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Abstract

The purpose of this paper is to construct explicitly fundamental matrices of solu-
tions to the differential equations of the theory of hemitropic elastic (chiral) materials.
We consider the differential equations corresponding to the cases of pseudo-oscillations
and steady state oscillations and in terms of elementary functions we construct funda-
mental matrices satisfying the generalized Sommerfeld-Kupradze type radiation condi-
tions. On the basis of Green’s formulae we derive the general integral representations
of solutions in bounded and unbounded domains by means of potential type integrals.
Properties of the single- and double-layer potentials and of certain, generated by them,
boundary integral (pseudodifferential) operators are studied. Applying the potential
method and the theory of pseudodifferential equations we prove the uniqueness and
existence theorems of solutions to the Dirichlet, Neumann and mixed boundary value
problems for the pseudo-oscillation equations. Some particular results are obtained for
the steady state oscillation equations.
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1 Introduction

A solid which is not isotropic with respect to inversion is called noncen-
trosymmetric, acentric, hemitropic, or chiral. Materials may exhibit chiral-
ity on the atomic scale, as in quartz and in biological molecules, as well as
on a large scale, as in composites with helical or screw-shaped inclusions
(for details see, e.g., [1], [20] and the references therein).

In recent years the electromagnetic field in chiral media has been the
object of intensive research, see e.g. [21], [43], [44], and the references
therein.

Mathematical models describing the chiral properties of elastic materi-
als have been proposed by Aero and Kuvshinski [1], [2] (for the history of
the problem see also [28], [35], [38], [48] and the references therein).

Particular problems of the elasticity theory of hemitropic continuum
related to the present paper have been considered in [35], [36], [37], [48],
22), (23], [24], [20], [9].

The main goal of our investigation is to study the basic boundary value
and initial boundary value problems of the noncentrosymmetric theory of
elasticity for bodies of arbitrary geometrical shape. We consider separately
the equilibrium equations of statics, the steady state oscillation equations
(the time harmonic dependent case), and the general equations of dynamics,
and develop the potential method (boundary integral equations method)
to obtain the existence and uniqueness results. We construct also explicit
solutions of some particular canonical problems in the form of absolutely
and uniformly convergent series.

To this end, in this paper, which is the first part of our investigation,
the corresponding matrices of fundamental solutions are constructed ex-
plicitly (in terms of elementary functions) and the generalized Sommerfeld-
Kupradze type radiation conditions are formulated which play a crucial role
to establish the uniqueness results in the case of exterior boundary value
problems (BVP). Further, the boundary integral (pseudodifferential) oper-
ators generated by the single- and double-layer potentials are studied and
their ellipticity and normal solvability properties are established. Based on
the results obtained, the uniqueness and existence theorems of solutions to
the basic BVPs of pseudo-oscillations are proved in various Holder (C*?),
Sobolev-Slobodetski (W,)) and Besov (B, ;) functional spaces.

For the homogeneous system of the steady state oscillation equations (in
the whole space IR?) it is shown that it possesses only the trivial solution
in the class of vectors satisfying the generalized Sommerfeld-Kupradze type
radiation conditions. The corresponding exterior BVPs will be considered
in a forthcoming paper.
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2 Basic equations and Green formulae

2.1. Constitutive equations

Let IR? be the three-dimensional Euclidean space and QF C IR? be a
bounded domain with a boundary S := 9Qt, QT = QU S ; Q~ = R3\QT.
We assume that Q € {QF, Q~} is filled with an elastic material possessing
the hemitropic properties.

Denote by u = (uy,u2,u3)" and w = (w1, ws,w3)’ the displacement
vector and the microrotation vector, respectively; here and in what follows
the symbol (-)" denotes transposition. Note that the microrotation vec-
tor in the hemitropic elasticity theory is kinematically distinct from the
macrorotation vector % curl wu.

The tensors of the force stress {7,,} and the couple stress {j,q} in the

linear theory are as follows (the constitutive equations)

)T

ou ou )
Tpq = Tpg(U) i= (u + a)(?TcZ + (u— a)a—:;; + Abpg divu
3
+65pqdivw+(m+u)%+m—y)% — 200 ) EpghWk, (2.1)
Oxp Oxy —

tpg = ppg(U) := 0 opg divu + (k + v) + B opg divw

3
Y
- EpgkWk
81‘ pq
P k=1

Owy,

ow
+(7+€)87q+(7—8)
p

where U = (u,w)T, 0pq is the Kronecker delta, e,qr is the permutation
(Levi-Civitd) symbol, and «, 3, 7, §, A\, u, v, K, and € are the material
constants (see [1]).

