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Introduction

Many works are dedicated to the Saint-Venants (S-V) problem for the cylin-
drical (prismatic) bodies with several cross-sections and variable elastic
constants [1,2,3,7,9,11,12,13,15,16,17,19], including nonlinear cases [8].

It would be interesting to consider the (S-V) problems for the elliptic
tubes. By means of this problem, a problem of crack for the body with an
elliptic split may be investigated.

The torsion’s function for the homogeneous isotropic elliptic tube was
constructed by A. G. Greenhill [14] (this article is quoted from the book
[14], p. 335). The solution to the problem of bending of an elliptic
tube by the shear force is obtained by A. Love [14]. The torsion prob-
lem for elliptic beams and tube is considered in [11,15]. The bibliography
of the papers, concerning to the indicated problems are given in the books
[1,3,12,14,15,17,19]. The Saint-Venant principle for the composed bodies is
studied in the article [20].

It should be noted that the results for the elliptic tube, given in the
above mentioned works, are difficult for the calculations of a torsion’s rigid-
ity, displacement and stress in the case of an elliptic tube.

In this article the S-V problem for the homogeneous or composed two-
layered elliptic tube is solved by means of the Faber’s polynomials.
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These problems have not been considered yet. The Faber’s polynomials
for the simply-connected area was introduced by G. Faber in 1903 [6]. The
further generalization of the Faber’s polynomials are given in the works of
many researchers.

Some of these works are given in the references of [4,5]. The detailed
review of the works on the Faber’s polynomials is given in the monography
of P. Suetin [18].

1. Basic Equations

Let us consider an elliptic tube composed of the different elastic materials
(obey Hook’s law) occupying the cylindrical domain 2 = Qy+Q; + s (the
domain 2 occupies an anisotropic kernel). We assume that this materials
are glued at each other without cracks.

Consider the cartesian coordinates system Ozizoxs at the end of the
cylindrical body. Each of the domains 21 and 5 of the two-layered elliptic
tube are bounded by two planes

r3 =0, x3= l (l > 0) (1.1)

and by the elliptic surfaces ', 'y and I'1, I'e, respectively. The cross-section
of these surfaces are the ellipses 7., (e = 0, 1,2), given by the equations

(1)y, = aecosB, (x2),, = besinb, (1.2)
(0 < 0<2m, ae>be, aer1>ae; €=0,1,2), (1.3)

where a. and b, are semi-axes of the ellipses .

A cross-section of the domain €2, enclosed between the surfaces I';,, and
I';,—1 is denoted by wy,, which is bounded by the ellipses 7, and v,,—1.

Let us consider an element of a lateral of the elliptic cylindrical body
with the outwards normal n(ni,ns)

(ny + ing),, = O, (b; cos O + ia. sin ),
2

20,
0, = \/ag sin @ + b2 cos? 0,

(xan1 — x1N2)y, = — sin 26, (1.4)

where 2 = —1.

While considering an elliptic tube composed by two different materials,
occupying the domains ; and s bounded by the planes (1) and the
elliptic surfaces I'g, I'y and I'1, I's, respectively, it will be proposed that this
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materials are glued to each other without a split along the surface I'y (an
interface). Cross-section of such composed tube will be represented as two
confocal elliptic rings w; and wo bounded by the confocal ellipses g, v1 and
1,72 (see equalities (2)) glued together along an ellipse ;1 (an interface).

In the problem of torsion there will be also considered the two-layer
isotropic elliptic tube strengthened by an anisotropic elliptic shift, occupy-
ing an elliptic domain €y bounded by the planes (1) and the surface Ty
and glued with the indicated tubes along the surface I'yg. Cross-section of
the domain €y will be the solid elliptic domain wy bounded by the ellipse
Yo with semi-axis ag and bg. It will be noted that an interface of adjacent
domains we and w1 of the composed elliptic domains will be the ellipse
Ye. An interface of the adjacent domains w, and wey; of the composed
elliptic ring is the ellipse e.

Some auxiliary relationships for the isotropic and anisotropic media,
which we will use in the sequel are given below

a) The isotropic medium.

