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Abstract

Solutions to the first and the second boundary problems of the statics of the
thermoelasticity theory of binary mixture for circle and circle external domain are
given by series
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A particular case of diffusions model will be considered when the coeffi-
cient of diffusion is zero. Besides, the source of heat doesn’t exists and the
volume forces equal zero. In these conditions the equations of thermoelas-
ticity theory statics of two isotropic elastic mixtures will be written thus
[1,2]:

alAu(l) + b1 graddiv uM + cAu® + d graddiv u® = ~v1 grad us,
cAu) + dgraddivu + asAu® + by graddivu® = ~, grad us, (1)
AU3 =0.

Let us consider, that a domain filled with mixture of two isotropic ma-
terial is a circle DT with a radius-R with a center in the beginning or an
infinite plane D~ with a circular hole with a radius-R.

Let us state I and I1 basic problems for the system (1): in domain D" or
D~ should be found such regular solution of system U(z) = (u(M), u®), u3)
which satisfies the boundary conditions:

o {uY g = 00G), {ushiig = f5(2); (2)
. {RUVY 5 =19(), {uship = f3(2); (3)
where U-is a five-dimensional vector, u), u®-are particular displacements

of mixture, uz is a change of the temperature by deformation, @ =
( fl(z), fQ(Z)), fs-are the functions given on the boundary of the circle, x =
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(z1,29) = (r,9) € DF, 2 = (R, ¢) € S, r? = 2 + 43, a1, by, ¢, d, y, Yo-are
the known constants defining the mixture’s elastic and thermal properties
[1-3); RU = [(RU)D, (RU)@]-is a thermalstress vector; RU = Pu —ynus,
where Pu is a stress vector of the elastic mixture [3],

[(A181 + A382)050 + 216l + 2u3el?) — 225hgsng

M)

(RO =

Q
Il
—

—p taa(p2bi + prb2)n; — yrugn;, (4)

2
=S 1M1 + Aab2)05q + 2uzel) + 20106l + 225hgslng+
q=1

+p tag(pafs + p12)n; — yousn; j=1,2,

1 1 2
ch =3 5@ + 0D, hyy = Sl0a(u =) =05 (uf) —uP)),

szdivu(p), 8p:£7 p:ijzlaza
p

n = (n1,ng)-is the external normal of the circle.

To determine the uniqueness of solution in the statics case, the problem
is divided into two problems: Dirichlet problem for Laplace equation is
solved separately (toward u3) and the boundary problem It or IT* of
elastic mixture statics (toward ugz), ugl)) is solved separately.

The uniqueness of solution of each of these problems are studied (ex.
[4,5]), so it is possible to the uniqueness of the whole problem. The theorems
of uniqueness of boundary problems I and I of the thermoelastic mixture

may be established thus:
Theorem 1. I* problems have unique reqular solution;

Theorem 2. IIT problem’s two arbitrary regular solutions may differ
from each other only by a rigid displacement vector:

) = g 4 0 <—~”«"2>, i—1.2,
I

where q(j) = (q( ), qéj)) qgj), qéj), p(l)—are arbitrary constants.

Theorem 3. Two arbitrary regular solutions of problem 11~ may differ
only by a constant vector which have components: w9 = ¢, ug = 0,
ji=1,2.

Let us solve the problems.

Problem /~. To find ug we solve Dirichlet problem in the domain D~
external to circle for Laplace (1)3 equation and (2) condition. It will be
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shown like a series this way [4]:

uz(x) = Y fam(x), (5)
m=0
m 27
Fom(x) = — () /0 cosm(8 — ) f(6)do, (6)

x1 =rcost, xa=rsiny, y; = Rcosh, yo = Rsinf, y= (y1,y2) € S.

f3m 1s a homogeneous harmonic function.
We form the particular (/) = (ugj ),u(Qj )) displacements are as a sum of
two vectors:

u? =W Wi =12, (7)

in which Wl(j ) (x) is suitable to (1) homogeneous solution of system (1)g

by the condition (2), and WZ(j )(x) is the solution of system (1) suitable by
homogeneous condition (2)o.