The components of the vectors of the force stress 7™ and the cou-
pled stress p(™, acting on a surface element with a normal vector n =
(n1,n2,ns), read as

3 3
T =D Tt Hg) =D hpany, 4 =1,2,3. (2.3)
p=1 p=1

Let us introduce the generalized stress operator (6 x 6 matrix differential
operator)

(1) (2)
T(a,m:[T @m) T (a,n>] |
’ 6x6

i = 1,4, (2.4)
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where 0 = (01, 02, 03), 0; = 0/0x;,

0 0 0
(1) — g _
qu (87 n) (lu’ + Oé)(qu an + (:u a)nq al'p + Anp 833(])
B ) ) :
2 _ — —
ID0n) = (k4 )i+ (r—v)n, 5o o, 5, ~ 20 kzl€qunka
0 0 0
(3) — = _ 5
TPq (87 n) (’{ + V)épq on + (’i V)”q 81717 + Np axq’
T@ (9. n) — 5,0 0
pq ( 7n) - (7+8) pq%"‘('Y_E)nqaxp
P 3
+ﬁnp—8 —2v Z EpghTl- (2.5)
Tq k=1

It can be easily checked that
(), YT = T(9,n) U.

Denote by Téj )(8, n) the principal homogeneous part (6 x 6 matrix) of the
differential operator T(9,n), i.e.,

(1) (2)
To(9,n) To(g)(ﬁ,n) T0(4)(6,n)] ;
Ty”(0,n) Ty’ (0,n) 66
@) _ (7) .
oo = [TOP‘JL,X:’)’ J=14
T @,n) = TP(@.n), j=1,3,
3
T20,n) = TP(0.n)+2a epny,
k=1
3
To(;i)](({'),n) = Tp(g)(aan)—i_zyzgqunk-
k=1

We have the evident equality
T(Dp,n)U = To(8p,n)U +2[an x w, v xw] T, (2.6)

where the symbol x denotes the cross product of two vectors.

2.2. The basic equations
The equations of dynamics of the hemitropic theory of elasticity have the
form

3
82u gc’t
Zap Tpg(x,t) + 0Fy(z,t) = 95152)»

p=1
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I
N

3 3
Zap/‘pq(%t) + Z EqrTir(,) + 0 Gy(z,t) o 0 47 1,2,3,
p=1 l,r=1

where ¢ is the time variable, F' = (Fy, F», F3)" and G = (G1,Go,G3)" are
the body force and body couple vectors per unit mass, g is the mass density
of the elastic material, and Z is a constant characterizing the so called spin
torque corresponding to the interior microrotations (i.e., the moment of
inertia per unit volume).

Using the relations (2.1)-(2.2) we can rewrite the above dynamic equa-
tions in terms of the displacement and microrotation vectors:

(1 + a)Au(z,t) + (A + p — a) grad divu(z, t)
+(k + v)Aw(z,t) + (6 + k — v) grad divw(z, t)
0?u(x,t)
o - (2.7)
(k +v)Au(x,t) + (§ + k — v) grad div u(zx, t) + 2a curl u(z, t)
+(y+e)Aw(z,t) + (B + v —¢)graddivw(z, t) + 4v curlw(z, t)

0?w(w,t)
—daw(z,t)+ 0G(x,t) = va

+2acurlw(z,t) + o F(z,t) =

where A is the Laplace operator.

If all the quantities involved in these equations are harmonic time depen-
dent, i.e., u(z,t) = u(z)exp{—ito}, w(x,t) = w(x)exp{—ito}, F(x,t) =
F(x)exp{—ito}, and G(z,t) = G(x) exp{—itc}, with 0 € IR' and i =
v/—1, we obtain the steady state oscillation equations of the hemitropic
theory of elasticity:

(n+ a)Au(z) + (A + p — «) graddivu(z) + (k + v)Aw(z)

+(6 + k — v) grad divw(z) + 2 curlw(x) + o c?u(z) = —oF (z),

)
(k 4+ v)Au(x) + (0 + k — v) grad div u(x) 4+ 2« curl u(zx) (2.8)
+(v+e)Aw(x) + (B + v — ¢) grad divw(z) + 4v curl w(x)
+(Zo? — da)w(z) = —0G(z);

here u, w, F', and G are complex-valued vector functions, o is a frequency
parameter.

If 0 = 01 + i02 is a complex parameter with oo % 0, then the above
equations are called the pseudo-oscillation equations, while for ¢ = 0 they
represent the equilibrium equations of statics.

Let us introduce the matrix differential operator corresponding to the
system (2.8):

L(0,0) := (2.9)
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where

LW(8,0) = [(p+ a)A + 0?3 + (A + pp — )Q(D),
L?)(d,0) = LB)(9,0) := (k + V)AL + (6 + £ — 1)Q(9) + 2aR(9),  (2.10)

LW(0,0) :=[(y +e)A + (To? —4a)|Iz + (B+7 — €)Q(D) + 4vR().

Here I}, stands for the k& x k unit matrix and

[0 —035 O
R(0):=| 03 0 -0 , Q(0) := [ 0,0} |3x3. (2.11)
[ =02 O U
It is easy to see that
i 82U3 — 83U2
R(O)u = | O3u; — Orus | = curlu, Q(0)u = graddivu, (2.12)
L 81U2 — 8211,1

R(-9) = —R(9) = [R(®)]T, Q(3)R(9) = R(d)Q(d) =0,
Q) =[Q)", [RO) =Q(0) —Al, [QO)]=Q()A.