In this case the torsion function f; and the bending functions F; ,EJ ) (in
bending of cantilever) are the solutions of the following boundary value
problems [4,5,6]:

Af;=0, AFY =0, (1.5)

in each of the domain w; of the cross-section we have
(Dnfi)e = (h)es (DnF)e = (HYD)., (1.6)

At the points of an exterior boundaries ye of the domains w; we have

[Man]e - [Man]e+1 = [Nh]e - [:uh]e-i-ly
(WDnFile — [uDnFles1 = [pHile — [pHi]et1, (1.7)
(fle = [flexr, [Frle = [Filett,

where the symbol | |,,, denotes the limiting values of the expressions in the
brackets taken from the domains w,, and wy,+1, respectively. The operators
A, D,, and the functions h, H are given by

A = D%—FD%, Dn:n1D1+n2D2,

0
D; = Eroe h = xony — x1N2, (1.8)
j
1
H, = 5[(2 +v)x} — vas_y|ng + veizons_,

where = E[2(1 + v)]~! is the modulus of rigidity, v is the Poison’s ratio
and E is the modulus of elasticity.
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For the elliptic tube, cross-section of which is an elliptic ring, bounded
by the confocal ellipses (with ajz — b? = c%, where 2c is the focal length), we
will use the following formulas

t1 = z+4w, to=z—w, w=+V2z2-c2 (1.9)

tita = % pe=ac+be, ge=ac—be, (1.10)
(tl)'ye = peeXp(ie), (tQ)%ZQeeXp(_ie)a (1'11)
2(w)y, = 2(becosf +iacsinb)

= peexp(if) — ge exp(—if), (1.12)

Dit; = —(=1Ywt;, Dot; = —i(-1)yw™'t;,  (1.13)

lim z'w = 1 (j=1,2). (1.14)

Z—00

b) The anisotropic medium.

In this case we will consider only the homogeneous body and the tor-
sion’s problem.As it is known from ([2,3]), the torsion’s function f* satisfies
the following boundary condition:

A*f* =0, (1.15)

in the domain wy, and
(D7.f7); = (h");, (1.16)
at the each point of the ellipse vy, where

A* = AssD}+2A45D1Dy + Ay D3,
D;; = (A55D1 + A45D2) + ng(A45D1 + A44D2), (1.17)
h* = hini+ hing, hi = Assxo — Asszr, hy = Assxe — Asaxy,

Aji, = Ay, are the coefficients of the stiffness in the Hook’s low.
Let us consider the characteristic equation of the equation (9)

1444’1)2 + 2A45v + As5 =0 (A2 = Ay Ass — AZ5 > 0) (118)
The complex root of this equation is
ve = Al (iA — Ays) (% = —1). (1.19)

Let us introduce the complex variable z, = x1 + v.x2, by means of which,
for the solid elliptic domain wg, bounded by the ellipse vy with the semi-axis
ap and bg, will be used the expressions

7 = (ao —ivsbo) " (2 + wp),

t; = (a0 —ivibo) " (2 + wp),
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wi = (22 — a]z - vfb?)(m, (W),
= i(a;sinf —v.b;cosb), (t]), =expib,
. ) a; + 1v.b;
(t3)y = Aoexp(—if), A; = m
(N < L0<O<2m),  lim (2 w)) = 1. (1.20)

Below are given the well-known formulas [2,4,5], which will be used for
the isotropic as well as for the anisotropic bodies.

At first for the construction of the “ends conditions” of the cylindrical
bodies in the S-V problems, let us introduce the notations for the projec-
tions on axis Oz; (j=1,2,3) of the resultant forces by P(P;, P>, P3) and of
the resultant moments by M (Mj, Ms, M3), obtained due to the action of
the exterior forces. Therefore, components of the stresses 7j; in the each
cross-section w (with the outward normal n(0,0,+1)) of the body must
satisfy the following equalities:

//Tjgdw— 7 j—1,2,3) //(.%'27‘33—.%37’23)6&0—]\41, (1.21)

// x3T13 — x1733)dw = Mo, // x1T93 — xoTi3)dw = M3. (1.22)

For the homogeneous cylindrical body with the cross-section w, bounded
by the curve v, we have

//Tjgdw:/aijngd’y—f—//:Cngngdw (j=1,2). (1.23)
w 107 w

For the composed cylindrical body with the cross-section w = wy+wi +
w2, bounded by the external curve wy and the interfaces wg and wy, we have

//Tjgdw = /ijng,dw—l— Z / J}j{Tn3k— Tn3]k+1}d’y+
w 2

k=0,1

+//ij3733dw (] = 1,2), (124)

where
Tnj = T1j11 + T2512 + T3513 (] = ]-7 27 3) (]‘25)

are the projections on the axis Oz of the vector of the stresses 7,,(7n1, Th2, Th3)-
In addition, we must remark that in the problems, which we consider,

it is proposed that the lateral surface of the cylindrical body is free from

the acting of the exterior forces. Also for the composed beam, it is neces-

sary to fulfill the conditions of continuity of the displacement vectors and
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stresses which cross the interfaces from the adjoint domains. Therefore, the
following boundary-contact conditions are necessary:

i =0 (j=1,2,3) (1.26)
on the exterior lateral surface and

[uj]e = [uj]e—‘rl]v [Tnj]e = [Tnj]e+1 (] = 1,2,3), (127)

on the interface between the domains 2, and Q.11.
It is obvious that the components of the stresses on each of the domains
O must satisfy the equations of equilibrium (when the body forces are
absent)
D1T1j+D27'2j+D37'3j =0 (J: 1,2,3). (1.28)

It is well-known that the potential energy W of an elastic body occu-
pying the domain €2 bounded with the surface w under the action of the
surface force 7,,(Tn1, Th2, Tn3) and of the body force ¥(Wq, Wy, ¥3) will be

given by
3
20 =3 [/// ‘I’jUde+// Tnjujdw] >0, (1.29)
: 9 w
Jj=1

where u; are the components of the displacements.
Now let us begin solution of the problems.

