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Abstract

In this paper integral equations of the first kind arising in homogeneous isotropic
linear pseudo-oscillations thermoelastic theory are regularized. As a byproduct several
integral representations for the solutions of the four basic boundary value problems
of pseudo-oscillations thermoelastic theory are obtained. These representations are
different from the classical ones [11].
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1 Introduction

In this paper we study the four basic boundary value problems of the theory
of thermoelastic pseudo-oscillations for an isotropic elastic body. To solve
these problems we are inspired by a Fichera’s idea [8] developed by Cialdea
in [1] where he used this idea in order to solve the Dirichlet problem for
Laplace equation in any number of variables representing the solution by
means of a simple layer potential. The method does not use the theory of
pseudo-differential operators, but it hinges on the theory of reducing oper-
ators ([5], [7], [13]) and the theory of differential forms [6]. This approach
was applied also for solving the Neumann problem for Laplace equation
by means of a double layer potential [4] and it was generalized to the bi-
harmonic equation ([2], [3]) in any number of variables, to the Dirichlet
problem for Lamé and Stokes systems in [4] and to the traction problem
for Lamé and Stokes systems [12].
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The aim of the present paper is to extend this method in order to have
some representation theorems for the solutions of the four basic boundary
value problems of thermoelastic pseudo-oscillation’s theory. These integral
representations are obtained by means of thermoelasto-potentials and they
are different from the usual ones [11].

In the last section we show that the solutions of each of the four basic
boundary value problems of thermoelastic pseudo-oscillation’s theory can
be represented by any of the four thermoelasto-potentials provided that the
data are given in suitable spaces.

We note that the case of pseudo-oscillations is an essential element for
the dynamic problems of thermoelasticity theory (see [11], p. 572-591).

2 Formulation of the basic problems

The pseudo-oscillation equations of thermoelastic theory are [11]:

{ pAu(z) + (A + p) grad div u(z) — v grad ¥(z) + ow?u(z) =0
(2.1)

Ad(x) + %19(1:) + iwndiv u(x) = 0,

where © = (z1, z2,x3) denotes the spatial variable; u = (u1,ug,us) is the
displacement vector; ¢ is the temperature; w = iT, with Re7 > 0; o, A, p,
k, n, v are constants satisfying the natural restrictions [9], [11]:

0>0, >0, 3A+2u>0, k>0, ~/n>0.

In particular, g is the density, A and p are the Lamé constants and k is the
conductivity.
The equations of thermoelasto-static state are the following;:

{ pAu+ (A + p) grad div u — ygradd = 0 (2.2)

AY = 0.

It is convenient to write the equations (2.1) in the following matrix
form:

B(0y,w)U(z) =0, (2.3)

where

U= (uvﬁ)) u = (U]_,UQ,’U,:;),
B(0z,w) = || Bjk 9z, w) | 4x4,
0
Bj(0z,w) = Aji(0s,w), Bjy(0y,w) = il
L
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2
A0y, w) = 8ip (A 2+ (A ,
ik (02, w) = k(LA + 0w”) + ( +”)8xjaxk
.0 . iw
By (03, w) = iwn—=— J. k=123, Byy(0p,w) = A+ —.
6$k k
The matrix B(0y,w) = || Bj(dx,w)|axa denotes the matrix whose elements

are: R
Bjk(é)x, w) = Bkj(—c“)x, w).

We remark that the operator B (0, w) can be obtained from the operator
B(9,,w) by replacing 7 by iwn.
The matrix of fundamental solutions of the homogeneous equation (2.3) is

O(z,w) = || Pjr (2, w)||ax4,

where
3
O 0
Dyj(z, w) ZZ; { 1= 3ka)( 574)( st = 355]'35%)
9 0
+ 5 [zwﬁ5k4(1 - 5J4)3 z; —7054(1 5]“4)37331@}
etz
+ 5k45j47l}w7

Jx; denotes Kronecker’s symbol and

) =

(D' (1 —iwk™ N\ ) (6 + 62) Oy S =0
2(A + 21) (A2 — AZ)  2mow?’ e

_ (= )(511+52l
M a0t 28 Zﬁl‘o

(=)' — kD)1 + d)
= 21\ — \2) Z m=1
2 : 2
k‘2: 2 _ ow , )\2:&"‘), )\QZQL
L= T AT 1= % 357,

We note that each column vector in the matrix ®(x,w) has a unique
singularity at the point z = 0 of order not higher than 1/|z| and that each
column of the matrix ®(z,w) satisfies system (2.3) everywhere in the space
except the origin ([11], Theorem 3.1, p. 96). Moreover, the matrix ®(x,w)
is unsymmetrical and its rows considered as vectors do not satisfy (2.3).
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We denote by ®(z,w) = ||®;1(,w)||lax4 the matrix
Dy (2, w) = Cpj(—z, w). (2.4)
From the matrices ®(z,w) and ®(z,w) with w = 0 we obtain

(z) = | pj(2)laxa,  P(x) = |Phj(@)[laxca = [|jx(—2)]|axa.

