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Abstract

In the present work, the sequential-parallel type decomposition scheme with fourth
order accuracy for a multidimensional evolution problem is constructed. The fourth
order accuracy is attained by introducing a complex parameter. For the constructed
scheme, there is obtained the explicit a priori estimate for the error of solution to the
approximated problem. The relation between two and multi-dimensional decomposi-
tion formulas is established.
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1 Introduction

One of the most effective methods to solve multi-dimensional evolution
problems is a decomposition method. Decomposition schemes with first
and second order accuracy were constructed in the sixties of the XX century
(see [5], [7] and references therein). Q. Sheng has proved that in the real
number field there do not exist automatically stable decomposition schemes
with an accuracy order higher than two (see [8]). Decomposition schemes
are called automatically stable if a sum of the absolute values of its split
coefficients (coefficients of exponentials’ products) equals to one, and the
real parts of exponential powers are positive. In the work [1] there is con-
structed decomposition schemes with the higher order accuracy, but their
corresponding decomposition formulas are not automatically stable. In the
works [2]-[4], introducing the complex parameter, we have constructed au-
tomatically stable decomposition schemes with third order accuracy for
two- and multi-dimensional evolution problems and with fourth order ac-
curacy for two-dimensional evolution problem (evolution problem with the
operator A is called m-dimensional, if it can be represented as a sum of
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m summands A = Aj + ... + 4, ). The new idea is an introduction of a
complex parameter, which allows us to break the order 2 barrier. Let us
remark that in the work of Schatzman there are constructed decomposition
formulas for two-dimensional evolution problem.

Decomposition formulas constructed in the works [2]-[4] represent for-
mulas of exponential splitting. FExponential splitting is called a splitting
which approximates a semigroup by a combination of semigroups gener-
ated by the summands of the operator generating the given semigroup.

In the present work there is constructed an automatically stable de-
composition scheme with the fourth order precision for a multidimensional
evolution problem. For the solution error there is obtained an explicit a
priori estimate. This work naturally proceeds from the articles [2]-[4] and
it summarizes these articles from some point of view. In our opinion, the
proposition given in the fourth chapter is quite interesting and, taking it
as a base, from a two-dimensional decomposition formula, one can obtain
a multidimensional decomposition formula with the same order. However
for the moment we cannot prove this proposition.

2 Statement of the Problem

Let us consider the Cauchy problem for an evolution equation in the Banach
space X:

du(t)
dt

+Au(t) =0, t>0, u(0)=¢, (2.1)

where A is a linear closed operator with a definition domain D (A) ,
which is everywhere dense in X, ¢ is a given element from D (A).

Suppose that the operator (—A) generates a strongly continuous semi-
group {exp(—tA)},~o.- Then the solution of problem (2.1) is given by the
following formula (see for example [6]):

ult) = UG, A)g, (2.2
with U(t, A) = exp(—tA).
Let A= A1+ As+ ...+ Ay, m > 2, where A; (i =1,...,m) are closed

operators, densely defined in X.
Let us introduce a grid set:

wr ={ty =k, k=1,2,...,7 > 0}.
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Together with problem (2.1), on each interval [tx_1, x|, we consider a
sequence of the following problems:

dv,(;) (t) « (1)