Let us find Wl(] ). Let us use the representation of general solution of
system (1)p in D~ by four harmonic functions [6]:

1, 0
WiV(2) = grad @1 +rgrad { (&1 + 5)r- + 261 | @a+

27 Or
0 0
6 (ra n 2) q>3} —ar s [(26 - D&+ 261%5] + V(a),  (8)
0
W1(2) (z) = grad ®4 + r% grad {(ra + 2)&aPo+
1. 0 0
|(Bat D 20| @} — ar (26 + (261 — 1)) 4+ ¥ (a),
Apx + By, x € D+’
\P/(x) - 1 ~ )
ﬁ(on + Boz), x€ D™
Cox + Dof, T € D+,
‘Il//(x) — 1 _ 7
—(Coz + Do7), re D™
”
1
fl = E(CCZ — b1a2 — Al), ﬂl = E(CbQ — CLQd), Al = ai1ag — 02,
1 ~
§2=E(051 —ard), 62:E(Cd —aiby — A1), = (21,72), T=(—22,21).

&y (z)-are arbitrary harmonic functions. We seek ®; by series:

Bp(e) = Y <§>m(ka (@), k=1,2,3,4, 9)
m=0

113



AMIM Vol.12 No.1, 2007 I. Tsagareli

where X,,x-is the required two-component vector; v, (1))= (cos mi, sin ma).
Let us put the (9) in the (8). Let us expand the functions f®) in Fourier
series and pass to the boundary where r — R. To find unknown X,,,;, values
for each m will be obtained a system determinant of which is

Dy, = %(Alm + Az), A1 =2801, Az = (26 — 1)(1 = 261) + 4&20.

On the basis of the uniqueness of the problem solution we may conclude
that D,, # 0. We will put system solution X,,; in the (9), and the found
expressions in the (8), We will obtain:

2m 0
(i) _ 1 - o
" _/0 {g_: mD wRS{grad{[(tlm pi}cost — (tim — n;) sin 0] f;"+

+]

(¢
2
#23 {0 st = O + a0 4+

;m — n;) cos + (t;m — p1)51n9]f2

+;22 grad { [(ei + %)r% + 2€¢:| E;(0) + < ) 22: 1 — &) Ex (0 }
k

_mri[(Qei—l)E( +2521—51kEk H( ) cosm(f — W)+

4 . .
+%[(:ﬂ cos ) — T sin 9)fl(z) + (T cos O + stine)fz(z)}}d& i=1,2, (10)

where m1 = 1 — 2082, m2 = 1 — 261, t1 = &um + 3 + 251&1, to = Bomp +
2 +20281, p1 = 2(E1m +2E252), p2 = 2(Bomz +&261), €1(0) = cos 0 +sin b,
€2(f) = cosf —sin b,

E1(0) = mea(0) £ + e (0) £ + 26129(0) £ + 26121 (0) £7,
Es(0) = 26265(0) 1) + 20061(0) f5") + 1122 (0) 17 + 1121 (0) 157,

We will seek for the values of vector WQ(j ) () by the following way:

Wi = (r2 — R?) gradz @) fa(2), i=1,2, (11)

where a't) and o!?) are the unknown constants; fs,, is defined by (6).
Let us put the series (11) and (5) in the (1). Finally we will obtain:

Wy =~ R)3 gradz L (12)
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b= 2[(26 + d)2 — (20,1 + bl)(2a2 + bg)], ko = ’}/2(2611 + bl) — ’}/1(26 + d),
v1b + 2k2(2¢ + d)
2(2@1 +b1)

ki = —

Thus, I~ problem solution U = (u(M,u?) u3) will be represented by
formulae (5) and (7), where Wl(l) is defined by series (10), and Wz(l)—by
series (12).

A Problem II"7. We consider, that the functions given on the circle:
f@ e C3(9), f3 € C1(S). Besides, ff y)dyS =0, fyxf ) (y)]dyS = 0,

i=1,2.

In DT the solution of equation (1)3 by condition (3) is represented by
series (5), in which

fon(a) = H(5)" [ cosmo - @10 (13)

T
According to (3) we may write:
{(RU)(i) = {(P0)Y_ g —vinug = 9,
{(Pu) f(Z (z ) +’Yin(z)u§—(z)7 1=1,2, (14)

where Pu is defined by (4), if we will take 1 = 2 = 0 in the (4).