In this case, ®y;j(x) has the following simple form:

Fii(x) Tie(x) Tig(z) 7 %‘
Toi(x) Toa(z) Tas(z) 73
q)kj (x) = ~x

Ugi(z) Tso(z) Tss(z) 73

11

0 0 0 £

where )
~_ 0

7= dr A+ 2u (25)

and I' = ||Ty;(x)|[3x3 is the Kelvin matriz whose entries are ([11], p. 84):

1 (5kj A+p) 02 |x). (2.6)

Lij(x) = A

lz]  2(A 4+ 2u) Oxp0x;
We note that the matrices ®(z) and ®(z) satisfy the homogeneous static
equation (2.2).
We recall the following theorems ([11], p. 97) which we shall use in the
sequel:

Theorem 2.1 The elements of the matrices [®(z,w)—®(x)] and [®(z,w)—
®(x)] are bounded at x = 0, while the first derivatives have isolated singu-
larity of the kind ||~ .

Theorem 2.2 The second derivatives of the elements of [®y;(z, w)—Pp; ()]
and [®p; (2, w) =Py ()] (k,j =1,2,3), [Pas(r,w)—Pus(x)] and [Pay(z,w)—
®44(z)] have a singularity of the kind ’CL‘|~_1, while the second derivatives of
the elements [Ppa(z,w) — Pra(z)] and [P4j(z,w) — Puj(x)] (k,j = 1,2,3)

11
are bounded. Moreover ®44(x,w) = o Tal + O(|z]).

From now on, € is assumed to be a bounded domain of R¥ such that its
boundary 01 is a surface ¥ of class C?*, X € (0,1] and such that R* — &
is connected; v(z) = (v1(z), v2(z), v3(z)) denotes the unit normal vector at
the point x = (x1,z2,23) € ¥ directed outside (.
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Further we recall the thermoelastic stress operator ([11], p. 60):
POy, v(x))U =T (0, v(z))u — yv(z) (2.7)

where U = (u, ) is a four-components vector and T is the following oper-
ator ([11], p. 57):

T(0y,v(x))u = Av(z)div u + 2/1(9?2;) + p(v(z) x curl u). (2.8)

For the later, we shall use the following matrix differential operators:

(ax77/77) = ||Qk](ax,y’ ’7)||4><4 =

Ti(z) Tio(x) Tiz(xz) —yn
| Tor(x) Too(x) Toz(z) —v1a (2.9)
o T31(.%') ng(l’) T33({L‘) —YV3 )
0 0 0 2
(3337’/77) = Hpkj(ax,% 7)H4x4 =
Tll(l') T12($) Tlg(x) —YV1
| Tor(w) Toa(x) Toz(x) —yie
T Tle) Tnl) Tu@) —ws | (2.10)

where Tj,;(x) are the elements of (2.8).

In the following we denote by R and P the matrices obtained from (2.9)
and (2.10) substituting v by iwn.

If A= |lakjllaxa and B = ||bgj||axa are 4 x 4 matrices and ¢ = (¢1, 2,
3, @4) is a vector, then

AB = |[cgjllaxa  where cg; = Zakibij;
i
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Ap = ||dg|lax1  where dj = Zakz’%';
J
(AB")' o = BA'o = || > ak;bijpsllaxas;
tj
the symbol ’ denotes the transposition operation.
Now we introduce the simple layer potential:

Vi(z) = /E Bz — y,w)p(y)doy: (2.11)

the double layer potential:

/

W)= [ [R0.0)9(@ = .)] ol (212)

the following mized potentials:

!

