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Abstract

Solutions to the first and the second boundary problems of the statics of the

thermoelasticity theory of binary mixture for circle and circle external domain are

given by series
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A particular case of diffusions model will be considered when the coeffi-
cient of diffusion is zero. Besides, the source of heat doesn’t exists and the
volume forces equal zero. In these conditions the equations of thermoelas-
ticity theory statics of two isotropic elastic mixtures will be written thus
[1,2]:

a1∆u(1) + b1 graddiv u(1) + c∆u(2) + d graddiv u(2) = γ1 gradu3,

c∆u(1) + d graddiv u(1) + a2∆u(2) + b2 graddiv u(2) = γ2 gradu3, (1)
∆u3 = 0.

Let us consider, that a domain filled with mixture of two isotropic ma-
terial is a circle D+ with a radius-R with a center in the beginning or an
infinite plane D− with a circular hole with a radius-R.

Let us state I and II basic problems for the system (1): in domain D+ or
D− should be found such regular solution of system U(x) = (u(1), u(2), u3)
which satisfies the boundary conditions:

I±. {u(i)}±r=R = f (i)(z), {u3}±r=R = f3(z); (2)

II±. {RU (i)}±r=R = f (i)(z), {u3}±r=R = f3(z); (3)

where U -is a five-dimensional vector, u(1), u(2)-are particular displacements
of mixture, u3 is a change of the temperature by deformation, f (i) =
(f (i)

1 , f
(i)
2 ), f3-are the functions given on the boundary of the circle, x =
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(x1, x2) = (r, ψ) ∈ D±, z = (R, ψ) ∈ S, r2 = x2
1 + x2

2, a1, b1, c, d, γ1, γ2-are
the known constants defining the mixture’s elastic and thermal properties
[1-3]; RU = [(RU)(1), (RU)(2)]-is a thermalstress vector; RU = Pu−γnu3,
where Pu is a stress vector of the elastic mixture [3],

(RU)(1)
j =

2∑

q=1

[(λ1θ1 + λ3θ2)δjq + 2µ1ε
(1)
qj + 2µ3ε

(2)
qj − 2λ5hqj ]nq−

−ρ−1α2(ρ2θ1 + ρ1θ2)nj − γ1u3nj , (4)

(RU)(2)
j =

2∑

q=1

[(λ4θ1 + λ2θ2)δjq + 2µ3ε
(1)
qj + 2µ2ε

(2)
qj + 2λ5hqj ]nq+

+ρ−1α2(ρ2θ2 + ρ1θ2)nj − γ2u3nj j = 1, 2,

ε
(p)
qj =

1
2
(∂qu

(p)
j + ∂ju

(p)
q ), hqj =

1
2
[∂q(u

(1)
j − u

(2)
j )− ∂j(u(1)

q − u(2)
q )],

θp = div u(p), ∂p =
∂

∂xp
, p, q, j = 1, 2,

n = (n1, n2)-is the external normal of the circle.
To determine the uniqueness of solution in the statics case, the problem

is divided into two problems: Dirichlet problem for Laplace equation is
solved separately (toward u3) and the boundary problem I± or II± of
elastic mixture statics (toward u

(i)
1 , u

(i)
2 ) is solved separately.

The uniqueness of solution of each of these problems are studied (ex.
[4,5]), so it is possible to the uniqueness of the whole problem. The theorems
of uniqueness of boundary problems I and II of the thermoelastic mixture
may be established thus:

Theorem 1. I± problems have unique regular solution;

Theorem 2. II+ problem’s two arbitrary regular solutions may differ
from each other only by a rigid displacement vector:

u(j) = q(j) + p(1)

(−x2

x1

)
, j = 1, 2,

where q(j) = (q(j)
1 , q

(j)
2 ), q

(j)
1 , q

(j)
2 , p(1)-are arbitrary constants.

Theorem 3. Two arbitrary regular solutions of problem II− may differ
only by a constant vector which have components: u(j) = q(j), u3 = 0,
j = 1, 2.

Let us solve the problems.