Due to the above notation, the equations (2.8) can be rewritten in matrix
form as

L(9,0)U(z) = ®(z),
U=(uw)', @&=(@W o) :=(—oF(z),—0G(x))".
Further, let us remark that the differential operator
L(0) := L(0,0) (2.15)

corresponds to the static equilibrium case, while the differential operator

(2.13)

(2.14)

_ | L), o)
Lo(9) == [ L§3)(8), L§4)(6) » (2.16)
with
LP(0) = (u+ )AL + (A +p— 0) Q(9),
LE(0) = L(0) = (5 + V)AL + (5 4+ 5 — 1) Q(9), (2.17)

L(0) = (v + )AL+ (B+7—2) QD)

represents the principal homogeneous part of the operators (2.9) and (2.15).
It is evident that

L(0,0)U — L(O)U = (00*u, To*w)'. (2.18

Let us remark that the operators L(9,0) for real o, L(9), and Lo(9)

are formally self-adjoint, i.e., L(0,0) = [L(—0,0)]", L(0) = [L(-09)]"
Lo(9) = [Lo(-0)] "

)
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2.3. Green’s formulae
For real-valued vectors U := (u,w) ", U := (v/, ') T € [C%(QT)]5, we easily
derive the following Green formula
/ V- L@ + BV, U)] dx = / U’ T(0,n)U dS, (2.19)
Q+ a0+

where Q7T is a piecewise smooth manifold, n is the outward unit normal
vector to 9T, E(-, -) is the so called energy bilinear form

3
E(U,U)=EUU) = > {(n+ a)up,up,
pg=1
+(p — a)upgtigp + (K + 1) (Upgpg + Whgtipg)

+(k = V) (Upgwep + Whytigp) + (7 + €)wpywpg + (¥ — €)wp,wep

+6(u;,pwqq + wgqupp) + )\u;,puqq + ﬁw;,pwqq} (2.20)
with
3
Upg = Opllg — Zequwk, Wpg = Opwq, p,q=1,2,3. (2.21)
k=1

Here and in what follows a - b denotes the usual scalar product of two (in
general) complex vectors a,b € C'":

where the over-bar denotes complex conjugation. The proof of the above
Green formula immediately follows from the identity

3
U - LOY +EU,U) =Y 9y [l 7pg(U) + wj pipg(U)]. (2.22)
p,q:1

From (2.20) and (2.21) we get

2 2 2
EU,U") = 3A —:I; o (div U+ gf\ __:: 22 div w) (div u + gii 22 div w/>

(36 + 2K)?

1
Z(38+92v—
+3<g+7 3+ 2p

> (divw)(dive)
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3

Owj

)

oxy,

)
)

)

! !
aw k 8w b

i Jup,  Ouj K <0wk
+o [ Ly (=
2 k,j_zl,:k;ﬁj Or;  Ox,  p \Oxj
Ox; Oxp  p \O0xr; Oxy
Loy [0 Duy k(D O,
3 Pt Oxy  Ox; p \Orr Ox;
o [Quk 0 k(0w 0w
Oxy  Oxj;  p \Oxp Ox;
3
695, b
BT it ket i Tk
1 (0w  Ow, Owy, %
3\ Oz, Oxj Oxp Oz,

) (@ an)

8CC]‘ axk

)

+a (curl u + v curl w — 2w) . (curl u + L curl W' — 2w/)

«

2
+<€—
(&%

In particular,

) curl w - curl W'.

(%

(2.23)

B3 +2u 30+26 . \°
EU,U) = 3 (dlvu W) div w>
1 (30 + 25)? )
= 2
+3 (35—1— 312 >(d1 w)
3 2
o Z[?:?%?ﬁ?ﬂ
ko je it € Tk 1% X Tk
3 2
Ly [OQue Ouy k(O Ow;
3 = Ory  Ox; p \Oxp Oxj
+<7_ﬁ) 5 1<&% &%Y+1<%%_&%f
7 iy 2\ 0x; Oxp, 3\ 0z, Oxj
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2 2
+ (E - V> (curl w)? + « (curl u+ 2 eurl w— Zw) . (2.24)

« o

From physical considerations (positive definiteness of the potential energy
(2.24) with respect to the variables (2.21)), it follows that the material
constants satisfy the inequalities (cf. [2])

w>0, a>0 3X+2u>0, puy—r>2>0, as—1v>>0,

(3A+2u)(38 4 27) — (30 + 2k)2 > 0. (2.25)

These inequalities imply
v>0, ¢>0, A+p>0, B+7>0,
di:=(p+a)(y+e)—(k+v)? >0, (2.26)
dy = (A +2p)(B+27) — (6 + 2k)% > 0.