2. Extension by the Longitudinal Force and the
Bending Due to Couples of Forces

Let us consider the deformation of the homogeneous elliptic tube, occupying
the domain €2; bounded by the planes (1.1) and the elliptic surfaces (1.2),
when cross-section of these surfaces

Io=0, T1=0 (2.1)

is the confocal ring w;, bounded by two confocal ellipses ; (j = 0,1) (see

(1.3))
(x1); = ajcosf, (x2); =0jsinf (7=0,1; 0<6<2m) (2.2)

with the focal length 2c.

It is proposed that the lateral surfaces (1) are free of acting of exterior
forces. A system of the forces applied to the “upper” and “base” x3 =1 of
the body statically is equivalent to the one force ¢3 producing the extension
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acting parallel to the axis Oxs, and to two couples of forces producing the
flexures of the body in the planes Ozszs and Oxix3 by the moments M;
and Mo, respectively.

The corresponding components of the stresses and the displacements
for this problem in the domain ©; will be given as [1,4,5,6]

3
le = TjQ:Tjg:O, ngZEmZCel‘(e)); (23)
e=1
3 © 1 3
uj = =) Cegi” - 2 Cja3, us = w3 Zcex(e)’ (2.4)
e=1 e=1
G = 1,2 2 =gy, 2 =2y, 20 = 1), (2.5)

where m = 1, the constants C; will be determined and the functions g,gj )

are given by the equalities
20 = (~))v(a3 —ad), g =vaj, (2.6)
g = g =vmzs (j=1,2). (2.7)

It is obvious that after substituting the expressions (3) in the condi-
tions (1.15), the first two and sixth equations of these conditions will be
satisfied identically and, from the other equations for the determination of
the coefficients Cj, the following algebraic equations are obtained

ClJl(jl') + CzJa(]l-) + CsJ?Egl-) =N; (j=12,3), (2.8)
where

T = // EpnzDa®dw (m=1,2; jk=1,2,3); (2.9)
N1y = —M,, Ny=DM;, N3=DP;. (2.10)
As the origin and axis Oz and Ozs of the system Oxizoxs coincide with

the center and the semi-axis of the elliptic domains respectively, from (6)
follows

Cj = Nj[J](;)}fl (1 =1,2,3; Jig = Jag = J12 =0), (2.11)

where
4Jf) = wEi(afbr - agbo), (2.12)
4y = wE(a1b} - agh}), J33) = 7Ei(a1by — agbo).  (2.13)
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Now we consider the elliptic tube composed by two isotropic elastic ma-
terials, occupying the domains 21 and (9, respectively. It will be proposed
that the different materials has identical Poisson’s ratio (v = v5) and the
different elastic modulus (E; # E»).

The domain 21 + 9 of such composed body will be bounded by the
planes (1.1) and by the elliptic surfaces I'g,I'; and I'y, given by the equal-
ities (1.2) and (1.3), where I'g is the interior boundary, I'y is the exterior
boundary and I'; is an interface, i.e., the border of the different materials.
At the points of the surfaces I'; the boundary-contact conditions (1.20) and
(1.21) must be satisfied. As it is seen from (4), taking constants C; with
the same values in each domain, the components of the displacements will
be continuous at the crossing of the interface I'y from €21 to .

In this case solution of the problems in each of the domains €2; will be
represented in the form (3)—(4), in which, for each of the domain Q; and
(o, modulus of elasticity E reaches the values E7 and Es, respectively. It is
obvious that all boundary-contact conditions are fulfilled and from (1.16),
where P = P» = M3 = 0, for the coefficients C; of the composed tube we
get

Cj=J5'N; (j=1,2,3), J;;= Jj(;) +J@

@, (2.14)

where N; and Jj(;n) are determined by the equalities (6) and J;;, for this
composed elliptic tube, will be given as

4J11 = w[Ei(aib — adbo) + Ba(ajbs — aiby)],
4Jy = 7[B1(a1b} — agby) + Ea(azb3 — arb})], (2.15)
J3z = 7T[E1 (albl — aobo) + Ez(agbg — albl)].