We seek for [(1), (14)] problem solution by sum (7), in which Wl(i) (x) is
the solution of the homogeneous system (1)y which satisfies the condition:

{(Pu) Y = fO(2), (15)

and Wg(i) (x) is the solution of system (1) (except the last equation) with
the following boundary condition:

{(P)IY g = vin(2)ug (). (16)

To find Wl(i) we use the expression (8) in which ®; homogeneous func-
tions will be presented by form of:

By(x) = (%)m(xmk (W), k=1,2,3,4. (17)

m=0

We want the functions f*) be expanded in Fourier series. Let us put the
(17) and the (8) in the (4). To find unknown Ay, By, Cy and Dy constants
and the required X,,;, from (15) we obtain systems of linear equations:

€1l + 20y = 781)» eeBo +e7rDg = 7)(()1)»
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g2 +e3CH = 762)7 erBy +esDg = 7)(()2)7 (18)

4
>k Xmp =omk, k=1,2,3,4, m=12,...,
p=1

where

1
:ﬁ(

3
+<§262 — 28164 + €1 <§1 + 5) — 25255>m +eq;

a3 =2 [Mlﬂl + (52 + 1)#3}77%2 + [82 (ﬁz + g>+

1
ain 2umm —e1); a2 = 2[#1 (51 + 5) + 52#3}77?2%-

2
1
+e161 — 2285 — 2ﬂ1€4]m +e2;a14 = ﬁ@usm —€2);
1 1
ag] = ﬁ(2A5m — 66); a9y = 2 [)\5 <§1 + 5) — §2A5:| m2_|_

1
+<3§1€6 + 3&2e7 + 266~ a1>m + 2e6&1 + 2&2e7;

sz = 2 [Ag,ﬁl — A5 (52 + %)} m? + (3€6ﬁ1 + 3702 + 167 — c) m+

2
1
+2e601 + 267025 agy = *@(2)\5771 + €7);
1 1
az = ﬁ@ﬂfﬂm —&2); aszp = 2[#3 (51 + 5) + 52#2}m2+
3
+ [52 (51 + 5) + 38y — 26581 — 28952} m + €9;

asz=2 [M3ﬁ1 +p2 (ﬁ2+ %)] m?+ [€3<52+ g) +e281 — 255 —2€9ﬁ2} m-+es;

1 1
?(2/;2171 —e3); aq = —ﬁ(2)\5m + e7);

agp=—2 [A5 <€1 + %) —)\552} m?+ (36751 +3es8ot %67—C)m+2€7€1 +2e882;

a34 =

1 1
a43=—2 [Asﬁl -5 (ﬁ2+ 5)} m?+ (367ﬁ1 +3€8ﬁ2+§€8 *a2)m+2€7ﬂl +2e5/32;

1
(144:?(2)\5?71—88), El :a1+b17 62:C+d, 53:a2+b27

Qap2

2
€4= A — P , €5 = A3 — p,56=M1+>\5,

Q201
€7 =p3 — A5, €8 =2 + A5, €9 = A2 + p’o-

The principal determinants of the systems (18) are different from zero,
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() ()

because of the uniqueness of the problem solution. -’ and 7717{ are the

constant are accordingly Fourier coefficients of fl(j ) (z) and fz(j ) (z) functions.

WQ@) is constructed by form of the following series:
W3 () = 3l fom () + B arad fom (@)}, (19)
m=0

where the values of a%) and 67(7? constants are sought from the system of

equation:

261 — As)ad!) +2(d + As)al) = v, 2(d+ As)al) +2(b — As)a? =,
[2(b1 — X5) + (b1 — 2X5)m]all) + 20, m B0+
+[2(d + X5) + (d + 2x5)m]alP + 2dmBP = 4,
[2(d + A5) + (d + 2X5)m]all) + 2dmB0) +
+[2(by — As) + (b2 — 2X5)m]a?) + 2bomBR) = 4,
(a1 +2X5)aly) + (c = 2X5)al) + 2(uam — A5) 5 + 2(usm + X5) B = 0,
(c = 2x5)aly) + (ag = 2Xs)al) + 2(ugm + A5) B + 2(pam — Xs)B) = 0,
m=1,2,....

Conditions: f® € C3(S) and f3 € C’l(S) ensure absolutely and uni-
formly convergence of series obtained for le) and WQ(Z), and also of series

(5)-
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