Lemma 2.1 LetU = (u,w) ! € [CY(Q)]® be a real-valued vector and E(U,U) =
0 in Q. Then

uw@)=laxz]+b, — w@)=a zEQ, (2.27)
where a and b are arbitrary three-dimensional constant vectors.

Proof. It easily follows from (2.24) and (2.25). ]

Throughout the paper L, W, Hy, and By (withs € IR, 1 < p < o0,
1 < ¢ < o0) denote the well-known Lebesgue, Sobolev-Slobodetski, Bessel
potential, and Besov spaces, respectively (see, e.g., [46], [47], [25]). We will
use the abbreviations W5 = W?*, H; = H®. We recall that H5 = W§ =
Bs,, W) = B,,, and H{f = Wlf, for any s € IR, for any positive and
non-integer ¢, and for any non-negative integer k.

IfU = UM +i U is a complex-valued vector, where U = (u(9), w0 T
(j = 1,2) are real-valued vectors, then

E(U,U)=EUW, v+ EU® U®),

and, due to the positive definiteness of the energy form for real-valued
vector functions, we have

3
BUT) 2o Y [(uf)? + @)+ @i)? + @22, (228)
p,q=1
where ¢g is a positive constant depending only on the material constants,

and u](gjq) and wj(ojé) are defined by formulae (2.21) with () and w¥) for u

and w.
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From the positive definiteness of the energy form E(-,-) with respect to
the variables (2.21) it easily follows that there exist positive constants c;
and ¢y such that for an arbitrary real-valued vector U € [C!(Q1)]°

BU,U) = /E(U, U)da

O+
3 3
> / > (B1g)? + Opw)?) + > 2+ w2 b da
o+ \pa=1 p=1
3
e / S (2 + w2 da, (2.29)
o+ P=1

i.e., the following Korn’s type inequality holds (cf. [11], Part I, §12, [26],
Ch.10)

B(U,U) = a1 HUH[QHl(Qﬂ]ﬁ -2 HUH[QHO(Qﬂ]ﬁa (2.30)

where || - || s (q+)s denotes the norm in the Sobolev space [H®(27)]°.

These results imply that the differential operators L(0,0), L(9), and
Ly(0) are strongly elliptic and the following inequality (the accretivity con-
dition) holds (cf., e.g., [11], Part I, §5, [26], Ch.4, Lemma 4.5)

6
S IE2 1> = Lo(&n-n =Y {Lo(&)brjn; Tk = €4 €% Inf (2.31)
k,j=1

with some constants ¢j, > 0 (k = 1,2) for arbitrary { € IR? and arbitrary
complex vector n € @°.

Remark 2.2 From (2.18)-(2.19) it follows that

/ {U’ - L(d,0)U — L(9,0)U’ -U} dx
Ot
_ / V- T(0,m)U — T(@,n)U" - U] dS (2.32)
o0t

for an arbitrary complex parameter o.
Remark 2.3 By standard approach, Green’s formula (2.19) can be ez-
tended to Lipschitz domains (see, e.g., [34], [26]) and to the case of complex-
valued vector functions U € [Wy(QF)]® and U € [W,(Q1)]° with 1/p +
1/p' =1 and L(9,0)U € [Ly(Q1)]° (cf. [25], [5], [26])

(2.33)

/ (U L) + BT de = (U, T@0)0), .

O+
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where (-, -)pa+ denotes the duality between the spaces [le,,/pp((?Qﬂ]G and
[B;Z,p(a(l*)]ﬁ, which extends the usual La-scalar product for reqular vector-
functions, i.e., for f,g € [L2(S)]® we have

6
<fvg>S_Z/fkgde_(fag)L2(S)-
=15

k=1

Clearly, in this case the functional T(0,n)U € [Bp_,;/p(aQ“‘)]G is correctly
determined by the relation (2.33).

3 Basic fundamental matrices

3.1. Matrices of fundamental solutions of pseudo- and steady
state oscillation equations

Let F,_¢ and F, ! , denote the direct and inverse generalized Fourier trans-

form in the space of tempered distributions (Schwarz space &’ (IR?)) which
for regular summable functions f and f read as follows

R? R ’ (3.1)

Moreover, for arbitrary multi-index o = (a1, a2, a3) and f € S'(IR?) there
hold

Flo“f] = (=i &)°FIf), F e f]=(i0)*Ff], (3.2)

where |a| = a1 + ag + a3 and £* = 77 £ £5°.