3. A Torsion of a Two-Layer Isotropic Elliptic
Tube with an Anisotropic Kernel

Let us consider the two-layer tube, bounded by the planes (1.1) and the
elliptic surfaces.The three-dimensional domains occupied by jointly glued
layers will be denoted by € and 25 respectively. A normal cross-section
of this tube will be the domain composed by two isotropic layers (with the
different physical characteristics), occupying the elliptic rings w; and ws,
bounded with the confocal ellipses 7y, 1 and 71,2, respectively, given by
the equalities (1.3).

It is obvious that the rings wijand ws will be glued along the ellipse
v (interface) , a,? — bjz = ¢?, where aj,b; are semi-axis of the ellipses ;
(see (1.3)) and 2c¢ is a focal length of this ellipses. Let us suppose that the
composed isotropic elliptic tube is strengthened by the solid elliptic shaft,
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made from an anisotropic material. At an in each point there passes by a
plane of an elastic symmetry perpendicular to the axis Oxs. It is assumed
that an elliptic shaft, occupying a simple connected domain €2y, is bounded
by the planes (1.1) and the surface I'y, along which a shaft is glued with
the composed elliptic tube. The cross-section of the domain €y, denoted
by wg, will be glued with the composed two-layered isotropic planar elliptic
ring along the ellipse vp.

Thus, there will be considered a beam, composed by two isotropic and
one anisotropic materials, occupying the composed domain Q = Qg+ €y +
9, cross-section of which will be the composed planar elliptic domain w =
wo + w1 + wa.

We now consider the torsion’s problem for the indicated composed el-
liptic bar, when the exterior forces, acting at its ends, statistically are
equivalent to the couple of forces twisting the bar by the moment Mj. The
components of the displacements and the stresses in each of the domains
Q; (j =0,1,2) will be given by [3,4,5]

(ul)j = —G:L‘ng, (UQ)]‘ = Gaﬁl’g, (U3)j = ij(xl,a?g). (31)

The corresponding components of the stresses in the isotropic domains
2 ( =1,2) and in the anisotropic domain € are of the form

(113); = Gui(D1fj — x2), (723); = Gui(Da2fj+m1) (j=1,2), (3.2)

uj(D1(mi3)0 = G[Ass(D1fy — x2) + Aas(Dafg +21)],  (3.3)
(m33)0 = GlAss(D1fy — x2) + Aga(Dafy + x2). (3.4)

All the other components of the stresses 7;;, are equal to zero.
Substituting the expressions (1)—(3) in equations (1.20) and (1.21),
where (1.20) must be fulfilled on 2 and (1.21) must be fulfilled on 7y and
71 (see (1.3)), for the functions fi, fo and fj, we obtain the boundary-value
problems (1.9)—(1.11).
We seek the functions f; and fg, satisfying conditions 1° — 3%, in the
form

ic?

fi = %) =R mPd+mPB)| =12 35
f& = RNO.(2.) = ARmo(t7 + £52)], (3.6)

where 2c¢ is a focal length, variables ¢; and t; are given by the equalities

(1.9) and (1.15) and complex coefficients mg and mg ) will be determined.
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Taking into account equalities (1.8) and (1.12) and expressions (4), we
obtain [1,2,5]

(ank)%. = {R[(n1+ ing)qﬂﬁ(z)]}w (j=0,1,2; k=1,2), (3.7)
(Drfi)ve = A{R[i(n2 — vin1) L (2:)]} (3.8)

These values are obtained by using the expression (1.4) and the equalities

Yo°

Ass + v, Ags = —iAv,, Ays + v Agy = 1A,

d ' d &
TOE) = W), () = (e,

It is easy to show that the functions A and h* from (1.7) on the ellipses
7, take the following values:

4(h); = icQG);l[exp(ZiH) —exp(—2i0)] (j =1,2),
4(}1*)0 = ’l@al [(A44ag - A55b%) eXp(Q’ie)
—(A44CL% — A55bg + 2A45aobo) exp(—2i0)] (3.9)
(0 < 6<2m).

Taking into account the expressions (1.4)-(1.15), (1.20), (1.21), (6), (7)
and substituting the expressions (5) into the boundary-contact conditions

(1.6), (1.7), (1.11), (1.12) and (4), after some elementary calculation, we

obtain the following equations for the coefficients mg,mgj ) and mgj ) from

(5):
2m{Pps —myg3) =i, (mY —mP)p? + mY —m gt = o,

2[(BimY — Bam{P)p? — (B — Bam$?)gE = i(B1 — Ba),

mo + A\2mg — mgl)pg — —ng)qg =0, (3.10)

N 2
262 (B (mo — N2mg) — Bu(m{" — i)
= i(Agag — Assbg) — 2As5a0by — ic® By,
where