2@) = [ [P0.0)%(@ = .)] olw)ioy; (213)

and

I

V(@) = [ [000)% (@ ~1.0)] w(w)d, (214)

Using the four potentials (2.11), (2.12), (2.13), (2.14) presented above,
one may develop the general theory for the basic boundary value problems
[11]. The first problem consists in finding the four-component vector U =
(u,¥) which in Q satisfies the equations (2.1) by the boundary conditions:

u=f, V=g (2.15)

In second problem the boundary conditions are:

09
PU = — = 2.1

U f7 ay g’ ( 6)

in the third problem
_ 2 (2.17)

u = 9 al/ - g? .
and in the fourth problem

PU=f ¥=g. (2.18)

In the classical thermoelasticity theory (see [11]) the solution of the
basic boundary value problems (2.15), (2.16), (2.17), (2.18) are represented
in the form of (2.12), (2.11), (2.13), (2.14) respectively.
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3 First problem

In this section, we study the Dirichlet problem for the system of thermoe-
lastic pseudo-oscillations:

B(9y,w)U =0 inQ,
u=f, on X, (3.1)
Y= fa, on X,

where w = iT, Rer > 0. The data F = (f, f1) = (f1, f2, f3, f4) is assumed

to be in the space [WHP(2)]4, 1 < p < o0.
Preliminarily, we consider the following lemmas.

Lemma 3.1 The singular integral operator

J:IP(S) — LA (D),

Jo(z) = —M/ESO(y)da:[w]dea (3:2)

where d, denotes the exterior differentiation [6] , can be reduced on the left
and
J IE(%) — LP(D)

Jp(z) = *E/Z¢(x) Ad.[S(z, )] (3.3)

is a reducing operator for (3.2), where Si(z,x) is the double 1-form intro-
duced by Hodge [10]:

1 o

This theorem is proved in [1]. In particular we have that

T Tpla) = —ela) + [ o0)Lay)do, (35

where L(x,y) has a weak singularity and thus the integral defines a compact
operator from LP(X) into itself.

Lemma 3.2 The singular integral operator
R:[LP(B) — [LA(B)
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Rig(@) = [ oudall (e, p)lds, (3.6)

(j = 1,2,3), where I'ji(x,y) are given by (2.6), can be reduced on the left
and
Ry : [LA(E)P — [LP(E)P

where
/ _()\-l—u)()\—l-Q,u) - ' (A +2u) - .
Ry O\ + 31) Kjj (V)vi ‘5‘2#7()\ +30) Kij()v; +
(A+p) u) i,

is a reducing operator for (3.6). Here KCi; are the operators defined as

follows ([4], p. 37):

Kjs(p) =*z/ do[S1(z, y)]Ap; (y)Ada® —5355/ 5o, K@ y)Inen(y)Ady?
)

(3.8)
where S1(z,y) is given by (3.4) and
L (Atp) dz—yloz—yly 1
to) - L[ .
i) = 4 (A+3p) Oy; Oy |z —yl
This lemma is proved in [4]. In particular we have that
1
RoRp = — ¢+ K7, (3.9)

where

Ko@) = [ oL o)l doy,
and T u is the pseudostress [11].
Lemma 3.3 The singular integral operator
So: [LP(D)]* — (L)
defined as
So(@)e = (1 = 6ka) [R(0)k + Ti(pa)] — 204 ()  k=1,2,3,4 (3.10)

where R and J are given by (3.6) and (3.2) respectively,

~ Tk —
Typa() :7/ dz[ k yk} oaly) do,,  k=1,2,3 (3.11)
D |z — yl
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and 74 is given by (2.5), can be reduced on the left by
S E) — L)

defined as

1
S'(W)k = (1 — 0pa) Ro ()1, — §5k4jl(¢4)7 k=1,2,34  (3.12)
where R{, and J' are given by (5.8) and (3.7) respectively.
Proof. We have that

S'So()k = (1= 0ka) R (Sov)k + O’ (Soths) =
= (1= 6ra)* (RO RY)k + R'Ti (¥4)) + 834" Jiba,

and this is a Fredholm operator in view of (3.5), (3.9) and the compactness
of operators T},.

Lemma 3.4 Let w be a complex constant. The singular integral operator
S [LPE) — (L)

defined as
Sp(z) = /E o) da[®(z — y,w)]do,

can be reduced on the left by S" (3.12).

Proof. Set
S = (S —Sp) + S.

The operator S’ reduces S because
S'S =8"(S - Sy + 5" Sy

is a Fredholm operator, since (S —Sp) is compact as it follows from theorem
2.1.