Denote by I'(z,0) = [['y;(z,0)]exe the matrix of fundamental solutions
of the operator L(0,0) (see (2.9)-(2.10))
L(0,0)(x,0) = d(x)I6. (3.3)

If we represent I'(z, o) with the help of the block matrices

[(z,0) = ) CTW = [I‘(j)
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then (3.3) is equivalent to the relations

W9, 0) TV (z,0) + L& (9,0) T (z,0) = I36(x),
®)(8,0) W (x,0) + L (8, 0)I®) (2,0) = 0,

(8, 0)7® (,0) + L®(9,0) T (x,0) = 0, (&2)
®(3,0) 0 (z,0) + LD (3, 0)TW (2, 0) = I3 5(x),

Applying the Fourier transform to the equation (3.3), and taking into con-
sideration (3.2) and the equality F[4(-)] = 1, we get

L(~i&0)T(& 0) = Is. (3.6)
We assume that the frequency parameter ¢ is complex, in general:
o =01+ 109, Ul,UQERl. (3.7)

We have to determine I'(€, o) from (3.6) and afterwards, by inverting the
Fourier transform, to construct explicitly the fundamental matrix I'(z, o).
To this end, first of all we have to find L=!(—i ¢, o). We set

r=ld=VETETE
A(§) = LW(=i&,0) = [=(p+ a)r? + po?]Is — (A + p— ) Q(&),

B(€) = LD (=i&,0) = —(r + v)r2L; — (6 + k — 1)Q(€) — i 2a R(¢), (3:8)
D

(&) = LW(=i&,0) = [(To® = 4a) = (v +&)r?]I3
—(B+7-2)Q(E) —i4v R(©),

where R(:) and Q(-) are defined by (2.11).
It is evident that

A B
Note that, due to (2.9)-(2.13),
(—i€,0) = [L(i€,0)]" = L(i€,7),
A§) = A(=€§) = AT(€), B(§) =B'(=¢), D) =D"(-¢),
Q) =1QE)]", [RE)]" =-R(E) = R(-¢),
Q(ER(€) = R(E)Q(E) = 0,1Q(&))* = r*Q(&), [R(§)]* = Q&) — r* L.

Therefore the matrices A, B, and D commute to each other, which allows
us to apply the Schur formula (see, e.g., [12], Ch.2, §5)

A B
B D

(3.10)

detL(—if,a):det[ } det [AD — B?. (3.11)

o7
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By (3.8) we get
AD = {(p+ )(y +e)r* — [(u + ) (Zo? — 4a) + (v + &) po?]r?
+po?(To® —4a)y B+ {r*[(n+a)(B+y—e)+ (A +p—a)(y+e)
+ A+ pu—a)(BH+y—e)] - (\+u—a)(Zo? - 4a)
~(B+7—e)po”} Q) +idv[(n+a)r® — po®] R(E),
B ={(k+v)?r* +40®r*} L +ida(k+v)r? R(¢)
+{[0+K—-v)?+2(k +v)(6 + K —v)] r* — 4’} Q(&).
Whence
AD — B? = al3 + bQ(€) + icR(€), (3.12)
where
a=r{(u+a)(y+e) = (k+v)°]
—r?[(n+ a)(Zo”® — 4a) + (v + €)po” + 407
+pc?(To? — 4a), (3.13)
b=r’[(p+a)(B+y—e)+A+p—a)y+e)
+A+p—a)(B+y—c)—(6+K—v)?
2k + 1) (6 + K —v)] = [(B+7 —&)po
+ (A + o — a)(To? — 4a) — 407, (3.14)
c=r*[4v(p+ a) — da(k + V)] — dvpo?. (3.15)
By direct calculations we arrive at the equality

a+b&d  bE1&e —icks b€z +icks
det [AD — B?| = | b&1&g +icks  a+bE5  b&xés —icky
b&1&s —icky béals +icEy  a+ b&s

= a® + a®br? — bP 26765 + 26565 + 26765 + €1 + & + &3] — ac*r?
= a® 4+ a®br? — b (&2 + €2 4 £2) — ac’r?

=ad*(a+br?) — A2 (br? 4 a) = (a + br?) (a® — *r?).

Thus
det L(—i¢,0) = det[AD — B?] = (a + br?)(a® — ¢*r?). (3.16)
Note that
a—+br? = r (A +2u) (8 + 2v) — (6 + 26)%] — r2[(B + 27)po>

+(\ +2u)(Zo? — 4a)] + po*(To? — 4a). (3.17)

58



Mathematical Problems of the Theory of ... AMIM Vol.8 No.1, 2003

On the one hand

a? — r? = (a+cer)(a — cr), (3.18)

where (a £ cr) are fourth order polynomials in r
ater=r(p+a)y+e)— (k+v)? £ rdv(p+ a) — da(k + v)]

—12[(u+ @)(Zo? — 4a) + (v + €)pa? + 4a?] F rdvpo?
+po?(To? — 4a). (3.19)

On the other hand

a® — At =r¥[(u+a)(y +¢) — (s +v)4? = 2[(u + Q) (v +¢)

—(k+)?)[( + @) (To? — 4a) + (7 + €)po? + 4a?]

+4a(k +v) —dv(p + @))?} + rH{[(p + @) (Zo? — 4a)

+(v 4 €)po? 4 402 4 2p0* (Lo — 4a) (1 + @) (v + €)

—(k 4+ v)?] + 8vpc?[dv(p + o) — 4a(k + )]}

—1r2{2p0?(Zo* — 4a)[(u + @) (Zo? — 4a) + (v + €)po? + 4a?]
+1602p%0 1} + p2ot(Zo? — 4a)?. (3.20)

Due to the evenness of the functions a(r), b(r), and ¢(r) it is evident that
if » = rq is a root of either the equation a(r)+b(r) 7% = 0 or a(r) —c(r) r? =
0, then so is r = —ry.

