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Abstract

For the multidimensional nonlinear wave equations the characteristic Cauchy and
Darboux problems are considered in the conical domains. Depending on the exponent
of nonlinearity and on the space dimension of the equation, the problem of the ex-
istence and nonexistence of global solutions of the characteristic Cauchy or Darboux
problem is investigated. The question of the local solvability of these problems is also
considered.
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Let us consider a nonlinear wave equation of the type

0u
Du::w—Au:)\u(u)+F, (1)

where p is the given nonlinear function, ©(0) = 0, F' is the given and
u is an unknown real functions; A # 0 is the given real constant, A =

n 62
> 52 N2> 2
i=1""i
For (1) we consider the Cauchy characteristic problem on finding in a

truncated light cone of the future Dy : |z| <t < T, z = (z1,....,2,), T =
const > 0, a solution u(z,t) of that equation by the boundary condition

ulg, = f, (2)
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where f is the given real function on the characteristic cone surface St :
t = |z|,t < T. When considering the case T' = 400 we assume that
Dy i t > |x|.

For (1) we also consider the Darboux problem on finding in a half of a
truncated light cone D = DrN{z, > 0} a solution u(x,t) of that equation
under the boundary conditions

ou

BTL‘n < =0, U|5§: =9, (2+)
T

where S% = 0D} N {x, = 0} and g is a given real function on S =

St N {:En > 0}.

Note that the question on the existence or nonexistence of a global
solution of the Cauchy problem for semilinear equation of type (1) with
initial conditions u|,_, = wo, %‘tzo = uy has been studied in [1]-[12].

Below we consider the cases when in equation (1)

p(u) = |u|®, a=const >0 (3)

or
p(u) = |u|® sign u, o = const >0, a # 1. (4)

As for characteristic Cauchy and Darboux problems in a linear case,
that is, when the right-hand side of (1) does not involve the nonlinear sum-
mand Ap(u), these problems are, as it is known, formulated correctly, and
the global solvability takes place in the corresponding spaces of functions
[13]-[21].

We have showed, that under certain conditions on the degree of nonlin-
earity and the functions F' and f, g these problems have or have not global
solutions, though nevertheless these problems always are locally solvable
[22]-[23].

Before introducing the definition of a weak generalized solution of prob-
lem (1), (2) in case T' = oo note that, if u € C? (Do) is a classical solution
of problem (1), (2), then multiplying both parts of equation (1) by an ar-

1

bitrary function ¢ € C! (Dy), finite on variable r = (t2 + |£L’|2> 5, that is,
equal to zero of sufficient large r, after integration by parts we obtain

ou
/ N ds — /utnptdxdt+/vmuvxgodacdt
Do

0D Do

_) / () pdzdt + / Podadt, (5)

oo DOO
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n
where % = 1/0% - 231 l/ia%i is the derivative with respect to the conormal,
=

v = (V1,...,Vpn, 1p) is the unit vector of the outer normal to So, = 0D :

0 0
t= ’.’1:| s Vx = (87331, ceny %)
Taking into account that S : ¢ = |z| is the characteristic manifold on

which 6% is the interior differential operator and by virtue of (2) equality
(5) takes the form

—/utgotdxdt—l—/vxuvxnpdxdt
Do Do

:)\/u(u)gpdwdt—i— /Fcpdacdt— / g—]{fgods. (6)
Do Doo

Equality (6) can be set as a base of definition for a weak generalized
solution of problem (1), (2).

Definition 1. Let F' € EQ}[OC(DOO) and f € WQI,IOC (0D). A function u €
f/a,loc (Dso) N ng oe (Doo) is called a weak generalized solution of problem
(1), (2) in domain De, if for any function ¢ € C' (Du), finite on variable

1
ro= (t2 + |3:|2> * the integral equality (6) is fulfilled. Such solution we
shall call also a global solution of problem (1), (2) in domain Dx.

Here the space I~/27loc (Do) (Wgyloc (0D)) consists of functions F(f),
which restriction on set D; = Do N{t < 7} (S = 0D N{t < 7}) for any
7 > 0 belongs to the space La(D,)(Ws(S,)). The spaces L joc (Do) and
/V[721J o (Doo) are similarly defined (here W3 () is known Sobolev space).

