], ζ < z < ∞.

When external magnetic field is large, then N is large and 1
N = ε ¿ 1

is small.
Solution of integro-differential equation (13) is introduced by power

series relative of ε:

Φ(z) =
∞∑

k=0

εkΦk(z).

Substituting this series into (13) and equalling coefficients with the same
power ε, we have following relations

Φ0(z) = A(z),

Φ1(z) =
∫ ∞

0

[
β(2Φ0 − Φ2

0)−
(

β +
1
2

β

)
Φ′0

∫ ζ

0
(1− Φ0) dζ1

]
G(z, ζ) dζ,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Φk+1(z) =
∫ ∞

0

[
β

(
2Φ0 −

∞∑

m=0

Φk−mΦm

)
−

−
(

β +
1
2

β

)(
ζΦ′k −

∞∑

m=0

Φ′k−m

∫ ζ

0
Φm dζ1

)]
G(z, ζ) dζ,

where Φ0(z) is the solution of problem

Φ′′0 − Φ0 = 0, Φ0(0) = 1, Φ0(∞) = 0.

That is, Φ0(z) = e−z.
Limiting first and second approximations

Φ(z) ≈ Φ0(z) +
1
N

Φ1(z),

where

Φ1(z) =
1
6

β(e−2z − e−z)− 1
4

[(
β +

1
2

β

)
z2 +

(
3β − 1

2
β

)
z

]
e−z,

Φ1(0) = 0, Φ1(∞) = 0.
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This approximate solution makes it possible to determine all physical
properties of boundary layer conducting fluid with strong magnetic field.
It is needed to mention, that all this expressions are true when N 6= 0.

This skin friction is:

δτw

µU∞
=
√

N − 1√
N

(
3
4

β +
1
24

β

)
.

The displacement thickness is:

δ∗(x) =
δ√
N

∫ ∞

0

(
Φ0 +

1
N

Φ1

)
dz.

Similarly the momentum thickness is given by:

δ∗∗ =
δ√
N

∫ ∞

0

(
Φ0 +

1
N

Φ1

)(
1− Φ0 − 1

N
Φ1

)
dz.
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