Denote the roots of the equation a+br? = 0 by +k; and +k,. Similarly,
let the roots of the equation a? — r2¢? = 0 be ks, +k4, +ks, and +kg.

Then
a+br? =dy(r® — E?)(r? — k3),
2( i) 3) (3:21)
a? = 2 = B — )~ )2~ ) — ),

where (for simplicity) we assume that
k; #k, for j #p, Skj >0, andif Sk; =0, then k; > 0. (3.22)

Note that k; > 0 and ks > 0 for Zo? — 4a > 0.
By (3.16), (3.21) and (3.22) we conclude that

)

a2 — 22
=dida | [(r* = K2). (3.23)

Jj=1

det L(—i ¢, o) = det[AD — B% = (a + br?)(
6
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Now let us recall (3.5) and (3.8) to write

A B f(l)(&U) f(2)(§’g) (5o
[B D} IO (¢, o) TW(E, o) —[ 0 13]' (3.24)
Whence

ATW(¢,0) + BI®)(¢,0) = I, ATO(¢,0) + BTW (¢, 0) =0,
Br((¢,0) + DTG (¢, 0) = 0, BT@)(¢,0) + DT (¢, 0) = L.

In turn these relations yield

{ (AD - B*)TW(¢,0) = D, { (AD — B?)
(AD — BA)TG)(¢,0) = —B,
Denote (cf. (3.12))

M := AD — B? = al3 4+ bQ(£) + i cR(€). (3.26)
From (3.25) it follows that

(¢, 0) = M~1D,

—~ ~ . (3.27)
T (0) =T (& 0) = —M'B, TW(0) = MA.
It can be easily checked that
= M~'D —-M'B 1, .
F(S’ U) - [ _M—IB M—IA :| =L (—Zf, 0). (3.28)

Remark that det M = det[AD — B?] = det L(—i&,0) is given by (3.23).
Let us construct the matrix inverse to M. To this end first we construct
the matrix M* = [M};]|3x3 adjoint to M. The matrix M can be written as
follows

a+b&d  b&i&s —icks b&1€s +icks
M= | baé&+ic€s  a+b&  b&bs —ick
bé1&s —icky béals +icEy  a+ b&l

Therefore we easily get

a+b&f  b&abs —ick

(3.29)

Mﬁ:' bents + 1 by o+ be2 = a(a + br®) — (ab+ )€,
b ] b —1 .
Mo == ‘ bgg fiiﬁi &fi bfzé‘icgl = —i(a+br¥)egs - (ab+ M),
« | b&1&a +icks a + b2 B .
Mar = ' b€183 —ica b&2&s3 + i20€1 = ~(ab+ )6y +ila+ bk,
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* bflfQ - 1'053 bflf{’, + icé'Q . 9 )
Mip=- ‘ béobs +ic&t  a+b&E | i(a+br7)eg — (ab+ )16,
b 2 b .
M, = ' bflagz_—gilcég Efi—!l—)g%c@ = a(a+br?) — (ab+ ¢*)&3,
* a + b£2 b§1£2 — Z'ng o 9 ) )
M3, = “ brEs — icky bats +ice, | = (@0 N6k —ilatbr)ety,

My, = ' b&182 —icf3  b&1&3 +icky | _ —(ab+ A)rts — i(a + br) ek,

a+b&f  b&&s —ick

a+ be? b&1€3 + icko

Mis =~ ‘ bE1Eo + icks bEals —icky | —(ab+ ¢*)&28s + i (a + br?)céy,
* a-+ bfz b&1&2 — icks B
M33 - ' bfl&% + 11653 a4 bgg = CL(CL + br2) _ (ab € 02)532)‘

These formulae imply
M*(€) = [Mj;] = aa+ br*)Is — (ab+ ¢*)Q(&) —ic(a+br?)R(). (3.30)
Therefore we finally have

. 1 1

det M (S) M(E) = (a4 br?)(a? — c2r?) o

a+ br?)I3

—(ab+ A)Q(€) —icla + br)R(€))]. (3.31)

Since M* commutes with the matrices A, B, and D, from (3.28) it follows
that

(¢, 0)
:[ D(¢) —B(f)} [M*(g) 0 ] 1
~B() A 0 M) | (atbrd)a® —cAr?) (339
_ | D) -B() M) 0 1
B [ —-B(§) A(«E) } [ 0 M(¢) ] 3 dy T0_,(r2 — k2)

By the inverse Fourier transform we conclude

I(z,0) = F ', [T(€0)]

1 [D(z'@) —B(z’@)]