o toA (1) = 0, o (tr1) = w1 (i)
doy” (t j i i
B @ @) = 0 o ) = oY (1)
i = 2,..,m-—1,
d (m) t 1 m—
dvy (1) “An0™ (@) = 0, o™ (tey) ="V (1),
dt 2
1) @ i i i
kdt( ) + §A2m—i'l)](g) t) = 0, Ul(c) (th—1) = Ul(c Y (k)
—— m+1,...,2m—2,
(2m-1)
d t - - -
det()JraAm(fm Yo =0, o ) = o (),
(@) ~
dvy’ (t a i i i—
kdt( : + S Aamian) (©) = 0, o (o) = v (1),
T = 2m,...,3m—3,
d (3m—2) + 1 3 _ _
%7() n 7Amvl(€3m 2) (t) — 0, U](:)m 2) (tk—l) _ ,Ul(g3m 3) (tk)7
dt 2
w1 o i i i
kdt( ! + S Aot () = 0, o () =0 (t0),
Z’ e 3m—1,...,4m—4,
(4m—4)
d t - - -
oW 20 0mD ) = 0, o (1) = o (1),
dt 2
1)
dw;”’ (t Q
IZZt( )+ §Amw;(€1) ) = 0, wy (tr-1) = s (tro1).
(@)
d t i i i—
w’&t( )4 SAn-w () = 0, wf (tr) = wi ™ (t),
T = 2,..,m-—1,
dw™ @) 1. (m m m—
wk’dt()mAlw; 1) = 0 w™ ) ="V (),
dw® ) @ i i n
w'&t( )4 S () = 0, wf () = wi ™ (1),
i = m+1,...,2m — 2,
d (2m-1) ¢ _ _ -
L O e = 0w () = w7 (1),
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dw(l) t o i i i—
]zlt()‘f‘QASm—i—lw](g)(t) = 0, w](g)(tkfl):wl(g Y (tx),
1 = 2m,....3m — 3,

dw®™ 2 (1) 1 . . .

L O e = 0 Y ) = o )
dw(l) t (0% 7 i i—
) () = 0. wl? () =0 1),

1 = 3Im—1,...,4m — 4,
dw™ ™ (¢ o — — m—
kdt()+2Amw§j Yty = 0, wi™ Y (teor) = wl™ Y (1)

where « is a complex number with the positive real part, Re («a) > 0;
up (0) = . Let the operators (—A;), (—ad;), (—ad;), j =1,...,m gener-
ate strongly continuous semigroups.

ug (t), k=1,2,.., is defined on each interval [t;_1,tx], as follows:

1 _ _
up (1) = = [0 () + w{*m (t)] . (2.3)
We declare function wuy, (t) as an approximated solution of problem (2.1) on

each interval [tg_1,tg].

3 Estimate of Error of the Approximated Solu-
tion.
It is obvious that the definition domain D (A®) of the operator A® represents

an intersection of the definition domains of its addends.
Let us introduce the following notations:

lella = [[Aigll+ ... + [[Amell, ¢ € D(A4),
lellee = D Il4Ajell, @€ D(A?),
ij=1

where ||-|| is a norm in X; Analogously is defined ||| 4s, (s=3,4,5).

Theorem 3.1 Let the following conditions be fulfilled:
_ 1.1 S :
(a) a0 = 3 tiss (i =v-1);
(b) Let the operators (—vA;), v =1, o, @ (j=1,...m, m>2)
and (—A) generate strongly continuous semigroups, for which the following
estimates are true:

U4 <
U@ A < Me*', M,w = const > 0;

eo.zt7
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(c) U (s, A)p € D (A5) for each fized s >0 .
Then the following estimate holds:

lu(tr) — wr(t)ll < ce*™tym® sup |[U (s, 4) @l 45

s€[0,tx]
where ¢ and wy are positive constants.

Proof. According to the following formula (see [6], p 603),
t
A/U(S,A)ds: Ulr A —U(tA), 0<r<t,

we can obtain the following expansion:
k—1 tz ‘
U(t,A) =) (-1)"5A" + Ri(t, A),
i=0

where
81 Sk—

Ry(t,A) = (—A)k/t/... /1U(3,A)dsdsk1...dsl.
0 0 0

From formula (2.3) we obtain:

ug(ty) =V (1) ¢,

where 1
Vi) =5 Vi) + V(o).
and
1
Vi(r) = U (T, %A1> U (T, %Am_l) U, 2Am>
xU a

T~
=
Q] wolQl
2
[N}
~—
S
=
ro| Qf
X
i

N R o

[
Am1> LU <7‘, 2A2> U <7’, 5141
@
5 .

(3.6)
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Remark 3.1 Stability of the considered scheme on each finite time interval
follows from the first inequality of the condition (b) of the Theorem 3.1. In
this case, for the solving operator, the following estimate holds:

HVk (T)H < ewite (3.7)
where wy is positive constant.