Bo=A=\/AuAss — A%, B =1, B2 = po. (3.11)

The barred expression M denotes the complex conjugate value of M.
After the simple transformation, the equations (8) reduce to the follow-
ing three equations:

25117%]?%?71&1) + (52Q21 — ﬂ1P21W§2)) = 17, (3.12)
pgq%(mo + Vmo) + nglomgl) — quglmg) = Ty, (3.13)
Bop3qi (mo — N2mg) + ﬁm%%mﬁ” + ﬁzqgQuméQ) = T3, (3.14)
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where
Py, = plai+pidl, Qi =piai — i’ (3.15)
2Ty = (Bo— B1)p3 —pi, 2015 = —piqg, (3.16)
20Ty = (B2 — B1)p3at — Borial + (3.17)
+p§q%c*2(A55b% — A44a% + 2A45a0b0 + ,u1). (318)

From (10) we obtain the following equations with respect to mgy and
2 .

my
28122 p3(mo + NZrmg) — Bymy) = T, (3.19)
2ﬂ0p%q%p§(mo — Vmo) + Bgmgz) = TQ, (320)
where
B1 = [(2Q21Q2 + B1P12Pio > 0, (3.21)
By = (2Q21Pio+ 51 P21Q10 > 0, (3.22)
T = 261piTs — QaoTY, (3.23)
Ty = 2piTs— QuoTy. (3.24)

For the solution of the system (12) let us introduce the denotations

Ry = (61B2— BoB1)(AiBa+ BoB1) ™Y, (3.25)
Ry = (BoTi+ B —1T0)[2ppsqi (51B2 + foB - 1)] 7' (3.26)

It is obvious that
|B1B2 + BoB1] >0, 0<|Ri| <1 (3.27)
From the equation (12) we obtain
mo = A7 (Ry — AR1Ry), (3.28)

where
A <1, A,=1—A*R.*>0. (3.29)

Thus, from the equations (12), (10) and (8), all the coefficients m§2), mgl),
mél) and mgz) will be determined directly.

In this case, in the conditions (1.16), P, = P, = Py = M; = My = 0 and
Ms # 0 is the given number. It is easy to show that, by using the formulas
(1.17) and (1.18), the first five equations will be satisfied identically and for
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the fulfillment of the sixth equation, from (1.16) the constant G in (1)—(2)
must be taken as

G = MGt G = G’{ + G35, (3.30)
7=1,2
Gy = [ [ [Au(Dafo+20)* + Ass(Difo - 22)? (3.32)
wo
+2A45(D2f0 + xl)(leo - xl)]dwo >0 (333)
(A44A55 — Ai:) > 0) (334)

Having the expressions of the coefficients mg and ml(j ) and substituting
their values in the formulas (5), we can calculate the expressions of the
functions f; and fj and the expressions (18) in the explicit form.

To solve the bending problem, the solutions of the torsion’s problem for
the homogeneous and composed elliptic tubes will be considered.

At first we consider the case when the anisotropic kernel is absent, i.e.,
the problem of the torsion of a two -layered isotropic elliptic tube will be
considered. The torsion functions f; in the domains ©; (j = 1,2) will be
represented by the expressions (5) and for the coefficients m,(c] ) we have the
following equations:

2m\"pg +mM @) = 1, 2mPp3 + m$3) = 1,

mp? —m$gd - mPp? +mPE = o, (3.35)
201 (m$Vp? + MM ) — 20 (mPp? —mP?) = 1 — o

It is easy to show that the solution of these equations will be given in the
form [2]

m = (263B.) " palpd(a3 — ad) (a3 — db) (3.36)
+at(p} — p3)(qt + a3)] + pi(at — qg) (a3 — ad)} (3.37)
m® = @B [} - m)dt — 4 — &) (3.38)
—p2pt(ap + a1)(a5 — ql)], (3.39)
where
B. = pip3lu (el — ag) + palas — ab)] + agaz[m (p6 — p1) +
+pa(pt —p3)] < 0 (3.40)
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From (19) we obtain

my) = (268) " = m{Vpas?, ) = 2g)-1-miPpiez  (3.41)

Let us consider the homogeneous elliptic tube, occupying the domain
1, bounded by the planes (1.1) and the confocal elliptic cylindrical surfaces
'y and I'y, cross-section of which will be the elliptic ring w; bounded by
two confocal ellipses vy and 7, given by the equalities (1.3).

