SAINT-VENANT’S PROBLEMS FOR THREE-LAYERED
CONCENTRIC ISOTROPIC CIRCULAR BEAMS

G. Khatiashvili

N. Muskhelishvili Institute
of Computational Mathematics
0143 University Street 2, Thilisi, Georgia

(Received: 11.06.05; accepted: 18.02.06)
Abstract

It is considered circular tube, composed by three different isotropic elastic materi-
als. It is proposed that circular tubes inserted one of another and glued together along
the length of borders surfaces. Of its kind three-layered concentric circular composed
tube from a different isotropic elastic materials are considered Saint-Venant's prob-
lems.
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1 Basic Equations

Let us consider three-layered circular tube, composed by different isotropic
elastic materials (obey Hook’s low) occupying a composed circular cylin-
drical domain 2 = Q7 + Q9 + Q3. Consider a plane Ox1xo of the cartesian
coordinates Ox1x2x3 of the "under” end of the cylindrical body, each do-
mains 1, Q9 and 3 of an indicated tube are bounded by two planes
zz = 0,23 = [(l > 0) and by the the concentric circular cylindrical sur-
faces I'1, I'o, I'o, '3 and I's, 'y respectively. It is proposed that the domains
Q1,829 composed by the different elastic materials are glued together along
the length of the borders of circular surfaces I'y and I's (along the inter-
faces). By v1,72,73 and 4 we denote the lines obtained by cross-sections
of the surfaces I'; by the plane parallel to the plane Oz1x2 .The radiuses of
the circles (v;) are the circles Ry, Ro, R3 and Ry respectively. The equations
of (v;) could be presented in the following form

(71)4;, = R, cos(0), (12)5, = R; sin(d), (7 =1,2,3,4;0 <9 < 2m)



AMIM Vol.11 No.2, 2006 G.Khatiashvili

It is well-known that by N.Muskhelishvili [1 | was stated three auxiliary
problems for the plane deformation parallel to Ox1xo for the continual com-
ponents of displacement when the components of tension are discontinuous
passing via of €; to €;,1 from interfaces I'j11.

In this paper these problems are stated for the three-layered domain.

Let us denote by u(z1, l’g)k(m)j and (1, ZL’Q)k(m))j, (k,1 =1,2) the com-
ponents of displacement and stresses of indicated auxiliary problems in the
domains w; and consider the following three auxiliary planes deformation
parallel to Ozqxs.

We consider the components of displacements and stresses independent
from a variable x3, the equations of static of elastic body and the following
boundary conditions: on the inner and exterior surfaces I'1(7y1) and I'y(74)
the following boundary conditions are satisfied

70 =7 7 — 0, (k=1,2;m = 1,2,3), (1.1)
and on the interfaces I'2(72) and I'3(~y3) are satisfied the following boundary-
contact conditions:

5 = e =0, (1.2)
™) — [ul™ 1 = (9™ = [0, (1.3)

(k,j=1,2m=1,2,3)

where n(ni,ng) is exterior normal to I'j(7;) and functions g,(gm) are given

by the following equalities:

(1) (2) 2 2 (1) (2) g§3)

3
29y " =—2gy" = v(zy — 13 9o =091 = VIiTa, = vy, gé = vra,

v is the Poison’s ratio and the symbols [ ]; and [];4+1 denote a limiting
values on the interface I'yj(;) of the expressions enclosed in the brackets
taken from domains Q;(w;) and ;41 (w;y1) respectively.

Consider the generalized center of inertia and generalized principal axis
of inertia. If the origin of cartesian coordinates Oxixox3 coincide with
the generalized center of inertia and axis Ox; and Ozs coincide with the
generalized principal axis of inertia, then will be carried out the following
relationship

ik + Kji. =0, (j#k;j,k=1,2,3)

K, = Kyj, Jjj +Kj; >0, (j,k=1,2,3), (1.4)

where

k k k
7':§3) = V(71(1) + 7'2(2))7

Jik ://(Ea:(j)x(k))dw,

2
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Ky, Z//(x(j)rék))dw, (1.5)

3) = 1, F is modulus of elasticity and w = wy + wy +

ZL‘(l) =1, :L'(g) = T2, 1‘(
ws3.