Problem I−. To find u3 we solve Dirichlet problem in the domain D−

external to circle for Laplace (1)3 equation and (2) condition. It will be
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shown like a series this way [4]:

u3(x) =
∞∑

m=0

f3m(x), (5)

f3m(x) =
1
π

(R

r

)m
∫ 2π

0
cosm(θ − ψ)f3(θ)dθ, (6)

x1 = r cosψ, x2 = r sinψ, y1 = R cos θ, y2 = R sin θ, y = (y1, y2) ∈ S.

f3m is a homogeneous harmonic function.

We form the particular u(j) = (u(j)
1 , u

(j)
2 ) displacements are as a sum of

two vectors:
u(j) = W

(j)
1 + W

(j)
2 , j = 1, 2, (7)

in which W
(j)
1 (x) is suitable to (1) homogeneous solution of system (1)0

by the condition (2), and W
(j)
2 (x) is the solution of system (1) suitable by

homogeneous condition (2)0.
Let us find W

(j)
1 . Let us use the representation of general solution of

system (1)0 in D− by four harmonic functions [6]:

W
(1)
1 (x) = gradΦ1 + r2 grad

{[
(ξ1 +

1
2
)r

∂

∂r
+ 2ξ1

]
Φ2+

+β1

(
r

∂

∂r
+ 2

)
Φ3

}
− xr

∂

∂r
[(2ξ1 − 1)Φ2 + 2β1Φ3] + Ψ′(x), (8)

W
(2)
1 (x) = grad Φ4 + r2 grad

{
(r

∂

∂r
+ 2)ξ2Φ2+

+
[
(β2 +

1
2
)r

∂

∂r
+ 2β2

]
Φ3

}
− xr

∂

∂r
[(2ξ2Φ2 + (2β1 − 1)Φ3] + Ψ′′(x),

Ψ′(x) =





A0x + B0x̃, x ∈ D+,
1
r2

(A0x + B0x̃), x ∈ D− ,

Ψ′′(x) =





C0x + D0x̃, x ∈ D+,
1
r2

(C0x + D0x̃), x ∈ D− ;

ξ1 =
1

2∆1
(cd− b1a2 −∆1), β1 =

1
2∆1

(cb2 − a2d), ∆1 = a1a2 − c2,

ξ2 =
1

2∆1
(cb1 − a1d), β2 =

1
2∆1

(cd− a1b2 −∆1), x=(x1, x2), x̃=(−x2, x1).

Φk(x)-are arbitrary harmonic functions. We seek Φk by series:

Φk(x) =
∞∑

m=0

(R

r

)m
(Xmk · νm(ψ)), k = 1, 2, 3, 4, (9)
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where Xmk-is the required two-component vector; νm(ψ)=(cosmψ, sinmψ).
Let us put the (9) in the (8). Let us expand the functions f (i) in Fourier
series and pass to the boundary where r → R. To find unknown Xmk values
for each m will be obtained a system determinant of which is

Dm =
1

R4
(A1m + A2), A1 = 2ξ2β1, A2 = (2ξ1 − 1)(1− 2β1) + 4ξ2β2.

On the basis of the uniqueness of the problem solution we may conclude
that Dm 6= 0. We will put system solution Xmk in the (9), and the found
expressions in the (8), We will obtain:

W
(i)
1 =

∫ 2π

0

{ ∞∑

m=1

1
mDmπR3

{
grad{[(tim− pi} cos θ − (tim− ηi) sin θ]f (i)

1 +

+[(tim− ηi) cos θ + (tim− pi) sin θ]f (i)
2 +

+2
2∑

k=1

{
(1− δik)(m− 1)[ε2(θ)f

(k)
1 + ε1(θ)f

(k)
2 ]

}
+

+
r2

R2
grad

{[
(ei +

1
2
)r

∂

∂r
+ 2ei

]
Ei(θ) + δi

(
r

∂

∂r
+ 2

) 2∑

k=1

(1− δik)Ek(θ)
}
−

− x

R2
r

∂

∂r

[
(2ei − 1)Ei(θ) + 2δi

2∑

k=1

(1− δik)Ek(θ)
]}(R

r

)m
cosm(θ −Ψ)+

+
R4

2r2
[(x cos θ − x̃ sin θ)f (i)

1 + (x̃ cos θ + x sin θ)f (i)
2 ]