Let us introduce the following notations for combinations (sum, prod-
uct) of semigroups: Let T (1) be a combination (sum, product) of the
semigroups, which are generated by the operators (—vA4;) (i =1,...,m).
Let us decompose every semigroup included in operator 7' (7) according
to formula (3.1), multiply these decompositions on each other, add the
similar members and, in the decomposition thus obtained, denote coeffi-
cients of the members (—7A4;), (TQAiAj), (—T3A,;AjAk) and (T4AZ'AjAkAl)
(4,4, k, 1 =1,...;m) respectively by [T'()|;, [T (7)], ;, [T (7)]; ;  and [T (7)]; ; 1.s-

If we decompose all the semigroups included in the operator V(1) ac-
cording to formula (3.1) from left to right in such a way that each residual
term appears of the fifth order, we will obtain the following formula:

V(7) I— TZ A—l—TZZ A;
=1 4,j=1
3 Z i Aidj A
2,5,k=1
™ N [V (P)lijp AiAj AR AL+ Rs (7). (3.8)
ik, l=1

According to the first inequality of the condition (b) of the Theorem
3.1, for Rs (1), the following estimate holds:

IR (7) ol < ce™7° ||l a5, @ € D (A7), (3.9)

where ¢ and wy are positive constants. It is obvious that, for the coefficients
in formula (3.8), according to formula (3.4), we have:

V@l = 5[]+ e, (3.10)
1 = 1,....m,

V@l = 5 (A +0am),) (311)
1,7 = 1,...,m,
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Vi = 5 (At el (3.12)
i, 75,k = 1,...,m,

Vliger = 5 (Ol W), (313)
i,7,k,l = 1,...,m.

Let us state the auxiliary lemma, which will be basis of the proof of the
Theorem 3.1.

From the theorem proven in the work [6] it follows that if conditions
(a) and (b) of the Theorem 3.1 are fulfilled and m = 2, then the following
expansion is true:

L3
6

where for the remainder term Rj (7), the following estimate takes place:

2 4
V(T):[—TA+%A2— A3+%A4+R5(T), (3.14)

|1B5 (7) ol < ce*™7” sup [loll45. @ € D(A%).

se|0,7

Let us make a remark which will simplify a calculation of coefficients in
decomposition (3.8).

Remark 3.2 The operators Vi (1) and Va (T) are symmetric in the sense
that in their expressions the factors equally remote from the ends coincide
with each other. Therefore we have:

[V (T)]z,] = [V (T)]j,i7 7’7.] - 17"‘7m;
[V (T)]i,j,k = [V (T)]k,j,i7 iajak = 1,...,777,;
Vijke = VOigyir 64 k1I=1..m.

Let us calculate the coefficients [V/(7)], (i = 1,...,m) corresponding to
the first order members in formula (3.8). It is obvious that the members,
corresponding to these coefficients, can be obtained from the decomposition
of only those factors (semigroups) of the operators V; (1) and V5 (1), which
are generated by the operators (—vA;), and from the decomposition of
other semigroups only first addends (the members with identity operators)
will participate.

According to formulas (3.5) and (3.6), for any 7 have:

Vi), = U (7, A)]; = 1, [Va(n)]; = [U (7, Ai)]; = L.
From here, according to formula (3.10), we obtain:

V() =1. (3.15)

70



The Fourth Order Accuracy Decomposition ... AMIM Vol.11 No.1, 2006

Let us calculate the coefficients [V(7)];; (4,7 =1,...,m) correspond-
ing to the second order members in formula (3.8). It is obvious that the
members, corresponding to these coefficients, can be obtained from the
decomposition of only those factors (semigroups) of the operators V; (1)
and V3 (7), which are generated by the operators (—vyA;) and (—vA4;),
and from the decomposition of other semigroups only first addends (the
members with identity operators) will participate. Let i = min (7, ) and
io = max (7, 7), then from formula (3.11), with account of (3.5) and (3.6),
we obtain:

V), = % <[U (T, %Ail> U <T, ;Ai2> U (1, aA:,)
U

n
AL R
=B
NG
| S

1
[V(T)]i,j =5 (3.16)
Let us calculate the coefficients [V (7)]; ;. (4, j,k = 1,...,m) correspond-

ing to the third order members in formula (3.8). For i = j = k, according
to formulas (3.5) and (3.6), we have:

[Vl(T)]uz = [U(r, Al)]zu = é,
[VQ(T)]i,i,i = [U(r, Ai)]i,i,i = é
From here, according to formula (3.12), we obtain:
[V(T)L” = % (3.17)

Let us consider the case when only two of the indices ¢, 7 and k differ
from each other. Let iy = min (¢,7,k) and i = max (i, J, k), then from
formula (3.12), with account of (3.5) and (3.6), we obtain:

VOliax = 3 <U (m54) U <T, ;AiQ) U (r,aAs)
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1 o
U (T, -A; > Ulr, 4 ]
27 2 1) ik
A

«o 1 _
+ U(T,§ i2>U<T,2Ai1> U(T,OéAiQ)

From here, according to (3.14), we obtain:

Vige =g

for any indices ¢, j and k, where only two of them differ from each other.

Let us consider the case when the indices i,j and k differ from each
other. If i < j < k then, according to formula (3.5), the representation is
valid:

Vi = [U(T,g&)U T,jAj)UG?lAk)

2
xU (T, (;AJ> U(T,@AZ‘) U (T, ;AJ>
1
2

(3.18)

ik
« o 1
= [ (54)] [ (~54)] [U ( QA,f)L
r o 7 « 1
[ (n54)] [ (n54)]. [U ( QA%
a N1 [ a 1
+ U <7', §Al>_z _U ('T, 2A‘7>:|J |:U <T, 2Ak>:|k
r a N1 [ a 1
+ _U (7', 5141) ; _U <T, 2A_]>:|] |:U <7', 2Ak>:|k
7 @ 1
+[U (1, a4;)]; U( ,Aj)} [U T,Ak>:|
2 )], 2% )|,
_ aal aal adl aal _al
222 222 222 222 a22
P Hao+a? 1 (3.19)

4 6
Here we used the identities: o® +a? = %, oo = % Analogously from (3.21)
we obtain:

r .
Va(T)]; 0 = 6 ! <j<k. (3.20)
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From formula (3.12), with account of formulas (3.19) and (3.20), we
obtain:

1
V()i jn = 6 1< j<k. (3.21)
From here, due to Remark 3.2, we obtain:
1 .
V(D) jn = 6 k<j<i. (3.22)

Now consider the case j < i < k. Due to formula (3.5), the representa-
tion is valid:

Vi) = {U (T, %Aj) U <T, %AZ) U <T, ;Ak>

a 1
U (7.24,)| [U(naa)), (U (7 <A
271, j 24 ),
a1l @_1 oa+a® @
= Sa,+ g0, = = 2
227 2% 1 1 (3:23)
Analogously, from (3.21) we obtain:
aa + « .
V()] 6 = — o J<is< k. (3.24)

From formula (3.12), with account of formulas (3.23) and (3.24), we obtain:

(e a 1
[V<T)]i,j,k = w =5 j<i<k. (3.25)

From here, due to Remark 3.2, we obtain:

1
V()i jw = 6 k<i<j. (3.26)

Now consider the case j < k < i. According to formula (3.5), the represen-
tation is valid:

Vi), = {U(T,;‘Aj)U(T,‘;Ak)U(aéAi)
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Analogously, from (3.21) we obtain:

[‘/2(7')]1'3‘ k aata

k=g d<k<i (3.28)

From formula (3.12), with account of formulas (3.27) and (3.28), we obtain:

a+aa 1
V() m = w =2 j<k<i (3.29)

From here, due to Remark 3.2, we obtain:

1
V(T)ijk = 5’ i <k<j (3.30)
Uniting formulas (3.17),(3.18),(3.21

we obtain:

),(3.22),(3.25),(3.26),(3.29) and (3.30),

1
[V(T”i,j,k = 67 i7j7k = 17 ey M. (331)

Let us calculate the coefficients [V(7)]; ., (i,5,k,l=1,...,m) corre-
sponding to the fourth order members in formula (3.8). In the case when
i =j =k =1, due to formulas (3.5) and (3.6), we obtain:

1
VitMigii = U A0 = 24
1
Va(Mliyii = WA= 57
From here, according to formula (3.13), we obtain:
V(I isia = o (3.32)
T)iigi = o1 .