The equations of the elastic equilibrium for the components of displace-
ments in each of domains €; will be

pAu; + (A +p)D;© =0, (j=1,2,3), (1.6)
where A and i are Lame’s constants ,
A= D?+ D} + D2 (Dj = d/dz;)

We note that these constants and the components of displacements and
stresses in every domain €); will be different.

We admit that for the Saint-Venan’s problems will be satisfied the fol-
lowing boundary-contact conditions

Tng = T1jN1 + Tojn2 =0
on I'y and I'y,
[Tnjl1 = [T,
[Tngl2 = [Tnjl, [ujl = [ujle, [ujl2 = [us]s, (G =1,2,3). (1.7)

Also the external forces applied to the "upper” base z = [ of composed
body are statically equivalent to the bending transverse forces P; and Ps
and to external force P, bending couple-forces mq and mo and a torsion
couple-forces ms. The following conditions

//Tjgdw:Pj, (j:1,2,3);//(1‘27’33—1’37’23):ml,
w w

//(363713 — x1733) = —Ma, //($1T23 — xaT13) = M3, (1.8)

must be fulfilled (also in every cross-section z = const,where 0 < const < ).
In the sequel will be used the well known formula [1]

//’Tjgdw:/ xj7n3d3+/ T;Tp3ds+
w 7 Y4

(Irslis = raal)ds + [ [ 2 Dyrad, (5= 1,2)

+Z/

k=2,3" 1%

where w = w1 + w9y + ws.
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By means of complex potentials ¢(z) and 1(z) we can express the com-
ponents of displacements and stresses in the following form

2p(ur + iug) = rep(2) — 2¢'(2) = 9(2),

11+ T2 = 2[¢'(2) + ¢ (2),

Too — Ti1 + 20712 = 2[2¢"(2) + ¢/ (2)), (1.9)
where ¢(z) and (z) are holomorphic functions of a complex variable z =
x1 + ize , (i2 = —1), the function F(z) is the conjugate complex to the

function F(z) .
So three auxiliary problems of plane deformation (1)—(3) could be re-

duced to define in the domains w; complex potentials cpg-k) (z) and @Dj(k)(z)
satisfying the following boundary conditions

™ )1+t @ (8)1) + ¢® (8),]; = P, (1.10)

on 71,

(o™ (£)3 + 0 B ()3 + p®) (t)3]5 = O, (1.11)

on a4,

[e® 01+t B (1 + 0B ()11 — [p W ()2 + e P ()2 + 9P (£)2]z = €5,
(1.12)
on a circle-interface 7o,

o™ ()2 + 12 (k) (£)2 + P ()a]2 — [6® (£)3 + £ B (£)3 + ) ()]s = C5F,
(1.13)
on a circle-interface s,

[a1p®) (1)1 — Bit’ B (8)1 — Brp®) ()]
—[azp®(1); — Bot P (8)s — B ()2 = U (1), (1.14)
on a circle-interface s |
[0 ™® ()2 — Ba@ ()2 — Botp® (£)2]2
—[ase® (1) — B3 B () — By ® (3]s = £ (), (1.15)

on a circle-interference -3, where k = 1,2, 3; C](k) are complex constants to

be determined,

a5 = HJ(QMj)_l >0, ﬁj - (2M])_1 >0,

4
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D) = (1/2) (1 — )t £2(8) = (1/2)i(n — )i, £ () = (11 — o),

V@) = (1/2) (s — va)t, f52(1) = (1/2)iva — v3)2, £57(8) = (w2 — wa)t,

the variable t is an affix of point z on a circle v;, (j =1,2,3).

2 The solutions of an auxiliary problems

a) The solution of a first problem .

In the first auxiliary problems the functions f}z) take the following
values

FA) =27 — )2, FA )y =27 (g — 13)t2. (2.1)

According to N.Muskhelishvili [1] the solution of the boundary-contact
problem we seek in the form

oD A2 ) @) 2 @)

(2) :AgQ)ZQ, éQ) A(2) _2+b()

%)
oD AP P A D 22)
where the constants A§-2), A(EJ) and b(.z) will be determined.

