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Abstract

In the present work Cauchy problem for abstract analogue of nonlinear Kirchhoff
wave equation is considered. For approximate solution of this problem symmetric
three-layer semi-discrete scheme is constructed. Stability and convergence for the of-
fered scheme is shown.

Key words and phrases: nonlinear Kirchhoff wave equation, three-layer semidis-
crete scheme.
AMS subject classification: 65M12, 65M15, 65M55

Let us consider the Cauchy problem for abstract hyperbolic equation in
the Hilbert space H:

e o con o
u (0) = o, dl;iO) = ¥ @)

where A is a self-adjoint (A does not depend on t), positively defined (gen-
erally unbounded) operator with the definition domain D (A), which is
everywhere dense in H, i.e. D(A)=H, A= A* and

(Au,u) > v|ull®, Yue D(A), v=const>0,

where by ||-|| and (-,-) are defined correspondingly the norm and scalar
product in H; a (HAl/zuHQ) =+ HAl/zuHQ, A > 0; o and ¢ are given
vectors from H; w(t) is a continuous, twice continuously differentiable,
searched function with values in H.

As in the linear case (see [1], T. 1.5 p. 301) u (t) vector function with
values in H, defined on the interval [0, 7] is called a solution of the problem



AMIM Vol.11 No.2, 2006 J. Rogava, M. Tsiklauri

(1)-(2) if it satisfies the following conditions: (a) u (¢) is twice continuously
differentiable in the interval [0,T7]; (b) u (¢) € D (A?) for any ¢ from [0, 7]
and the function A2u (t) is continuous; (c) u (t) satisfies equation (1) on
the [0, 7] interval and the initial condition (2). Here continuity and differ-
entiability is meant by metric H. Existence and uniqueness of the solution
of the problem (1)-(2) is shown in [2].

Equation (1) is an abstract analogue of nonlinear Kirchhoff wave equa-
tion. Nonlinear Kirchhoff wave equation for stick has the following form:

L
O*u  O*u 0%u
o+ — A 2(Et)de ) = =0.
oz ot T\ /“f SRES e
0
We are searching solution of the problem (1)-(2) by the following semidis-
crete scheme:

U1 — 2Up + Up—q Lop2lk + ug—1
T2 2

o) gty

! . ®
where k=1,...n—1,7=T/n (n > 1).

As an approximate solution u (t) of problem (1)-(2) at point ¢t = k7
we declare ug-s, u (tg) =~ ug.

Theorem 1. Vectors (ugt1 — ug) /7, AY 2wy, and Auy, are equally bounded,
i.e there exist constants My, My and Ms (independent of n) such that

Uk ZUR—1\ g
- >~ 1,

T

[Augl| < Mo, HAl/QUkH <Mz, k=1,..,n
Proof. If we multiply scalarly both sides of equality (3) on vector ugy1 —
up—1 = (ups1 — ug) + (ux — ug—1), we obtain:

werr —ug|® 1 2, 1 12, |2 1/2 2
B — +§||Auk+1|| +§@ HA Uk:H HA Uk+1H

Uk — Uk—1 i + % | Aup_1|* + %a <HA1/2UI<;H2> HA1/2UI§—1H2 -(4)

Let us introduce denotations:

2
Ul — Uk—1

2
ap = o Bk = Augl?, = HA1/2UkH -

T
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Then (4) will have the following form:

1 1
1+ 5 (Br+1 + Br) + 3 (A =+ V&) Vit1
1 1
= o+ 3 (Br + Br—1) + 5 (A + &) Ve—1-

Whence we have:
)\k+1 = A\ + &g,

where
1 1
A = o+ 3 (Br + Br—1) + 3 (A +Ye—1) Yk,
1
e = A (Vk—1 — V&) -
Obviously from (4) we obtain:

Akr1 = )\1+(€1+62+...+6k)

= A (0 =)+ (1= 92) o+ (et — )

1
= )\14‘5)\(70—%)'

Therefore we have:
1 1 1
1t 5 (Brs1 + Br) + 3 (A + k) Yor1 + 5)\%
1 1 1
= a1+ §(ﬂ1 + Bo) + 3 (A+71) 7 + §>\’Yo.

From here it follow that ag, G and ~; are equally bounded. l

The following theorem takes place (below everywhere ¢ denotes positive
constant):

Theorem 2. Let u; and Uy, be solutions of difference equation (3)
corresponding to initial vectors (ug,u1) and (g, u1). Then for zi = up —uy,
the following estimates are true:

cty <\/§ <HA1/220H X HA1/2AZO

4725 <

(&

.

+7 Al/zﬂ —i-CTHA1/221H>, (5)

T
Az
sl < e (VE (sl + |22])
A
+7 (A= +cr|yAz1\>, (6)
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H Azk

A
Az + V2 H %

A
+etpect (f(\AZOHJrH “0

+ THAAZ
-

)

fer HAz1H> , )

where k=1,...,n—1, Az = 211 — 2.
Proof of Theorem 2 is based on lemma, which we state below.
Let us consider in Hilbert space H the following difference equation:

Ugy1 — 2Up + Up—1 Upy1 + Up—1
= + AP = (8)

where k =1,...,n — 1, ug,u1 and f; are the given vectors of H.