Let us consider the case when only two of the indices %, j, k and [ differ
from each other. Let i1 = min (4, j, k,1) and i = max (3, j, k,{), then from
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formula (3.13), with account of (3.5) and (3.6), the representation is valid:

(
(-

[V(T)L',j,k,l

From here, due to (3.14), we obtain:

[V(T)]i,j,k,l =

ﬂ7

i’j’k’l

Ah) U (’7’, aAm)

W) L)

—_

|9

! (3.33)

for any indices 7, j, k and [, where only two of them differ from each other.
Let us consider the case when only two of the indices 7, j, k and [ coincide
with each other. On the whole, we have six cases, namely:

Case 1. (i,74,k,1) = (i,7,k, 1),

Case 2. (i,75,k, 1) = (i, 7,4, k),
Case 3. (i,7,k,1) = (i,1,7, k),
Case 4. (i,4,k,1) = (i,7,k, j),
Case 5. (i,j,k,1) = (i, 4,4, k),
Case 6. (i,j,k,1) = (i,7, k, k).

Comparing 4, j and k indices we get six different subcases for each case.

Let us consider Case 1 and calculate its

corresponding coefficients. The

coeflicients, corresponding to five other cases, can be calculated analogously.
Let us consider the subcases of Case 1:
Subcase 1.1. i < j < k. Due to formula (3.5) we have:

Vi (T)]z]kz

v (r5a)u (s

xU (T, C;Aj) U (r,

1
xU <7‘, 2Ak> U (7‘

aala

2222

aal

222¢
aala

2222
o’ + 2a2a + aa

aal o

2222
_ d?(a+@)+aa(a+a)

«

fAj) U <T, ;Ak>

2

AU <T, ‘;‘Aj)
« Q
54) U (n 2141‘)} n
aala
2222
oala
“222

8

75

8
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2
= m_ (3.34)
8
Analogously we obtain
=2
a
[VQ(T)L',j,k,i = ] (3.35)
From formula (3.13), with account of (3.34) and (3.35), we obtain:
2, = =2 1
V(T)ijk: = Groarer - 1< j<k. (3.36)

16 24’

Subcase 1.2. k < j < i. From formula (3.36), due to Remark 3.2,
we obtain:

1 .
[V(T)]i’j’k’i =50 k<j<i. (3.37)
Subcase 1.3. j < k < i. According to formula (3.5), we have:
o 1
[Vl(T)]z',j,k,z' = {U (7'7 EAj) U<7' < 75 >
xU <7’, ZAk> U(r,ad;)U (T, gAk>

(e 35

7j7k7i
1_al a2
Analogously we obtain:
ao + a?
[V2<7')h,j,k,i == (3.39)

From formula (3.13), with account of (3.38) and (3.39), we obtain:

@ +aa+a® 1 , )
V(T)ijki = — 1 o <k<u. (3.40)

Subcase 1.4. i < k < j. From formula (3.40), due to Remark 3.2,
we obtain:

1 . .
[V(T)]i,j,k,i =op ! <k<j. (3.41)

Subcase 1.5. j < i < k. According to formula (3.5), we have:
« a
Vi(m)ije: = {U (7', 5143') U (7', 5141') U (T, Ak)

1
2
xU <T, (;Al) U(T,aA]’) U (T, (;Al)
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a a
U <T, 2Ak> U (r, §Ai) U (7’, 2AJ)iji
a la a la oa + ala
= — O — — + — Y —— =
2 22 2 22 8
aa(a+a) 1
— L= 42
8 24 (3-42)
Analogously, from (3.21), we obtain:
[VQ(T)]i,j,k,i ~ o (3.43)
From formula (3.13), with account of (3.42) and (3.43), we obtain:
_ <1<k 44
V()i jni = op J<i<k (3.44)