The solution of the torsion’s problem for such tube in the domain 24
is given in the form (1)—(2) for j = 1, where the torsion’s function f;
is represented by the formula (5), and the function fi(z) must satisfy the
boundary conditions (6) for 7 = 0 and j = 1 on the ellipses 7 and ;. From

these conditions, for the coefficients mgl) = m;, we obtain the equations [2]

2(mip; +maq;) =1 (j =0,1), (3.42)
(3.22) implies
2my = m~ (g} — ¢30, 2ma = m ™ (pg — pi), m = piai — pigp # 0. (3.43)

Substituting the values of these coefficients in the expression of the
function f1(z), given by the formula (5), we obtain

fi = Rlig(t + ht3)] = —gS(t] + ht3), (3.44)
49 = 02[(a0 + b0)2 + (a1 + b1)2]71, h = (CL1 + b1)2(a0 - bo)_2(3.45)

Let us represent this function by means of the cartesian coordinates x;.
According to (1.9), we have

B=2 - P+ [P - A0, =222 2P - A,

At first it should be calculated the expression

S(wy + iws)"? = S22 (22 — )P, (3.46)

where
wi = (af —a3) (2} - 23 — ) — dafad, (3.47)
wy = 2atr —22[2(z? — 22) — . (3.48)

Now we will represent (26) in the trigonometric form z2(z? — ¢?) =
pexp(i¢) by means of the expression sin(2 larctgu) = u[u?+(14+/(1 + u2))?]%5.
After the elementary calculations we obtain

S22 =A™ =272\ (p—wi), p= (W] + i)
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and the function f; will be written in the form

fi = —4g(1 + h)z129 — 271V29(1 — 2h)4/(p — w1). (3.49)

From the equalities (18), for the homogeneous isotropic elliptic tube, follows

GB, = M, (3.50)
Bi = [ [ (Dofo+ o)+ (Difo — 22)ldwo=Bi+ By >0,(3.51)
By = // (23 + 22)dw, (3.52)
By = // (z1D2f1 — 22D1 f1)dw, (3.53)

where Bj is a torsional rigidity.

Thus, the solution for the shift with the split along the line segment of
the focuses (—c, +c) is obtained. This allow us to calculate the intensity of
the stresses in the effective form for the crack’s problem.

4. Bending of a Cantilever Under a Transverse
Force

Let it be assumed that the external forces applied to the end of the ho-
mogeneous elliptic tube, if z = [, are equivalent to two bending forces P;
and P, parallel to the axis Oxy and Oxs, respectively, and applied at the
point (29, 29,1), where (2, 29) is an arbitrary point of the planar domain
w1. It is obvious that these forces with respect to the indicated axes create
the moments My, = Pl and My = — Pl respectively. Therefore, for the

equilibrium of the part of the cylinder enclosed between the planes x5 = xg

and w3 = [, where z§ is an arbitrary number from the interval 0 < 29 < I,
it will be sufficient to require that the components of the stresses 7. in
each cross-section x3 = 2 of the body satisfy the conditions (1.15), where

we mean
P3 = M3 = 0, P1 7& 0, P2 7& O, M1 = Pgl, Mg = —Pll. (*)

Analogously to §2, we assume that the origin and the axis Ox; and Oxs
of the system of the coordinates Oxjxox3 coincide with the center and the
principal axis of the inertia of the domain wy - of an “under” base (x3 = 0)
of the tube.

The solution to this problem, components of the displacements u, and
the stresses 7,,k, are given in the books [4,5,6]. We will represent the
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indicated values in the elementary modified form [1]:
l 1
(ue); = {(l - x3)(019g)) + C29£2) + 5031‘;23 6
+G(—1)€x3_ea§3}e (4.2)
(e = 1,2),

(’U,g)j = { — [.733 (l — %:@,) (C’lxl + CQ(EQ) — C1F) — CyFy (43)

Cox3 (4.1)

—i—%(Clx? + Coa3) — G }j, (4.4)
(Te3); = {,U[De(chl + CoFy + G f1) (4.5)
~Cer = gl = Cogl® + G(-1)'ws ]}, (46)
(133); = {(zs —D(Clz1 + Coxa)}; (e =1,2), (4.7)

where gék) are given by the equalities (2.4) and the constants C., G will be

determined. Here the components u. and 7., are supplied by the index j,
indicating the number of the domain €2;.

In the case of the homogeneous body the index j will be omitted. Also,
it will be noted that, in the expressions (1), the terms with the multiplier
are the components of the displacements and the stresses multiplying by [
in the problem of the bending by the couple forces given by equalities (2.3).

Substituting the components of the stresses (1) in the equations of the
equilibrium (1.22) and in the boundary conditions (1.20), we obtain that
the torsion function f and the bending functions F; and F5 should satisfy
the equations (1.5) in the elliptic ring w; and the boundary conditions (1.6)
on the exterior boundaries ¢ and -1, in which the functions h and H are
given by the equalities (1.8).