}
dθ, i = 1, 2, (10)

where η1 = 1 − 2β2, η2 = 1 − 2ξ1, t1 = ξ1η1 + 1
2η1 + 2β1ξ1, t2 = β2η2 +

1
2η2 +2β2ξ1, p1 = 2(ξ1η1 +2ξ2β2), p2 = 2(β2η2 +ξ2β1), ε1(θ) = cos θ+sin θ,
ε2(θ) = cos θ − sin θ,

E1(θ) = η1ε2(θ)f
(1)
1 + η1ε1(θ)f

(1)
2 + 2δ1ε2(θ)f

(2)
1 + 2δ1ε1(θ)f

(2)
2 ,

E2(θ) = 2δ2ε2(θ)f
(1)
1 + 2δ2ε1(θ)f

(1)
2 + η2ε2(θ)f

(2)
1 + η2ε1(θ)f

(2)
2 .

We will seek for the values of vector W
(j)
2 (x) by the following way:

W
(i)
2 = (r2 −R2) grad

∞∑

m=1

α(i)
m f3m(x), i = 1, 2, (11)

where α
(1)
m and α

(2)
m are the unknown constants; f3m is defined by (6).

Let us put the series (11) and (5) in the (1). Finally we will obtain:

W
(i)
2 = (r2 −R2)

ki

b
grad

∞∑

m=1

1
m

f3m(x), (12)
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b = 2[(2c + d)2 − (2a1 + b1)(2a2 + b2)], k2 = γ2(2a1 + b1)− γ1(2c + d),

k1 = −γ1b + 2k2(2c + d)
2(2a1 + b1)

.

Thus, I− problem solution U = (u(1), u(2), u3) will be represented by
formulae (5) and (7), where W

(i)
1 is defined by series (10), and W

(i)
2 -by

series (12).

Problem II+. We consider, that the functions given on the circle:
f (i) ∈ C3(S), f3 ∈ C1(S). Besides,

∫
S

f (i)(y)dyS = 0,
∫
S

[y×f (i)(y)]dyS = 0,

i = 1, 2.

In D+ the solution of equation (1)3 by condition (3) is represented by
series (5), in which

f3m(x) =
1
π

( r

R

)m
∫ 2π

0
cosm(θ − ψ)f3(θ)dθ. (13)

According to (3) we may write:

{(RU)(i)}+
r=R = {(Pu)(i)}+

r=R − γinu+
3 = f (i),

{(Pu)(i)}+
r=R = f (i)(z) + γin(z)u+

3 (z), i = 1, 2, (14)

where Pu is defined by (4), if we will take γ1 = γ2 = 0 in the (4).
We seek for [(1), (14)] problem solution by sum (7), in which W

(i)
1 (x) is

the solution of the homogeneous system (1)0 which satisfies the condition:

{(Pu)(i)}+
r=R = f (i)(z), (15)

and W
(i)
2 (x) is the solution of system (1) (except the last equation) with

the following boundary condition:

{(Pu)(i)}+
r=R = γin(z)u+

3 (z). (16)

To find W
(i)
1 we use the expression (8) in which Φk homogeneous func-

tions will be presented by form of:

Φk(x) =
∞∑

m=0

( r

R

)m
(Xmk · νm(Ψ)), k = 1, 2, 3, 4. (17)

We want the functions f (i) be expanded in Fourier series. Let us put the
(17) and the (8) in the (4). To find unknown A0, B0, C0 and D0 constants
and the required Xmk from (15) we obtain systems of linear equations:

ε1A0 + ε2C0 = γ
(1)
0 , ε6B0 + ε7D0 = η

(1)
0 ,
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ε2A0 + ε3C0 = γ
(2)
0 , ε7B0 + ε8D0 = η

(2)
0 , (18)

4∑

p=1

akpXmp =�mk, k = 1, 2, 3, 4, m = 1, 2, . . . ,

where

�m1=
γ

(1)
m

m
, �m2=

η
(1)
m

m
�m3=

γ
(2)
m

m
, �m4=

η
(2)
m

m

a11 =
1

R2
(2µ1m− ε1); a12 = 2

[
µ1

(
ξ1 +

1
2

)
+ ξ2µ3

]
m2+

+
(
ξ2ε2 − 2ξ1ε4 + ε1

(
ξ1 +

3
2

)
− 2ξ2ε5

)
m + ε1;