Putting the expressions (2.2) into the equations (1.8)-(1.15) and take
into the account the expression (2.1), we get

) =24® 14 o) = 24P — APy 1 b — b,
CfP = 2048 - APy 40P — 0, 6P = (8) 71802, b = (3) 7Bt
(2 3)
where 02 , (2) # 0, (all constants has no effect on a stress state of the
body)
AF) = — (R} = By AV (R RY) + AT (R RY)], A% = —R{AY,
A% = AP(RS — RY) — R3AD), AC) = RIAD,
2 2 2
AP = (R} - RIAY/(RS - RN + AP (R - RY), (24)

5
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Substitute the expressions (2.2) and (2.3) in the boundary-contact con-
ditions (1.14)-(1.15) and taking into the account the expressions (2.4), for

A?) and Ag) we get the following system
a1 RS + AR + pa(RS — RYIAY — (a2 + B2) RIAT = R3(m1 — 1),

(@3RS + B3RY) (RS — RY) — Bo(RE — RY(RE — RY))AP
+[(az RS + B3 RY) (RS — RY) + (a2RY + B2 RY) (R — RY) AP
= (vy — v3)R3(R1 — R), (2.5)
From this system we obtain
AP = (V3) " YRARY (2 + Bo)(RE — RE)(va — v3)

+R3(v1 — »)[(aR5 + B2R3)(Ri — R3)(asRj + B3RY)(Rs — R3)|},
A5 = [Ry(oz + B2)] AP [0 Ry + AR} + Ba(RS — RY)] = B3 — 1)},
where
Vs = asfa((Rs—RY)(R3—R3) (Ri—R3)+(as R3+ 53R {(R3—RY)[(aa+62) R3+

Bo(R3 — R3) + (1R + BLR})(Rs — R3)} > 0.

The other constants will be determined directly. Thus, the first auxiliary
problem is solved completely.

b) The solution of a second problem.

We consider the case when in a boundary-contact conditions (1.12)-

(1.17) the functions fl(g) and f2(3) have the following values
1 = @) i - )2, £ = () Y — vt (2.6)
In this case we seek the solutions in the form

PP () = —iA" 22, v (1)) = —i(AP)72 4 b)), o 1)y = —iAf) 22,

(1) = _i(A(—:))%Z_2+b§3)), <P(3)(t)3:—iA§>,3)22,
¥ (t)s = —i(A%z72 b)), (2.7)

Putting these expressions in the conditions (1.12)-(1.17) we get the

values of all coefficients C](.g) and b§~3), where C§3) and Cég) are an arbitrary

6
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constants differ from zero. The indicated constants has no effect on a
stress-state of a body.

Take into the account (2.9) for the constants A§-3), A(_?’])-, Agg) and Agg)
we get

AS Z RIAP 3,49 = AP (RE — BiRY) — AP R — (2)7 (11 — 1),

A% = RIAP) AP — —(RY — RY) AP (RS- RY) + AP (RA — RY)),

AP[82(RS — RY) + a1 RY + BiRY] — (az + B2) REASY = (2) 7' Ri(v1 — 1),
AR~ RY)[(asRY + B3 RY) — Bo(RY — R+ A [(ao Ry + B2 RY) (RE — RY)
+(a3Rs + B3Ry)(R3 — R3)] = (2) ' R3(Ry — R3)(v2 — v3).

From the above we get
24P = (V3)"'[61 RY(1 — 10) + +RiR4(RE — R) (s + B2)(va — w3)],
where
Vs = aa(Ry— R})(R5— R3)(Ri— R3)+61(an Ry + B1 Ry) + Ry (R3 — RY) (aa+

B2)(asR3 + B3R}) > 0.

And other coefficients will be determined directly.

c)A solution of a third problem.