Subcase 1.6. k < i < j. From formula (3.44), due to Remark 3.2,
we obtain:

Vi =550 k<i<i (3.45)

Uniting formulas (3.36),(3.37),(3.40),(3.41),(3.44) and (3.45), we obtain:

1

V()i jni = BYR (3.46)

for any indices i, j and k different from each other. Analogously, for other
five cases, we obtain:

Vi = Ve =V,
= Vggr=VOlgee =g (347)

for any indices 4, j and k different from each other.
Uniting formulas (3.46) and (3.47), we obtain:

1
[V(T)]i,j,k,l o (3.48)
for any indices i, 7,k and [, where only two of them coincide with each
other.

Now let us consider the case when the indices 4, j, k and [ are differ-
ent. It is obvious that comparing i, j, k and [ indices we get twenty four
different cases. Let us consider one of them and calculate its corresponding
coefficients (the coefficients corresponding to other cases can be calculated
analogously).

Let i < j < k <, then according to formula (3.5), we obtain:

7
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Vitligas = [U(n54) U (n54,) U (r. 5 4)

xU (T, %AJ) v (T’ %Ai)}i,j,k,l

aacal aaal aaal

2222+2222+2222
ggg aaal oaaa _al

t959732322 7393 7%53
Pat+act+ad+ada

8 2
a? + a? 1
= TS (3.49)
Analogously, from (3.21), we obtain:
1 .
V()i jes = YR A k<l (3.50)

From formula (3.13), with account of formulas (3.49) and (3.50), we obtain:
1 .
[V(T)]i,j,k,z =op ! <j<k<l

Analogously we can show that this equality is valid for other twenty
three cases. Therefore we have:
1
[V(T)]i,j,k,l = YR (3.51)

for any indices %, j, k and [, which differ from each other.
Uniting formulas (3.32), (3.33), (3.48) and (3.51), we obtain:

1
[V(T)]i,j,k,l ~ oy

From equality (3.8), with account of formulas (3.15), (3.16), (3.31) and
(3.52), we obtain:

i gk =1,...,m. (3.52)

Vir) = I-7> A+ 572 > AiA; - 673 D AA A,
i=1 i,j=1 ij,k=1
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1 -4

+24

Z A;Aj AR A + Rs (1)
3,9,k l=1

= I—TiAi+;T2 (iAi)Q
—*T (iAJ + <ZA) + Rs (1

1 1
= I-7A+ 572A2 - 673A3 + ﬂT4A4 +Rs(1).  (3.53)

According to formula (3.1), we have:

1
U(r,A)=T—-1A+ %TQAQ — ér?’A?’ + ﬂT‘*A‘* +Rs(1,A).  (3.54)

According to the second inequality of condition (b) of the Theorem 3.1
for Rs (1, A), the following estimate is valid:

|Rs (1, A) ¢ ceTr0 || A% ||

<
< e |lpllgs,  p € D(AY). (3.55)
According to equalities (3.53) and (3.54), we have:

U(TvA) _V(T) =Rs (7-7‘4) _R5(T)'

From here, with account of inequalities (3.9) and (3.55), the following esti-
mation can be obtained:

U (1, 4) =V ()] @ll < ce*2™7° [lpll 4. 0 € D (A%). (3.56)

From equalities (2.2) and (3.3), with account of inequalities (3.7) and
(3.56), we obtain:

luty) = (i)l = [Utk, “()] ¢
- e TM\
k
= XV OU @A -V ELU G- D7)

k
< DY v

i=1
X [U(r, A) =V (OIU (= 1) 7, 4) ¢
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k
< D et T U (1= 1) 7, A) s
i=1
k
< etk Z U (i —1)7,A) ¢l 45
i=1
< kee*" 5 sup U (s, 4) ¢l 45
s€(o,ty]
< ee®ol it sup U (s, 4) ¢l 45 u
s€[o,tx]