Theorem 3.1 Let w be a complex constant. Given F € [WHP(X)]?, there
exists a solution of the singular integral system:

/E da[®(x — y,w))p(y)doy = dF (z), (1)

LdF is the vector (dFy,dFs,dFs,dFy).
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if, and only if,

l/%AdEZO (3.13)
P
for any v € [LY(X)]* solution of the homogeneous adjoint system:

Siv(x) = /E%(y) A dy[®ii(y — z,w)] =0 a.e. T €Y (3.14)
j=1,2,3,4.

Proof. Because of lemma 3.4 the range of S is closed in [L{(X)]*. This
implies the result.

In order to apply this general result, it is necessary to determine ex-
plicitly the compatibility condition (3.13). We shall prove that (3.13) are
automatically satisfied in the thermoelastic pseudo-oscillation’s theory. In
this case the nonnegative number

(1—e¢), (3.15)

where

plays an important role. In fact in [11], p. 572, it is shown that if Re 7 > o,
the basic boundary value problems of the theory of thermoelasticity are
solvable and the solutions can be represented by means of the usual integral
representations.

Theorem 3.2 If Re 7 > o. where o. is given by (3.15), the vector v €
[L?(E)]4 is an eigensolution of S* if, and only if, v is a weakly closed form,
i.e.

/ ¥i A dgi =0, Y g € [C®(R¥)]2.
s

Proof. 1If v belongs to kernel of S*, from (3.14) it follows that for any
p € [CA(X)]* we have

0= /2Pj($) de/Z%(?/) A dy[®ij(y — z,w)] =
/E'Yi(y)/\dy/zpj(x> ®;(y — 2, w)do,.

Let u be a smooth solution of BU = 0. We can represent v by means of a
simple layer potential ([11], p. 544):

wl) = [ 21(e) By —w.0)dor
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Then we obtain that
¥ A du; = 0.
)

Therefore
/ Yi(y) A dy[Pi(y — z,w)] =0, VaoeR¥ - % (3.16)
M

Let us denote by w;(z), j = 1,2, 3,4, the left-hand side of (3.16). It follows
from (2.4) that Bw = 0. Then

w;(x) = /E%'(y) A dy[®ji(z — y,w)]

and, for fixed i, (<T>1i, 527;, &)31-, EIv>4¢)(m —y,w) is solution of the system Byu =
0.
Now we consider v € [C®(R¥)]% and 1 € [C*(Q)]* N [C%(Q)]* such that
Bn = Bvin Q and n = 0 on X. Such a solution does exist because of ([11],
Theorem 3.1, p. 572).

We have that

/wj Bjvdx = / w; Bjndx = / Bjn(x) d:c/ Yi(y) /\dy[tiﬁ(x—y,w)]
Q Q Q »
= / ~i(y) A dy/ Bjn(x) ‘531($ —y,w)dx.
b)) Q
We remark that, from [11], (2.15) p. 536, it follows that

niy) = / B ji(z — y,w) Ryn(x) doy — /Q B —y.w) By(a) de,  yeQ

(3.17)
where R; are the operators defined by (2.9). Letting y — 3, (3.17) gives

/ &in(x—y,w) Rjn(z) do, = / iji(x—y,w) Bjn(x) dz y € 3. (3.18)
3 Q
Therefore, from (3.18), (2.4), and (3.14), we get
/ w; Bjvdr = / Yi(y) A dy/ &331@ —y,w) Rjn(z)doy =
Q by )
= [ Ronta)do, [ 10) 1 dy e~y = 0. (329)

Let 1 € [C(R¥)]% be a function with compact support. It follows from
(3.17) that

Yi(y) = _/R% Qji(r — y,w) Bjy(x) dx VyE]R”f
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and then, keeping in mind (3.16) and (3.19),

0= / w; By dx = / Bjy(x) dx/ Yi(y) A dy[&)ji(iﬂ —y,w)] =
R R M
= / Yi(y) A dy/ Bjip(z) @ji(x — y,w) do = —/ Yi N dip;.
p) R¥ b
and this concludes the proof.

Lemma 3.5 The solution of the following boundary value problem

(3.20)

B0z, w)V =0 1inQ,
V =C, on X

where C = (c1, ca,¢3,¢4) € RY can be represented by a simple layer potential
(2.11) with density po € CTA(X), 0 < A < X < 1.