For the third auxiliary problem in the boundary-contact conditions the
functions fl(g(t) and f2(3) (t) have the following values

20 = (1 — )ty [52() = (a — ). (2.8)

Taking into the account the results of N.Muskihelshvili [1], we seek the
solutions in the form

¥ = AP B = A b (= 1,2,3), (2.9)

where the constants A§-3),A(_3j)- and bg-g) will be determined. Putting

these expressions into the boundary conditions we get that two coefficients

C:,(,g) and Cf are an arbitrary constants differ from zero and this constants

has no influence on the stress-state of the body. For the other constants
from (1.12)-(1.17) we get

(a1 —B1)R3+20%, +262(R3—RD]AP ~[(an—B2) R2+26: RIAY) = (111 RE,

7
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(a2 — B2) RE + 26> R3] A2(3) — 26 A7 (RS — RY)

—[(a3 — B3)R% + 283 R A = (vy — 1) R,
1
(RY— RY)[AP (RS — R2) + AP (R2 — R3)v

From here we get

_ A§3) —

{(R3~R3)[(02—62) R3+20: R3] +(R3— RY)[(as+35) R3+2/35 (R~ R3)|} AL +
{(R3 — R})[(a3 + B3)R3 + 263(Rj — R3)
—20(R3 — R})(R3 — R3)}AY = R3(RY — R3)(va — vs),
of(ar + A1) B3 + 2(R3 — R)(B2 — p))ASY -
R2(as + B2) AP = R2(vy — w).

It is easy to show that for the determinant V of this system we have
V = (R3 — RY)[(a3 + 83) R} + 203(RE — R3) + 203(R} — R3)—

202(R3 + RT)(R] — R3)][(on + B1)R3 + 2(R3 — RY)(B2 — B1)] + (a2 + B2) R3
x{(R]—R3)[(0va—f2) R3+202 R3]+ (R5— R )[(as+33) R3+20s(Ri—R3)]} > 0.

The other coefficients will be determined directly. Therefore, a third
auxiliary problem is solved completely.

3 Extension by longitudinal force and bending
due to couples of forces

a) The problem of tension.

Let the external forces applied to the "upper” base z=l of the body
is statically equivalent to the force f3 parallel to the axis Ox3 and to the
bending forces acting on the planes Oyz and Ozxz respectively with the
moments mj and ms.This force we apply to the point (0,0,7). The stress-
strain-state of composed concentric circular body we seek in the following
form

3 . .
wj =Y ailgy) —ul’) — 2723, (j=1,2),
=1

3
uz = T3 Z aizn(z),
i=1

8



Saint-Venant’s Problems for ... AMIM Vol.11 No.2, 2006

3

i =Y 427 - 1) - 2eP), (j=1,2,3),
=1
3 .
TlQZZaiTl(;), 713 = T23 = 0, (3.1)
=1

where constants a; will be determined , ugi) and T](,? are solutions of three
auxiliary problems.

Previously was calculated some expressions,given by equalities (1.4)-
(1.5)

Jiw = Jag = w(4) 7 [E1(R3 — R{) + Ea(R3 — R3) + E3(Ri — R3)],

Js3 = w[E1(R3 — RY) + Ea(R; — R3) + E3(Rj — R3)),
Kn = 2n[A(1)11(Rg — RY) + A(L)ava(R5 — Ry) + A(1)3v3(R;
Koo = 21[A(2)101(R3 — R}) + A(2)ov0(R3 — R3) + A(2)313(R}
Kss = 27[A(3)11(R3 — RY) + A(3)2r2(R?)3 — R3) + A(3)3vs(R] — R3)],
Jig = Jiz3 = Jog = K12 = K13 = K3 = 0. (3.2)

)

- Ry)
— R3)]

)

Substituting this expressions into (1.7) we see that it is satisfied identi-

cally. Putting the components 7;;, into Saint-Venant’s conditions (1.8) we
get

3
Z akBkj == m?o, (.] - 17 27 3)7 (33)
k=1

where
=- 9 = 9 = 3.4
mj = —mg, My =my, Mmg=p;3. (3.4)

Taking into the account sixth equalities from (3.2) we get
al = —TngBl_ll, ag = mQB2_21 az = pr?Bl, (35)

Therefore the problem of extension by longitudinal force and bending
by couple of forces three-layered circular tube is solved completely.
b) The problem of torsion.