Definition 2. Let F € Lyo(D7) and f € W3(Sr). A function u €
Lo (D7) NW4(Dr) is called a weak generalized solution of problem (1), (2)
in domain Dr, if for any function ¢ € C' (Dr) such that ¢[,_; = 0 the
integral equality

—/utgotdxdt—l—/vmuvxwd:cdt

Dr Dr
of
=\ [ p(u)pdxdt + | Fodxdt — ﬁgods (7)
Dr Dr St
is fulfilled.
Theorem 1. Let
Fe EQ,ZOC (Doo) 3 )\F’Doo Z 0 (8>
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and
= 0
f € Wa16e(0Dcc), AMflgp.. 20, A ol sy, (9)
' oo or 9Du
Then if p(u) = |u|* and
l<a<t! (10)
~—n-—1’

then there does not exist a weak generalized solution u € f/a,loc (Doo) N
WQIJ oe (Do) of problem (1), (2) in domain D, (which is nontrivial in case
F=0and f =0).

Below, in remarks 1-3, for simplicity we assume that A > 0.

Remark 1. In case 0 < o < 1 and p(u) = |u|® problem (1), (2) may have
more than one global solution. For example, for F' = 0 and f = 0 conditions
(8) and (9) are fulfilled, but problem (1), (2) may, besides a trivial solution,
have an infinite set of global independent solutions u,(z,t) € L} toc(Doc) U

Wzl,l oe(Dso), depending on parameter o > 0, and given by the formula

1

Bl—o)—1aP| 7" 1> 0+ al,

ug(x,t) =
0, |z| <t <o+ |z,
= 2(n+1) T
where § = A\T-a [( e } .
Remark 2. The conclus10n of Theorem 1 fails to be valid if o > "“ and

the second of conditions (9), i.e. condition f|5p_ > 0 is violated. Indeed,
function

u(z,t) = —e(1 4t — ]w|2)ﬁ, € = const > 0,

is the global classical, and hence, generalized solution of problem (1), (2)

t2
for f=—c( | | =0)and F = 2eis — der2 & Tl — Ae?](1+
2 — |z?)Ta, Where as it can be easily verified, F|p > 0 if a > ntd
and 0 < e < {2 [ ]}a 1. Note that inequality n +1 — =% > 0 is

equivalent to mequahty a > "'H

Remark 3. The conclusmn of Theorem 1 also fails to be valid if only
the third of conditions (9), i.e. condition g—f b > 0 is violated. Indeed,

o0

function

u(z,t) = B[(t +1)% — |22 7=,

where = ATa [( L (nH)]

lem (1), (2) for F'=0and f = ulyp = B[(t + 1)2 _tQ]ﬁ > 0.

I-a is the global classical solution of prob-
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Now consider question about local solvability of problem (1), (2) in case
of homogeneous boundary condition (2).

Theorem 2. Let p(u) = |ul®, X # 0, or pu(u) = |u|*sign u but A > 0.
If f=0, F¢€ IN/QJOC(DOO) and 1 < a < Zﬂ, then there exists the positive
number Ty = Tp(F) such that for T < Ty problem (1), (2) in domain Dr
has at least one weak generalized solution u € Lo (D) U W4 (Dy).

The estimate of number Ty = Ty (F'), which is presented in Theorem 2,
is given.

In the case pu(u) = |u|*sign u and A < 0 there is the global solvability
of problem (1), (2) in the following sense: let f = 0, then for every F €
Lo joc(Doo) and any T > 0 problem (1), (2) in domain Dy has at least one
weak generalized solution u € L, (Dr) U W3 (Dr).

However if p(u) = |u|*sign v but A > 0, then there exists function
Fe I~/27100(Doo) (f = 0) and the positive number Ty = Tp(F') such that for
T > Ty problem (1), (2) can not have a solution in domain Dry.

Analogous results for the Darboux problem (1), (2+) are valid.
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