The torsion’s function f was determined in the previous paragraph and
the functions of bending F,g] ) in the domain wj may be represented by

FY =00 (2)=R 3 [(mE) 8]+ mi®) 5] (k=1,2),  (48)
r=1,3

where the variables ¢; are given by the equalities (1.4) and the real coeffi-

cients mi’“) 7 and m:(k) will be determined.

As for the torsion’s function f (see 3.6), let us represent the conditions
for the operator D, F on the ellipse 7, in the form

(DnFY)), = (Rl(m +ing) oV ()]}, = (H)s, (k=1,2),  (49)
where H*) is given by the equality (1.8) and by (see (1.3))
(n1 +ina)y, = O (becosd + aesinh).
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From the expressions (1.4), (1.8), (1.9), (4) we get

(DuF), = 071 Y rlph(mP); exp(ird) (4.10)
r=1,3
—qi(m;™); exp(—irf)] (4.11)
0 < 9<27T)
[H,E,j)]% = 0;'> A k) exp(ird) (4.12)
r=1,3
+(A®) ) exp(—ird)] (4.13)
(e = 0,1),

where O, p. and ¢. are given by the equalities (1.4) and (1.9).
In accordance with (1.8), the coefficients A,(c] ) may be represented in the

form
1641 = 164Y) = 20b.® + 3a2b.(2 + 1), (4.14)
8Age) = SA(_P))e = (1 + %I/) ab, — vbec?; (4.15)
1642 = 1647, = 2iva;c? — 3iab3(2 + v), (4.16)
8A§26) —8A(2§e = z(l + %V) ach? —ivacc?, (4.17)
where ¢? = a? — b? and i? = —1.

As in the previous paragraph, after some elementary calculations (what
in detail will be given below for a two-layered tube), for determination of
the coefficients mq(nk) and m:(k) in the expressions of the functions Fj, (for

the homogeneous tube), given by the equalities (2), the following algebraic

equations are obtained:

mgk)pe -
3(myp? —

Hence we obtain

where

B1 = p1go — poq1 > 0,

*(k)Q6 — Aglz)7
miPd) = AP (e=01;k=1,2).

1(An 4o — 10 6]1)7
1(Au bo — 10 p1),
1(A31 qo — 30 Q1)7
Bgl( 31 po 30171) (k=1,2),
By = pigg — pai >0, p1>posdo > qu-
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Now let us consider the elliptic tube composed by two isotropic ma-
terials, occupying two domains €2y and (2o, glued along the interface I'y
bounded by the planes (1.1) and the interior and exterior elliptic surfaces
Iy and I'y.The constants of elasticity in each of the elliptic ring . (e = 1, 2)
will be supplied with the index e. We assume that the different elastic ma-
terials have the same Poisson’s ratio v; = v and the different modulus of
the elasticity Fy # Fo.

As in the problem for the homogeneous tube, it is proposed that the
resultant bending force P(Py, P»,0), of the exterior forces acting at the end
w3 = [ of the composed elliptic tube, is applied at the point (29, 29,1) of
this end.

The solution of this problem, components of the displacements and the
stresses in each of domains €2, we seek in the form (1). Substituting these
expressions in the equations (1.20)—(1.22) and taking into account that the
Poisson’s ratio in the domains 7 and €25 has the same values 11 = 1), for

the functions (f). = fe and (Fy)e = F,E,e) we obtain the boundary value
problem (1.5)—(1.7). We assume vy = vp=v and, therefore, according to
(1.8) and (2.4), on the interface v we have

9, =10, HOL =HY], (.k=1,2).

Therefore, the boundary conditions (1.6)—(1.7) for the harmonic functions
F};. we obtain in the form

(D, = [HP],

on -z,
(Dn )y = [H),
on 7o
D F], = 2Dn )y = (= o) lgn(k)ma + g8 ma), (4.25)
AV =R, = 0 (4.26)
on 7.

We recall that the torsion’s functions f; in the domains 2; for the
two-layered elliptic tube was determined in §3 by the equalities (3.5) and
(3.19)-(3.22). The functions F, ,g] ) in each of domains Q; will be represented
in the form (2), where the variables t; and t2 are given in §1 and the
coefficients (mék))j , (mz(k))j will be determined.