Proof. The solution V = (v,9) of (3.20) can be represented in the form
of double layer potential (2.12) ([11], p. 572):

/

o) = [ [R@,0)0'( = 3.)] ol doy.

It follows from [11], p. 544, that

’

)+ [ [RO (- 1.0)] oo, = C.

Because C' is constant, we obtain from theorem 3.3 of [11], p. 359 that
0o € CTY(X), 0 < N < XA <1 and it follows from theorem 7.1 of [11], p.
317, that v(z) € C*NQ). Now we consider the following boundary value
problem

B(0y,w)U =0 in Q,
Pu = Pv, on %
oy 09

5—5 on X

(3.21)

where (v,9) is the solution of (3.20). Because the solution U of (3.21) can
be represented by a simple layer potential (2.11) ([11], p. 572) and since
(3.21) has only one solution we obtain U = V.

Now we show the following representation’s theorem of Dirichlet prob-
lem for pseudo-oscillation’s theory.
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Theorem 3.3 Given F € [WYP(X)]4, the solution of problem (3.1) where
w =11, Re 7 > 0. and o is given by (3.15), does exist and can be repre-
sented by a simple layer potential (2.11) with density in the space [LP(X)]*.

Proof. We seek a solution of Dirichlet problem for the pseudo-oscillation
system (2.1) in the form of a simple layer potential (2.11) V' (z). Imposing
the boundary condition we obtain the following integral system of the first
kind:

/Eq)(x —y,w)p(y)doy = F(x), x €.

Taking the differential of both sides on X, we have the following system of
singular integral equations:

/de[é(a? —y,w)] p(y) doy, = dF (x), ASIIR

(in which the unknown is a vector whose components are scalar function
;i € LP(X), i = 1,2,3,4, while the data is a vector whose components are
differential forms of degree one). Then we obtain the equation

S = dF. (3.22)

It follows from lemma 3.4 that S’ reduces S and from theorem 3.1, that
there exists a solution of (3.22) if and only if the data dF' satisfies (3.13).
These compatibility conditions are satisfied in view of theorem 3.2 and then
there exists a solution of (3.22).

This means that there exists a solution of the following boundary value
problem

B(0y,w)W =0 in Q,
dW = dF, on X

and that W can be represented by a simple layer potential (2.11). Since
dW = dF on X, we have W = F 4+ C on X, where C € R%. Let V be the
solution of the boundary value problem (3.20). It is clear that W —V solves
the boundary value problem (3.1) and it can be represented by a simple
layer potential in view of lemma 3.5.

We observe that the hypothesis Re 7 > 0. assures that the solution of
the first problem is unique as shown in [11], Theorem 3.1, p. 572.
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4 Third problem

In this section, we study the third boundary value problem of equations of
thermoelastic pseudo-oscillations (2.1) with boundary conditions (2.16):

B(0z,w) =0, in Q,

=y on %, (4.1)
a. = f4 on 27
%

where w = 7, Ker > 0, f = (f17f27f3) € [WLP(Z)]:S and f4 € Lp(z)v
1 < p < oo, satisfies the condition [y, fy do = 0.
First we prove the following results.

Lemma 4.1 The operator
So : [LP(2)) — [L{(E))°

defined as
Sokp = Ri(p) + Te(ps)  k=1,2,3 (4.2)

where R is given by (3.6) and T}, are given by (3.11), can be reduced on the
left by
S [IE)P — [LP(E)P

defined as
Sp(¥) = Ror(v),  k=1,2,3 (4.3)
where Ry, is given by (3.7).
Proof. We have that
S'So()i = Ro(Sovh)k = (RoRap)x + R'Tjo(1ha)

and this is a Fredholm operator, as it follows from lemma, 3.2 and from the
compactness of the operators T}, (3.11).

Lemma 4.2 Let w be a complex constant. The singular integral operator
Sy« LP(X) — LY(D), k=1,2,3

given by

4
(Sel) =3 / 0o(@ri (o — )] @i (W) doy  k=1,2,3
j=17%

can be reduced on the left by S, : LY(X) — LP(X) (k = 1,2,3) where Sj, is
given by (4.3).
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Proof. Set
Sk = (Sk — (So)k) + (So)k,  k=1,2,3
we have that S}, reduces Si. In fact
(8'S)k = S1(Sk — (So)k) + (S"So)k,  k=1,2,3

is a Fredholm operator, because (S—.Sp) is a compact operator as it follows
from the theorem 2.1.