¢—a T &dy | —B(i0)  A(i0)
M*(i0) 0 1 1
X [ 0 M0) } F 0= k?)] (3.33)
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where
A(i9) = LW (=i &, 0)|e=ip = L1 (8, 0),
B(id) = L®(—i &, 0)|¢=ip = L?(0, 0), (3.34)
D(id) = LW (=&, 0)|e=ip = L?(9, 0),
while
M*(i0) = M*(§)|e=io = a™(0)[a"(9) — b"(9)A]I3
+[a*(9)b"(9) + [¢*(9)]*] Q(9) + ¢*(8)[a*(9)
—b*(0)A|R(9) =: M*(9) (3.35)
with

a®(0) = [(n+a)(y +¢) = (5 +))JAA + [(1 + @) (To® — 4a)
+(y + €)po? + 4a2]A + po?(Zo? — 4a),

b (0) = ~[(n+a)(B+v—e)+ A+ p—a)(B+27)
O+ k—v)? =2k + V)6 + K — VA (3.36)

—[(B+7 —e)po® + (A + p — a)(Zo® - 4a) — 4a?],
() = 4ok + 1) — v(p + a)]A — dvpo?.
To simplify (3.33) we apply the following representation and implications:

6 , 6 6
N

7=1

-1
6
— pj= { 11 (k;]?k?)] : (3.37)

Note that, if Sk; > 0, then in the space of tempered distributions S'(IR?)
there holds

lEI<R
etk; |z|
— 1 = 3.38
~ g, | @ W Tt 35
lEI<R

where the limits are understood in the sense of the space S’(IR?), while for
Qk; = 0 we have (the limiting absorption principle)

1 1 eik]"m|
-1 o1 _
7 [7"2 — kf] =7 L,z — (kj + i0)2} dr|z|” (3.39)
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The above equalities along with (3.33) give the following form for the fun-
damental matrix

1 LW(9,0) —L?(9,0)
T, o) = T dnd? dy { —“L@@,0) LW(8,0) ]
M*©@) 0
— v
8 [ o o | Y0
1 LD (9,0)M*(8) —L®(d,0)M*(9)
. T2 77 v 3.40
47 d3 dy [ —LP(9,0)M*(8) LMV(9,0)M*(9) (), (340)
where
eikj‘x|
U(z,0) =) pj (3.41)
= =l
with k; satisfying (3.22).
From the equality
;01(7“2 - k‘%) . (7‘2 - k:g) +p2(r2 — k%)(r2 — k‘g) . (7‘2 - k:g)
o+ pe(r— kD). (k) =1, (3.42)

it follows that the numbers p; possess the properties

EiMpr 4+ kg"ps =0, m=0,4, ki'pi+--+ki’ps=1.  (3.43)

In view of (3.43) it follows that

6 6 0o 4. 6 [e's}
Pi ik p (ik;|z|)? (ik;)7, o
IZECEED W DL o ol
j=1 j=1 q=0 ) j=1 ¢=0
00 . 6
|9~ 144 q ]9~ 14 q
SR Ll P S SR - S
q=0 j=1 q€{1,3,5,7,9} J=1

R N K UL

_Tm+zz q!

q=11 j=1

(3.44)

which shows that the fundamental solution (3.40) has the singularity O(|z|™!)
in a vicinity of the origin, since the entries of the matrix L) (9, o) M*()
(j = 1,4) are differential operators of order 10.

Remark 3.1 Note that (3.40) can be written in the form

[(z,0) =Y TW(z,0), (3.45)

Jj=1
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where
f(j)(x’ o)

D LW, 0)M*0) —LP(9,0)M*@) | el
T 4r d% ds _L(Q)(a7 o) M*(9) L(l)(a’o_)M*(a) 7]

. (3.46)

This representation shows that the entries of the matriz f(j)(:c, o) and its
derivatives satisfy the Sommerfeld radiation conditions at infinity:

(;;[f(j)(x, g — i [T (2, 0) ] = exp{—Sk;|z]} O(|z72)  (3.47)

as |x| — 4o0.

Remark 3.2 The entries of the matrix @ (z,0) and its derivatives satisfy
also the following conditions at infinity:

0~ LT~ _
00 — iy T 0,0 = exp{~Shlal} Ol ). (3.8)

These asymptotic equalities can be differentiated any times with respect to
the variable x.

Remark 3.3 Note that

F(—x,a) = # /[L(—if,a)]l PR dé€ = 8% /[L(l 670)]71 eir d¢
R3 R3
:iﬁﬂﬂ%aﬂ*wmﬁzwmﬂi

R3
where the above formal integrals are understood as generalized Fourier trans-
forms.

Remark 3.4 In the case of repeated roots (i.e., when (3.22) is violated) the
fundamental solution can be obtained from (3.40) by the limiting procedure.

Remark 3.5 More careful analysis show that for o =0
0% Tyj(2,0) = O(Jz| 7171

for k,j =1,6, and moreover,
0% Tyj(2,0) = O(Jz| 7>~ 1)

for either k >4 or j >4 as |z| — 400.