The following lemma takes place.

Lemma 3. (see [3]) For difference problem (8) the following estimates
are true:

A A
[A%upa || < \/§<HA2SuoH + HAQS‘luo >+7’HA25U0
T T
k
+ oy ARl 0<s<1/2 (9)
Au Au b
k 0
‘T < HAUOH\/il +T¥\f¢H, (10)
1=
where k=1,....,n — 1, Aug = upy1 — ug.
Let us return to proof of Theorem 2.
Proof of Theorem 2. From (3) it follows:
Uk+1 :Ekuk—uk,l, k= 1,...,n—1, (11)

where

Li=2 <I+ Toazy <HA1/2ukH ) )_

Let us rewrite (11) as follows:

w1 = Lug — up_q + (Ek—L) we, k=1,..n—1, (12)

72 -1
L=2 <I+ 2A2> .

72

where
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Obviously we have
ra 1_7-1\7r7T 72 12, |12 r
Le— L= (27 =L Ly = ~"a (HA P ) ALLy.

Taking into account this transformation, from (11) it follows:

_9 B B 1 2 ~
Upt1 u2k + ug—1 +A2% = —a <HA1/2ukH > ALgug. (13)
T

It is obvious that according to (13) zp = up — ug will satisfy the following

equation:

Z — 221 + zp— z + zp_ 1

where

2 ~ 2 _
gr = a <HA1/2ukH > ALgu, —a <HA1/2uH ) ALy,

= e G ))

From (14) according to (9) it follows (correspondingly to s = 1/4 and
s=1/2):

o < (ol e faonse]) oo a2
k
b o
[l < V2 <||Aon+HAZ“> as
+§Z\|gz-||. (16)
=1

The following representation is obvious

gk = (HAl/QukH - HAl/zﬂkH) (HA1/2UkH + HA1/2ﬂkH> Ly Auy,

i () (-

X (HAl/QukH + HAW@H) AT i TxAuy,

+a (HA”%W) Ly, (Auy, — Auy,) . (17)

73



AMIM Vol.11 No.2, 2006 J. Rogava, M. Tsiklauri

From (15) taking into account (17) it follows:

2 A’LLQ

el < 2 (feral s a2 o o]

k

)+

2z /24, 12N 17 /2,
([l a7+ o]y 2] a2

T

+

(2

rrta (Jaea]) ]

< (lat o+ a7 ) | Az =
+a <HA1/2uiH2> Tl || 4222, > . (18)

If we take into account that HAl/zuk H and HAl/Qﬂk H are equally bounded
ZkH < 2, ka < 2 and

T
2
1

and, in addition,

iﬂa (HAl/zukH2> AT < 1,

then from (15) we obtain:

T T

HA1/2Zk+1H < V2 <HA1/220H + HA1/2AZO

R

por 3 42 ()
i=1

)+

Let us introduce the following denotations
A
50:‘ﬂOMW%WHAW2%
-

x = o

A1/2 A'LL(]
T

)

then the inequality (19) can be rewritten as:

k
k1 < 0o + CTZ&k.
i=1

From here by the induction can be obtained (discrete analog of Gronwell’s
lemma):

thrr < (A+en)f o +er(+er)fite (20)

= (1+en)" (6 + crer).

74



The Fourth Order Accuracy Decomposition ... AMIM Vol.11 No.2, 2006

If we take into consideration that

(1 -f—CT)k < ec(kﬂ-) _ ectk

)

then from (20) we obtain (5).
From (16) with account of (17) analogously to (19) we obtain

> H Azo
1).

Az
sl < VB (1Al + |22

+C7’Zk: (HA1/2ZZ‘
i=1

From here, if we take into account that

|42 = 472 (az)|| < } J Azl (21)

then analogously to (5) we obtain (6).
Let us show the estimate (7). From (14) according to (10) it follows:

+wv§3(WMﬂqH+HA%D.
i=1

Obviously from here with account of (21) we obtain:

k
+er Y ||Az] .
=1

From here with account of (6) follows (7). B

The following theorem takes place.

Theorem 4. Let the following conditions be fulfilled: (a) up = po and
w0 € D (A2); (b) ur = po+To1+5 2, g2 = — (A2<P0 +a (HAl/QcpoH2> Asao)
and w2 € D(A); (c) Solution u (t) of problem (1)-(2) is continuously dif-
ferentiable to third degree mcludmg and u" (t) satisfies Holder’s inequality
with index A (0 <A< 1); (d) v/ (t) € D (A?) for every t— from [0,T] and
function A%u' (t) satisfy Holder inequality with parameter A (0 < X < 1).
Then for error Zy, = u (ty) — u the following estimate is true:

|~

A
< ||AzO|r+ﬁ\ i

H Az

max ||AZ| < ertt, (22)
1>k<n-—1
AZ
max || =2k < ettt (23)
1>k<n—1|| T
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Proof.
Let us write down the equation (1) at point ¢ = t;, in the following form:

AQUT(zk—l) +A2U(tk+1)42rlt(tk—1)
+a(far ) e 2O ),
where
rr(te) = 7roq (tk) + 710 (th) + 72,0 (Th)
T, (tk) = AQUT(;%_I)—U” (tr)
rir(ty) = %AQ (A% (tg-1)) ,

ror (ty) = %a <HA1/2u(tk)H2>A(A2“(tk—1))'

From (24) we have

2
.
u (tk-l-l) = Lyu (tk) —u (tk—l) + ?Lqu— (tk) , k=1..,n-1, (25)

where
72 -2 9 -1

Let us rewrite (25) in the form:

u(tyr1) = Lu(typ) —u(tk—1) + T;LTT (tg) + (Li — L) u (tg)
+ T;(Lk—L)rT (te), k=1 n—1. (26)

Obviously we have
1 1 7 2 2
Ly—L= (L = L") Ly = —"a (HAV u(tk)H ) ALLy.

Taking into account this transformation, from (26) it follows:

u(tie1) — 2u(te) +u(te-1) | you(tisr) +u(tp-1)
T2 + 2

_ _%a <HA1/zu (t’“)H2> ALgu (t,)

oy (b)) — T:a <H AL/, (tk)HQ) ALyrr (1) (27)
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By taking (13) from (27) we obtain:

Zka1 — 22k + 2k Z] Zj— 1.
Zk+1 22k+2’k 1 +A22k+1+2’k L T ), (28)
T 2 2
where
~ 1/2 2 B 12, 112\ 47
g = all|A 7 u(ty) ALgu (t) —a | [|AY “uyg ALpuy
~ 7'2 1/2 2
P () = () - pa HA u(tk)H ALyt (1)

Analogously to (17) we have:

e = (o] o)

x (HAl/Qu (tk)H + HAl/%kH) Ly Au (t)

e ([l (e o)

x (HAl/Qu (tk)H + HAl/’ZukH) ALyLi Au ()

+a (H A1/2ukH2> L, (Au (ty,) — Auy) . (29)
From (28) according to (9) with account of (29) we obtain:

> +THAAZO
-

33 (s (et + e

~ - AZ
45l < VB (4] + [

)

<l 4w ) + 37 (a2 ) [lavez)

< (|42 e + |42 |) 12al AL 14w @)

Y

If we take into account that HAl/ u

‘Afi

+a (HAIﬂui

<.

k
||Azi||) eI (30)
=1

no
—~

ti)|| s | Au (t)|| and || AY?uy| are
<2 Il < 2 [ <

equally bounded and, in addition, ||L
| AZ|| and

e

1
%

b (o) ] <.

7
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then from (30) we obtain:

~ ~ AZ
45l < VE (a5l + |2

) H Azo

k k
+er ) Az + 7Y 7 (t)]- (31)
=1 i=1

From here, according to discrete analog of Gronwell’s lemma, we obtain:

- A AZ
[AZp ]| < et (f <||AzO|+H Z") H A%

+er | AZ | +TZ 7 (ti)||> : (32)

i=1

It is obvious that the following inequality is true:

17 ()l

rr (ty) — Tja (HAl/Qun (tk)H2) ALgry (tr)

IN

Il + T (4720 0]} BALul - 00

2{Jrr (i)l S 2 ([lro,r @Il =+ a7 (G| + N2 (861 (33)

IN

According to how smooth is function u (¢), the following formulas are true:

tky1 t s

Azugk—ﬂ_uu@k) _ /// (€Y — " () dedsdt +

te tr lk

> / / / (" (8) — " (€)) dedsdt, (31)

to—1tk—2 trt

tet1
M) = [ (O (0)dr (35)
+ / (u' (te) — o' (1)) dt,

u(ty) = wo+71u (0)+ / (v (t) — ' (0)) dt, (36)
0
2

w(tl) = wuo+ 71U (0)+%u" (0) (37)
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T t s
+ 0/ 0/ 0/ W (€) dedsdt.

According to conditions (a), (b) and (d) of Theorem 4, from (36) it
follows:

[A(AZ)] = (A —20)ll = Az = [[A (u (t1) — ua)]]

T

-2
= 2A<p2 + /A (v (t) — ' (0)) dt|| < eritr(38)
0

According to conditions (a), (b) and (c) of Theorem 4, from (37) it
follows:

|

According to condition (c) of Theorem 4, from (34) it follows:

T

T t s
Z%Hu(tl)—mn = i///Hu'"(E)Hdgdsdt§c7'2. (39)
0 0 0

A2u (tk—l)

= — " (t)|| < ertt (40)

Iron (0] = H

According to condition (c) of Theorem 4, from (35) it follows:
Irjr (t0)| < er'2, =12, (41)
From (33), with account of inequalities (40)-(41), it follows:
77 (t)|| << er' . (42)

From (32), with account of inequalities (38),(39) and (42), follows (22).
Now let us show the estimate (23). From (28) according to (10), anal-
ogously to (31), it is obtained:

HMk

T

- AZ
< [|AZ|l + V2 HTZO

k k
+er Y NAZ] + 7|7 ()]
=1 =1

From here with account of estimates (38),(39), (42) and (22), we obtain
(23) W
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