Theorem 4.1 Let w be a complex constant. Given f € [WHP(X)]3, there
exists a solution of the singular integral system

4
3 / 0o[®rs(z — y,w)] 05 (0) doy = dfi(z),  k=1,2,3
j=17%

if, and only if,

/%/\dfizo, 1=1,2,3 (4.4)
b
for any v € [LY(Z)]? solution of the homogeneous adjoint system:

Siv(z) = /E%(y) A dy[®ii(y — z,w)] =0 a.e r €Y (4.5)
j=1,2,3.

Proof. Because of lemma 4.2 the range of Sy is closed in L{(X), and
we have the result.

Now we recall the following theorem proved in [4] for any number of
variables.

Theorem 4.2 For any g € LP(X) such that [¢ gdo = 0, the solution of
Neumann problem for Laplace equation

Au=0 1inQ,
gz =g on,
can be represented in the form of a double layer potential
1 0 1
- = d Q 4.
u@) == [0 gy Ao wenn @)

with ¢ € WIP(%).
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Let us remark that the proof of this theorem hinges on the following
identity:
J'(dp) = —g, (4.7)
where J’ is the operator previously introduced in (3.3).
Now we give the main result of this section.

Theorem 4.3 Given F = (f, f4) € [W'P()]?x LP(X) such that [s, f4do =
0, the solution of the problem (4.1), where w = iT, Re T > 0. and o is
given by (3.15), does exist and can be represented by a mized potential

(2.14) with density in [LP(X)]3 x W1P(X).

Proof. We seek a solution of (4.1) in the form of a mixed potential
(2.14): Y. According to definition of Y, we have that

4
Yk(ﬂf) = E (Pk](':C - y,W)ng(y) dayv k= ]-a 2537
b
b=l (4.8)

4
0
Yi(z) = E /anq)4j($—yaw)S0j(y)d0y'
i=1 Y

For k = 1,2,3, imposing the boundary condition v = f in (4.8)1, we
have an integral system of the first kind and, taking the differential, we
obtain the following system of singular integral equations:

4
> [ delte -yl ow)do, =di(e), €S k=123
j=1"%

Thus we have the equation:
(Se)k =dfy,  k=1,2,3. (4.9)

It follows from lemma 4.2 that S}, reduces Sj;. Therefore, from theorem 4.1
there exists a solution ¢ of (4.9) if, and only if, dfy satisfy the compatibility
conditions (4.4) for k = 1,2,3. The (4.4) are satisfied in view of theorem
3.2. The thesis follows like in the theorem 3.3.

With regard to the last component, we consider

Ya(x) = Yoa(z) + (Ya(z) — You(2)),

where Yy, is given by

% /E ai, [Iwiyl} pa(y) doy. (4.10)

In view of (4.7) and theorem 2.2, imposing the boundary condition (4.1)4
we obtain a Fredholm equation.
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5 Second and fourth problem

We consider the following representation theorem related to the traction
three-dimensional problem (5.2) of elasticity theory for an isotropic homo-
geneous body.

Theorem 5.1 For any f € [LP(X)]?, 1 < p < oo, such that
/f-(a+b/\x)da—0, Ya,beRF (5.1)
b

any solution of the following boundary value problem

pAu+ (A + p) graddivu =0 in Q, (5.2)
Tu=f on %, '

where T is given by (2.8), can be represented in the form of an elastic double
layer potential

wz) = /Z (9, )Ty — 2)]'oly) do, (5.3)

with the density ¢ € [WYP(X)]3. Moreover (5.3) is a solution of (5.2) if,
and only if, its density  is given by

p(z) = /Zw(y)F(w,y) doy, T €X,
Y € [LP(D)]? being a solution of the singular integral equation

—p+ V= f

where V' is given by
Vi) = [0, )0 )] 0) doy,

This theorem is proved in [12].
Now we show the following representation’s theorem of second boundary
value problem (5.4) for system of thermoelastic pseudo-oscillations.