It is well known that the torsion function Fy of three-layered circular

tube w = w1 + wa + w3 is harmonic in each of domains w; and satisfies the
following boundary-contact conditions

(D), Fpl1 = [n1D1Fo + na Do Fyly = (zeny — x1n2);

on Fl,

[Dy, Fpls = (xany — x1n2)4

9
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on I'y,
[k DnFolj = [pj+1Fo)j4+1
on I'j4q,
[Fol; = [Folj+1- (3.6)

As on each circle r = R; we have

(xony — z1n2)j = Rj(sind cos? — cosfsinv) = 0,

then for the torsion function Fy we have Fy = C* = constant and the
torsion function has no effect on the stress condition.

C)Bending by transverse forces

It is assumed that external forces applied to the upper end x3 = [ of
three-layered concentric tube is statically equivalent to two bending forces
P, and P; parallel to the axis Ox1 and Oxo respectively and are applied at
the point (0,0,7). Therefore, in the conditions (1.8) we take

Pl#(), PQ#O, P3:m1:m2:m3:0. (3.7)

As in above, we propose that the origin of the system of coordinates
Oz 12223 coincide with the generalized center and the generalized principal
axis of the inertia of the domain w = wy + wg + w3. On the "under” base
x3 = 0 the following equalities are true

Bjk=Jjp + Kjp =0, j#k,
where expressions Jj; and Kjj, are given by (3.2).

As the torsion function Fjy is a constant the components of displacement
and stress in each domain w; we seek in the following form

3
k k - ;
Uj = —I3 E ak(gg(' )—ug. )) -6 1aj:r§, (7 =1,2),
k=1

3
uz = (1/2)23 > apa™ +a1 Fi +aa o — (1/3) (125 +az23) — (1/2)az (a1 +23),
k=1

3
i =23 > ap[r? + (1/2)E(k — 1)(k - 2)a®)], (j =1,2,3),
k=1

3

(k)

T12 = I3 E arpTyo
k=1

10
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3
k k ,
7js = plarDjF1 + aa D Fy — ajx — agwj — Y ak(gj(- ) U§ N, (G =1.2),
k=1

(3.8)

where the functions ug-k) are the solutions of auxiliary problems given
above, coefficients aj and functions F; will be determined.

At first we will write out the components of displacements and stresses

corresponding to three auxiliary problems given in sections a), b) ,c¢) of the
paragraph 2

k 1 k k k) (21 — 3
k I k) T122
(u$ ))j = [A§ )’ijxlm - A(_]) X2 I,

3 2
k k KT — 3T1T
(r); = 2145- oy — A(,J?il 3 2,
3 2
k k k) X7 — 31T
(r3))j = 64wy + AL 222 5
3 2
k k KTy — 3T{x2
() = 240, — a3k,
3 3 3 3) X1
2M(ug ))j = Ag )Iﬁ)j — Ag )z A(_J)XQ’
uB) = A® g, P g ) L2
2 TN X2’
2.2
3 3 3)T] —
(1); = 2457 +24°) SO
2 _ .2
3 3 3)T] —
3 3) T122
(7'1(2))j = 214(,} X2 (3.9)

where X2 = 2% + 23, the constants Ag-k) and A(_kj) are given in sections
a),b) and c) of paragraph 2.

It is easy to obtain that the components u; and Tj,, (j,m = 1,2),
satisfy the following boundary-contact conditions

11
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Tnj = T1jn1 + T5n2 = 0,
on 1 and 7y,
Tngm = Tnjm+1’ ujm = ujm+1’

On Ym+1-
Putting u3 and 753 from (3.8) into (3.5) for the functions F and F» in
each of domains wj, j = 1,2, 3 we get the following boundary value problem