4  Relation between two-dimensional and multi-
dimensional decomposition formulas

In this section we propose a method by means of which in our opinion it
is available on the basis of two-dimensional decomposition formula to con-
struct a multi-dimensional decomposition formula with the same precision
order. Let the two-dimensional decomposition formula has the following
form:

V(2) (13 A1, Ay) = Zal HU <7’ o A1> U (7’, B](i)Ag) , (4.1)

where parameters o;, a§-i) and ﬂy) satisfy the following conditions (weights

o; are real numbers, and ozg-i) and ﬁ]@ are generally complex numbers):

q
Z o = 1, (4.2)
i=1
q m; q m;
ZoiZag-i) = ZJiZBJ@ =1 (4.3)
i=1 =1 =1 =1

In the formula (4.1) we mean, that U (1,74;) =1 (I =1,2), when v = 0.

For the given method it is necessary that the parameters a( ) and ﬂ(l
additionally satisfy the following conditions:

Sl =5"p0 =1, (4.4)
j=1 j=1

At the first step of the method the formula (4.1) is written in such a
form that one can clearly see its generalization for the multi-dimensional
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case. For this reason the formula (4.1) is written in the following form:

q mi
v (1; A1, Ay) = Zgi HU <T, u%fh) U (T, M%fh)
=1 j=1

xU (7’, /j,égAg) U (7’, MégAl)

i=1 j=1 \i=1
2

x (HU (T, Mgf§A31)> (4.5)
=1

where

4 k=1
o zj:([}]g)_ o)

For the formula (4.5) to be the equivalent to the formula (4.1), it is
necessary to fulfill the following equalities:

N

#§;+M@+1 = O‘ﬁp
w = B,
ey = 0.

It is easy to check that these equalities are fulfilled if the equalities (4.4)
are fulfilled.

Let us construct the following decomposition formula on the basis of
the formula (4.5):

VO (7 Ay, A ZZi:U ii[ (E_[U(T A ))
inr)

Naturally the operators As, ..., Ay, (m > 2) have to satisfy the same
conditions as operators A; and Ay. In our opinion, the formula (4.6) con-
structed for m summands (A = Ay + Ay + ... + A,;,) will be of the same
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order as the decomposition formula (4.5) constructed for two summands
(A = A+ Ag)

In the work [3] and present work, using this method there are con-
structed third and fourth order precision multi-dimensional decomposition
formulas.

To illustrate the method, let us consider the following case of Streng for-
mula in detail (V (1341, 42) = U (1,1 41) U (1, A2) U (1,1 41)). We write
it in the form as (4.5):

VE (i) =U (75 ) U (r342) U (752 ) U (gt )

Hence, for a multi-dimensional case we obtain the following formula:

1 1 1
v (m) (15A1,...,4An) = U <7’, 2A1> WU (7’, 2Am_1> U (7’, 2Am>

1 1 1
xU <7_, 2Am> U <7—, 2Am1> WU <’T, 2141)

1 1
= U <7’, 2A1) U (7’, 2Am_1> U (1, Am)

1 1
Ay ) U (7,24
xU (T, 5 1) U (T 5 1)

The given method has not been proven yet, though below we prove the
theorem which partially justifies this method.

Theorem 4.1 Let the decomposition formula (4.6) has the precision order
p (> 2) at m = p. Then the decomposition formula (4.6) will have the same
precision order for any m (> 2).