Taking into account the expressions (3)—(4) and the conditions (9), we

obtain

R rlpl(mM); exp(irt) — ¢f (mi™); exp(—ir)]  (4.27)
r=1,3
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= Z [A®) exp(ird) —i—A( ) . exp(—ird)] (4.28)
r=1,3
(e=0,1; k,j=1,2) (4.29)
R Y il ()1 — pa(m{)s] exp(ird) (4.30)
r=1,3
—qi[pa(m; ™)1 — pa(m;®)a] exp(—ir6)} (4.31)
= (a1 — ) Y [AD expird) + AW exp(—ird)],  (432)
r=1,3
R Y {pilmi)1 — (m)s] exp(irg) (4.33)
r=1,3
=i [(m; ™)1 — (m;W)s] exp(—irf)}
— 0 (4.34)

Comparing both sides of these equations, the members with the same
powers of exp, for the coefficients we obtain the following algebraic equa-
tions

rlph(m)y — g5 (mi®)1] = 248, rph(m®)a — gh(mi®)g) = 245,

k[ ()1 = pia(m™)a] = rag [ (m ™)y — pa(mi ™)) = 24,
pil(mI)1 = (m)a] + gf [(m; ™)1 — (m;M)a] = 0, (4.35)
(k=1,2;r =1,3),
where pe, ¢e and Agf;) are given by the equalities (1.8) and (5), respec-
tively. These expressions depend on the index r = 1,2. Hence we obtain 8
algebraic equations with respect to 8 coefficients (mq(nk)) ; and (m:(k)) j-
From the first four equations we have

* —r[,.r - k
(my®); = g7y (m{); — 2~ A7) (4.36)
(j=1,2, s=2j—-2; r=1,3).
Excluding from the first equation of the system (11) the coefficients

(k))

(mr"");, by means of the expressions (12), we obtain

Q) () — QD (m®), = B®),
QP m*), — QPm*), = B (r=1,3),  (4.37)

where
QY = P+ (—1)gplg, (4.38)
BM = 2 AW - maigy AN + mdia A, (4.39)
e = (g A®) — gralh) (440
(e= 0,2, j=1,2;r=1,3). (4.41)
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Taking into account a? —b? = ¢2, where ¢ = const is a focal length, and
aj > aj—1,b; > bj—1 (j = 1,2), we conclude g;j—1 > ¢j,p; > pj—1 (j =
1,2), where (see (1.8)) pj = a; +bj, ¢ =a; —b; (j=0,1,2).

Thus, according to (14), we obtain

QY > 0, Q¥ >0, QW =piwiny" —diax") >0,
QY = Py —diga") <0 (r=1,3). (4.42)

From the equations (13) we obtain

m®), = Vi (BWQY — uc®Qy), (4.43)
(m®)y = v Y(BWQY — mcPQl) (4.44)
(r= 1,3k=1,2), (4.45)
where
V= mQWel — Qe (r=1.3). (4.46)

According to (16), V, > 0 and after substituting the values (16) in
the right-hand side of the expressions (12), we obtain the values of the
coefficients (mf(k))j directly. Therefore, the bending functions Fj; U) 5
determined completely.

Now we must consider the equilibrium of the part of the tube as the
rigid body, included between the upper end z3 = [ and the plane z3 =
29 (0 < 29 < ). We must take into account that the normal of the plane of
the upper end is n,(0,0,+1) and on the opposite lower end is n;(0,0, —1).

At first we must verify whether the components (1) produce the bend-
ing’s forces P; and P, at the end of the tube. Substituting the components
Tjk, given by the equalities (1), into the first three equations of (1.15), using

the formulas (1.16) and the boundary conditions (9), we have
> / / TeD3T33dw; = P. (e =1,2), (4.47)

//Te3do.)
e j=1,2
//ngdw = 0. (448)

According to (2.6) and (1), the third equality is satisfied identically and
the first two equations will be satisfied if the constants Cy and Cs from (1)
will be chosen in the following form:

1
Cr =P+ I 0= R+ 2 (4.49)
where J j(]m) are determined by the equalities (2.6)—(2.10).
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Now we consider the sixth equation from (1.15), which is related to
the equilibrium of the indicated part of the tube under the acting of the
torsion’s forces. On the upper end (z3 = [), there are acting two forces
Py and P, applied at the point (z,29,1) and parallel to the axis Oz and
Oxs, respectively. Therefore, these forces create with respect of the axis
Ozx3 the torsion moment M? = x(l)Pg — mgPl and the stresses 73 and 73,
acting on the lower end 2§ = | — x3(0 < x3 < [) with the norm n(0,0,-1),
creating the torsion’s moment M? = [ [ (22713 — x1723)dw. Thus, for the
equilibrium of the indicated part by acting of the torsion’s factors, it must
be satisfied the equation

//(wngg — nglg)dw + x?Pg — :z:gPl =0. (**)

Substituting in this expression the values of the components 7;3 from
(1), we obtain that the constants G must be determined by the equalities

G = MTGla
My = =3 // > (*1)l$3—l[f’z+CleE(j) (4.50)
=12 “i=1,2

—Cla:lQ -4 (gl(l))j - 02(91(2))j]dwj’

where gl(m) and G7 are given by the equalities (2.4) and (3.18), respectively.
The bending functions are represented by the equalities (2) and (12)—(17).
Thus, the problem of the bending of the composed two-layered isotropic

elliptic tube is solved completely.
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