AFéj) _ {l(gj)(xh:m)’ [Dan(;j) +771£;j)]j =0; k=1,2;5=1,3; (3.10)
on 71 and vy,

IDnFD + )y = lident )41, W)y = w§)j00, (3.10)

on 741, where
D, F =nDiF +noDoF, p& = (A+ )0,

e = [SE%+(*1)kV(ZE%*l‘%)}ﬂk‘l‘l/l‘lxgng_k*ugc)nk, A = D?+D3. (3.12)

It is easy to see, that in this case

5}9) _ JIU'MJ 91(5) = A§-k)$k
j

N.I.Muskhelishvili [ 1] has proved that for the existence of the solution
of boundary value problem (3.10)—(3.11) is necessary and sufficient

//wﬂfdw = ﬁl pdy + 724 pnady + ; = 2 f{[w]mfl — [l ddy.

(3.13)
In our case the condition (3.13) is fulfilled. The solution of the equation
(3.10) in each of domains w; we seek in the form

FY = (—2/3), A2} + £, (3.14)

where the function f,gj )(xl, x2) is harmonic in each of domains w;.
We note that the functions n,(f ) are continuous over the interfaces Y2

and 3, that is [n,gj)]m_l = [n,gj)]m (k=1,2;m =2,3).

12
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Taking into the account this remark and puttlng the expression (3.14)

into equations (3.10)—(3.12) for the functions fk we get the following
boundary value problem:

AR =0
in each of domains wj,

Duf = 2uAWa? + 22 + (~1)*20(23 — 2?) — u{Jng, + (varzs —ul gy

on 7 and V45

Dt ot = D £ ) = 2001t 1) A% | = (1 ) AP,

[ﬂm/1Mb1—meﬁm::g&hilAﬁ)y—MmA(U (3.15)

(m=23k=1,2j=1,23),

on vya.
Taking into the account

n1 = cos ¥, ny = sin},
3 1
cos” ¥ = 5(3 cos ¥ + cos 39),

sin® 1 = 3(3 sin — sin 39),
the equalities (3.15) take the form
4r_2an1(j) = Cg) cos ¥ + C?S) cos 399,
4r 2D, 5 = ¢ sind) + Cgp + 2v;) sin 39,

D s = [Dn ™} = 267 et = [0 1)
x[(2 — k)(3cos + cos39) + (k — 1)(3sin® — sin 309)],

A et = U = @300 Vet — [0 1}
x{(2 — k)(3cos b + cos 30) + (k — 1)(3sin¥ + sin 30)},

where

Z kaa Cgk -1) X(k) + XRQ(J) + X( 9 + (= 1)kX4(1]l:c) + Xéjl;:);

13
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G) _ 2 1 G) _ 3 ®& 1w
X1k = ;j+1+§ i Xsk = ﬂj[(“j — 1A} - ﬁA—j]»

j g 1k
Xai = (ry + DAT = S,

140y 0 =

G) _ Lt 3.
X4JI€_7(AJ Kj_r4 —j X5k__§yj>]_1>3a

Hj
on 71 and y. .
The harmonic function f,gj ) we seek in the following form

() (21 — 3z173)

. . ; i J
fl(]) — bgj)xl + bgj).f? _ 3b§])x1x§ 4 b( ) _3W7

Vw4 as 4+ b
) 3 2
G) _ gy g3 _ g 2,2 . Ho1%2 ) (25 = 32ias)
f2 1 T2+ H3 T 3 T +x%+$% =522 + 22)3
where constants b,, and H,, will be determined from boundary conditions.
Putting the expressions (3.8) into the conditions (3.12) for the definition
of the constants a; we get the following system of algebraic equations

Biia1 + Borag + Bziaz = P,

Bi2a; + Bagag + Bagas = Ps,
Bizay + Bagas + Bszaz = 0,

where Bj, = Jji + Kji, is given by equalities (3.8).It is easy to calculate
that

Bi=Ju+ K= 7T4_12?:1[(Ej + 2VjA§1)>(R?+1 — R;L)]
Bay = Jaog + Koy = 747" S5_,[Ej + 20 A9][(Rj 1 — Rj))),
B33 = J33 + K33 = WZ?:l[Ej(R?_H — Rg)]
Hence, all constants are defined and the problem is solved completely.
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