Proof. As following to the condition of the Theorem 4.1, the decom-
position formula (4.6) has the precision order p at p = m, therefore the
equalities are valid:

[v@)(T;Al,...,Ap)L — 1, i=1,..p, (4.7)
1
V) (7, A1, ., Ay)] = o (4.8)
2] 4eeyls S
11y eesls = 1,0,p, S=2,..,D

Therefore it follows that, for any m < p, the following equalities are valid:

[VW)(T;Al,...,Am)] -1, i=1,..,m, (4.9)
1
VO (A An)| = (4.10)
21 ,..0yls S.
Uy eents = lyee,m, S=2,...,p.
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It means that the decomposition formula (4.6) has the order p for any
m < p. Now let us show that equalities (4.9) and (4.10) are valid for any
m > p. Validity of equalities (4.9) can be easily checked, as, according to
formula (4.3), we have:

q ml . .
v (m) (15 Ay, Am)L = Z o; <u§lg + ,u%)
i=1  j=1
q m;
= Y o) =1 (4.11)
i=1  j=1

Let us prove the validity of equalities (4.10) for any m > p. Coefficients
[V(m) (1, Ay, ...Am)]il .4, can be obtained from the decomposition of only
those semigroups which are generated by the operators (—A;,), ..., (—4;,),
where (41, .., jr) is a system of different indices from (i1, ..., is) sorted ascend-
ing (for example, if s = 5 and (i1, i2,143,14,75) = (3,3,1,2,1), then r = 3
and (j1,7j2,73) = (1,2,3)). From the decompositions of other semigroups,
there will participate only first summands (terms with identity operators).

Therefore we have:

(4.12)

U1 5eenyls

{mm) (r, Ar, ... Am)] - [v@”) (7, Ajys o) A, )]

U15eenyls

As r < s < p in the right-hand side of equality (4.12), therefore, according
to (4.10) we have:

1
[V(’”) (T,Ajl,...,Ajr)] =5 s=2Zp. (4.13)
01yeensls !
From (4.12) and (4.13) we obtain:
(m) 1
[V (T,Al,...,Am)] = (4.14)
11 yenyis !
1,000 = 1,oom, s§=2,...,p, m>Dp.

From (4.10), (4.11) and (4.14) it follows that decomposition formula
(4.6) has a precision order p for any m > 2. W

From this theorem it follows that if formula (4.1) has second order preci-
sion, then decomposition formula (4.6) will automatically have second order
precision (obviously, according to conditions (4.2) and (4.3), decomposition
formula (4.6) will always have first order precision).

Below, on basis of the above-described method, we will construct a
generalization of third and fourth order precision Schatzman decomposition
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formulas for any number m (> 2) of summands. In case of two summands,
these formulas have the following form (see [1]):

2 1 1
‘/1(2) (T;Al,Ag) = g [U <7‘, 2A1> U(T, AQ)U (7’, 2A1>

LU <7-, ;A2> U(r,A)U <7’, ;A2>}

—% (U (7, A) U (7, A3)
X U(T, AQ)U(T,Al)) . (4.15)

4 1
VD (15 A1, Ag) = 3V <T’ > <T’ 42

)
(2o (o (1)

_;U< Al) U(r, A)) U <T ;A1> . (4.16)

w\n—l N | —

Decomposition formula (4.15) has third order precision, and decompo-
sition formula (4.16) has fourth order precision. Generalization of these
formulas for any number m (> 2) of summands will be written as follows:

Vl( )(T;Ahu-aAm) = g |:U <’7‘7 2A1> U <7', 2Am1> U(Ta Am)

1 1
xU <’7’7 2Am_1> U < ,2A1>
1 1
+U (T, 2Am_1> U <T, 2A2> U(T, Al)

1 1
—As | ... B
><U<7',2 2) U<7',2 )]

_é (U (1, Ay) U (7, Ay

x U (1, Ap) .U (7, A7) (4.17)

V™ (71 A, .., A) %U <T, 1A1> U (T, lem_1>
< ) U < ) U <T, 1A2>
(300 4n) o)
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1 1 1
xU <7—, 2Am> U <’T, 4Am1> U <T, 4A1>

1 1 1
—gU <7—, 2A1) ...U (7—, 2Am—1> U (T, Am)

1 1

As a result of some calculations, we have obtained that decomposition
formula (4.17) has third order precision for m = 3 summands, and decom-
position formula (4.18) has fourth order precision for m = 4 summands.
From here, due to Theorem 4.1 it follows that decomposition formulas
(4.17) and (4.18) have respectively third and fourth order precision for any
number m (> 2) of summands.
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