Theorem 5.2 Given (f, fi) € [LP(X)]? x WYP(E), 1 < p < oo, such that
(5.1) are satisfied, the solution of the fourth boundary value problem

B(0y,w) =0, inQ,
PU=f on X, (5.4)
V= fy on X

where w = iT, Re 7 > 0., 0. is given by (3.15) and P is the thermoelastic

stress (2.7), can be represented by a mized potential (2.13) with density
p e [WH(ED)P x LP(X).
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Proof. Let us seek a solution U = (u, ) of (5.4) by means of a mixed
potential (2.13) Z. According to the definition of Z = (z, Z4) = (Z1, Zs, Z3, Z4),
we have for the components Zi(x), k = 1,2,3,4

4 ~
Z(x) = Z /EPji‘I)ki(w —y,w)@j(y) doy.

,j=1

Taking into account the definition of the operator P (2.10) and the symme-
try property of ®; = @i, when i, k = 1,2, 3, we can write for k =1, 2,3, 4:

3 ~
Zy(x) = /E Z Pji®ri(r — y,w)p;(y) doy, +

ij=1

3
+ / Y Puidrie - y,w)pa(y) doy +
2 =1
3 ~
+ /2 ZPJA‘I)M(H? —y,w)p;(y) doy +
j=1
+ / Paa®ra(z — y,w)pa(y) doy =
5

3
- /E Z T3Pk (x — y,w)pj(y) doy, —
4,J

3
— iwn/zzvj@m(x —y,w)p;(y) doy —
j=1

— /‘I’k4(.%' — y,w)904<2/) dUZI'

This expression is transformed as follows:

3
Zp(z) = /z Z Tji®ik(x — y)p;(y) doy +

ij=1

3
+ /E ZTji[@ik(ﬂc —y,w) — Pz —y)]w;(y) do, —

3
1
— oy _— o _
iwn | (2501 + o ea sl )

k=1,2,34. (5.5)

The first term of the right hand side for k£ = 1, 2, 3 is nothing else but the
component wg(z) of the (elastic) double layer potential (5.3). The second
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term, that we denote by E(x), is a compact operator as it follows from the
theorem 2.1. In the last term, which we denote by L (x), for k = 1,2, 3, we
have that ®y4(z — y,w) = O(1) ([11], p. 530). The last component Z4 is
equal to the fourth component Vj of the simple layer potential (2.11) plus
compact components.

Imposing the boundary conditions: PU = f, ¥ = f; and taking into
account the definition of

PZ=Tz—~vZ,
we have from (5.5)

Twy +TEy+TLy —ywZy = fi, k=1,2,3
Zy = [a

Thus we obtain a Fredholm equation in view of theorem 5.1 and the previous
remarks on Ej, L; and Z4.

Finally, we study the so-called second boundary value problem (5.6) of
thermoelastic pseudo-oscillation’s equations showing the following theorem.

Theorem 5.3 Given (f, f1) € [LP(2)]*,1 < p < oo, such that (5.1) and
fz fado = 0 are satisfied, the solution of the second boundary value problem

B(0z,w) =0, in ),

PU=f on X,
90 . (5.6)
5 on 3.

where w = iT, Ne T > 0., 0. is giwven by (3.15) and P is the thermoelas-
tic stress (2.7), can be represented by a double layer potential (2.12) with
density in the space [WP(X)]4.

Proof. We want to represent a solution of this problem (5.6) by means
of a double layer potential (2.12) W. Taking into account the definition of
the operator R (2.9) and the symmetry property of ®x; = ®s, i,k =1,2,3
we can write for k = 1,2, 3,4:

3
Wi (x) = /E Z Rji®ri(z — y,w)p;(y) doy +
ij=1

3
+ / Z R4i®Pri(x — y,w)ea(y) doy +
=1
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3
+ /E ZR]A‘PM(@“ —y,w)p;(y) doy +
j=1
+ / Rua®pa(z — y,w)pa(y) doy, =
s
3
B / > Ti®in(x -y, w)e;(y) doy —
D
i.j
3
— iwn/EZVj@m(x —y,w)p;(y) doy +
j=1

+/£j[q>k4(x—y,w)} pa(y) doy.

This expression is transformed as follows:

/ S Lo - sy doy +

Jl

+ /2 ZTJz[q)zk(x —y,w) — Pz —y)|p;(y) doy —
— Zu]?’]/ Z I/JQOJ |:(bk4 $ —Y,w ) (I)k4(x — y)} dO'y _

i /Z Z vioi(9)®ra(e — y) doy +
j=1

" /2 381/ [‘Pm(az —y,w) — Ppa(x — y)} ea(y) doy +
+/E§y[<l>k4(:c - y)}w(y) doy,

k=1,2,3,4.
. . Owy .
Imposing the boundary condition PW = f, 0 = f1 we obtain a
system of Fredholm equations in view of theorems 2.1, 2.2, 5.1, 4.2.
6 Representation theorems

In this section, we combine the classical representation theorems [11] with
the results obtained in this paper. This leads to show that the solutions of
each of the four basic boundary value problems (3.1), (4.1), (5.4), (5.6) can
be represented by any of the thermoelasto-potentials (2.11), (2.12), (2.13),
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(2.14). The space where the data are given has to be chosen according to
the used representation.