a13 = 2
[
µ1β1 +

(
β2 +

1
2

)
µ3

]
m2 +

[
ε2

(
β2 +

3
2

)
+

+ε1β1 − 2β2ε5 − 2β1ε4

]
m + ε2; a14 =

1
R2

(2µ3m− ε2);

a21 =
1

R2
(2λ5m− ε6); a22 = 2

[
λ5

(
ξ1 +

1
2

)
− ξ2λ5

]
m2+

+
(
3ξ1ε6 + 3ξ2ε7 +

1
2
ε6 − a1

)
m + 2ε6ξ1 + 2ξ2ε7;

a23 = 2
[
λ5β1 − λ5

(
β2 +

1
2

)]
m2 +

(
3ε6β1 + 3ε7β2 +

1
2
ε7 − c

)
m+

+2ε6β1 + 2ε7β2; a24 = − 1
R2

(2λ5m + ε7);

a31 =
1

R2
(2µ3m− ε2); a32 = 2

[
µ3

(
ξ1 +

1
2

)
+ ξ2µ2

]
m2+

+
[
ε2

(
ξ1 +

3
2

)
+ ε3ξ2 − 2ε5ξ1 − 2ε9ξ2

]
m + ε2;

a33 =2
[
µ3β1+µ2

(
β2+

1
2

)]
m2+

[
ε3

(
β2+

3
2

)
+ε2β1−2ε5β1−2ε9β2

]
m+ε3;

a34 =
1

R2
(2µ2m− ε3); a41 = − 1

R2
(2λ5m + ε7);

a42 =−2
[
λ5

(
ξ1+

1
2

)
−λ5ξ2

]
m2+

(
3ε7ξ1+3ε8ξ2+

1
2
ε7−c

)
m+2ε7ξ1+2ε8ξ2;

a43 =−2
[
λ5β1−λ5

(
β2+

1
2

)]
m2+

(
3ε7β1+3ε8β2+

1
2
ε8−a2

)
m+2ε7β1+2ε8β2;

a44 =
1

R2
(2λ5m− ε8), ε1 = a1 + b1, ε2 = c + d, ε3 = a2 + b2,

ε4 = λ1 − α2ρ2

ρ
, ε5 = λ3 − α2ρ1

ρ
= λ4 +

α2ρ2

ρ
, ε6 = µ1 + λ5,

ε7 = µ3 − λ5, ε8 = µ2 + λ5, ε9 = λ2 +
α2ρ1

ρ
.

The principal determinants of the systems (18) are different from zero,
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because of the uniqueness of the problem solution. γ
(j)
m and η

(j)
m are the

constant are accordingly Fourier coefficients of f
(j)
1 (z) and f

(j)
2 (z) functions.

W
(i)
2 is constructed by form of the following series:

W
(i)
2 (x) =

∞∑

m=0

{α(i)
m xf3m(x) + β(i)

m r2 grad f3m(x)}, (19)

where the values of α
(i)
m and β

(i)
m constants are sought from the system of

equation:

2(b1 − λ5)α
(1)
0 + 2(d + λ5)α

(2)
0 = γ1, 2(d + λ5)α

(1)
0 + 2(b2 − λ5)α

(2)
0 = γ2,

[2(b1 − λ5) + (b1 − 2λ5)m]α(1)
m + 2b1mβ(1)

m +

+[2(d + λ5) + (d + 2λ5)m]α(2)
m + 2dmβ(2)

m = γ1,

[2(d + λ5) + (d + 2λ5)m]α(1)
m + 2dmβ(1)

m +

+[2(b2 − λ5) + (b2 − 2λ5)m]α(2)
m + 2b2mβ(2)

m = γ2,

(a1 + 2λ5)α(1)
m + (c− 2λ5)α(2)

m + 2(µ1m− λ5)β(1)
m + 2(µ3m + λ5)β(2)

m = 0,

(c− 2λ5)α(1)
m + (a2 − 2λ5)α(2)

m + 2(µ3m + λ5)β(1)
m + 2(µ2m− λ5)β(2)

m = 0,

m = 1, 2, . . . .

Conditions: f (i) ∈ C3(S) and f3 ∈ C1(S) ensure absolutely and uni-
formly convergence of series obtained for W

(i)
1 and W

(i)
2 , and also of series

(5).
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