Theorem 6.1 The solution U of the first boundary value problem (3.1)
can be represented by:

(
2. a double layer potential (2.12) with density in [LP (X
the data (f,qg) is assumed to be in the space [LP(X)]*, 1 < p < oo;

14 provided that

(
3. a mived potential (2.14) with density in [LP(X)]* provided that the
data (f,g) is assumed to be in the space [WIP(L)]P x LP(X), 1 <p <
00;

4. a mized potential (2.13) with density in [LP(X)]* provided that the
data (f,g) is assumed to be in the space WHP(X) x [LP(Z)]3, 1 <p <
0.

Proof. The first statement is proved in § 3. The second one is consid-
ered in [11]. If (f,g) € [W'P(2)]3 x LP(X) we can represent a solution of
(3.1) in the form of mixed potential (2.14):

4
Yk(l’) = Z /'Zq)k](:l7 - y,w)cpj(y) dayv k= 1a2737

,5=1

4
0
Vito) = 3 [ oaslo = o) doy,
j=1 v

For k = 1,2,3 we proceed as in theorem 4.3 and for the last component we
apply the classical method [11]. Finally, if (f,g) € WHP(2) x [LP(2)]3 we
can represent a solution of (3.1) in the form of mixed potential (2.13):

4
Zy(x) = Z /Epjiq)ki(x —y,w)p;(y) doy.
ij=1

In fact, we apply the classical method [11] to the first three components of
Z., and the method used in theorem 5.2 to the last component of Z.

The following results corresponding to the boundary value problems
(5.6), (4.1) and (5.4) can be proved arguing as in theorem 6.1.

Theorem 6.2 The solution U of the second boundary value problem (5.6)
can be represented by:
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1. a simple layer potential (2.11) with density in [LP(X)]* if the data
(f,g) is assumed to be in the space [LP(X)]*, 1 < p < oo;

2. a double layer potential (2.12) with density in [WP(X)]* if the data
(f,9) is assumed to be in the space [LP(2)]*, 1 < p < oo;

3. a mived potential (2.14) with density in [W1P(2)]? x LP(X) if the data
(f,9) is assumed to be in the space [LP(X)]*, 1 < p < oo;

4. a mized potential (2.13) with density in WP () x [LP(X)]3 if the data
(f,9) is assumed to be in the space [LP(L)]*, 1 < p < oc.

Theorem 6.3 The solution U of the third boundary value problem (4.1)
can be represented by:

1. a simple layer potential (2.11) with density in [LP(X)]* if the data
(f,9) is assumed to be in the space [WHP(X)]? x LP(X), 1 < p < 00;

2. a double layer potential (2.12) with density in [LP(X)]® x WIP(X) if
the data (f,qg) is assumed to be in the space [LP(X)]*, 1 < p < oo;

3. a mized potential (2.14) with density in [LP(X)]? x WP (X) if the data
(f,9) is assumed to be in the space [W'P(X)]? x LP(X), 1 < p < 00;

4. a mized potential (2.13) with density in [LP(X)]* if the data (f,g) is
assumed to be in the space [LP(X)]*, 1 < p < co.

Theorem 6.4 The solution U of the fourth boundary value problem (5.4)
can be represented by:

1. a simple layer potential (2.11) with density in [LP(X)]* if the data
(f,g) is assumed to be in the space [LP(X)]3 x W1P(X), 1 < p < oo;

2. a double layer potential (2.12) with density in [WHP()]? x LP(X) if
the data (f,q) is assumed to be in the space [LP(X)]*, 1 < p < oo;

3. a mived potential (2.14) with density in [LP(X)]* if the data (f,g) is
assumed to be in the space [LYP(X)]*, 1 < p < oo;

4. a mized potential (2.13) with density in [WHP(2)]3 x LP(X) if the data
(f,9) is assumed to be in the space [LP(X)]? x WP(E), 1 < p < oo.
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