64



Mathematical Problems of the Theory of ... AMIM Vol.8 No.1, 2003

3.2. Principal singular part of the matrix (3.40)

In this subsection we will construct explicitly the principal singular part
of the fundamental matrix (3.40) of the operator L(0,0). This principal
part I'g(z) represents a fundamental matrix of the operator Lo(9) defined
by (2.16) and solves the equation:

Lo(a) Fo(m‘) = (5(1’) I6- (3.49)

By the same approach as above, with the help of the generalized Fourier
transform, we reduce (3.49) to the equation in the space of tempered dis-
tributions S'(IR3)

Lo(—i &) To(&) = I, (3.50)
where
) = _[A© B©] g [T T
Ao(§) = —(p+ a)r?ly — (A + p = a)Q(€),
Bo(€) = Co(§) = —(k+v)r?Ls — (8 + £ — v)Q(&), (3.52)
Do(&) = —(y + )’y — (B+v — €)Q().
The equation (3.50) is equivalent to the relations

AT + BT = 15, BTV + DT = o,

ATP 4 BT =0, BeL'® + DT = I, (359
whence it follows that
(AoDy — BHTY = Dy, (AeDo — BHTY) = —By, 550
(AoDo — BITW = Ay, (AgDy — BT = — B, '
Therefore
where My = AgDo — B3. Note that (cf. (3.16))
det Mo = det[AgDy — B3] = det[agl3 + boQ(€)]
with (see (2.26))
ap = [(u+ ) (y +¢) — (k +v)}rt = dyr,
bo=[A+2)(B+y—e)+(v+e)A+p—a)— (6 +rK— 1)
—2(k+v)(6 + K — v)]r? = (dg — dy)r?. (3.56)
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Simple calculations lead to the equality
det Mo = det[aols + boQ(&)] = (ap + bor?)ad = d3 dy 2. (3.57)

Moreover, the matrix Mg (€), adjoint to My(§), reads as follows (cf. (3.30))

Mg (&) = dir°[dar? I3 — (d2 — d1)Q(€)]- (3.58)
Therefore, the matrix M, *(¢), inverse to My(¢), has the form
—1 _ 1 * _ 1 2 . o
My (&) = det MI(6) Mg (§) = dydy 1 [dor® I3 — (d2 — d1)Q(E)]. (3.59)

Taking into consideration that

Mo_l(g)Ao(f) = didyr? [dQ(M +a)rily

+{Ad2 + (2d1 — d2)p — d2a}Q(E)] (3.60)
My (€)Bo(€) = W [da (ks + v)r?I3

+{dd1 + K(2d1 — d2) — dav}Q()], (3.61)
My HODo(€) = 77 [da(y + )7’y

+H{Bd1 +v(2dy — da) — d2e}Q(§)], (3.62)

from (3.55) we get
1 1 1 1

Lo(§) = M g (3.63)
where
(y+e)ls —(k+v)l3
A = 3.64
1 [ k) (ur o) |’ (3.64)

Ay =

[ By + (2dy — do)y — dae]Q(x)  —[0dy + (2d1 — do)r — dav]Q() ] (3.65)
—[0dy + (2d1 — d2)k — dav]Q(z)  [Ady + (2d1 — da)p — d2a]Q(x) '

We arrive at the equality

"~ 8ndidalz] {[ A AB) } - [ H (3.66)
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with
AW = [day(y+e) + di(8+29)]I5,
A® = _[dy(k+v) + di(0 + 2)] I3,
AB) = [dy(p+ ) + di (A + 2p)] I,
BW(z) = [di(B+2y) — daly +2)]|z[Q(x),
BP(z) = —[di(6+2k) — da(r + v)]|2|2Q(x),
BO(z) = [di(A+2p) — da(p+ a)]|z| Q).

We can easily see that the entries of the matrix I'g(z) are homogeneous
functions of order —1 and in a vicinity of the origin (i.e., for small |z|)

9*[[(x,0) — To(z)] = O(|z| 1o (3.67)

for an arbitrary multi-index a@ = (a1, a9,a3) and an arbitrary complex
number o, which shows that I'g(x) is a principal singular part of the matrix
I'(z,0). Actually I'g(x) is a kernel function of a parametrix operator for
the differential operator L(0,0) (it does not matter whether (3.22) holds
or not).

3.3. Special representation of the principal singular part

In this subsection we derive some formulae which will help us to calculate
the principal symbol matrices of the boundary integral (pseudodifferential)
operators generated by the single- and double-layer potentials (see Section
4).
We have
1 ) 1 )

To(x) = —=—= [ [Lo(&)] te ™ dé = —— [ [Lo(&)] ' e'®Cde, (3.68

@) = ~grg [ @) e = o [ (La() e at, (3.68)
where the above formal integrals are understood as generalized Fourier
transforms, i.e.,

We recall that Lo(€) is a positive definite matrix for ¢ € IR3\ {0}.
Let E = [ex;|3x3 : IR? — IR? be an orthogonal matrix with det £ = 1:
EE'=E"E=1. (3.69)
Then

[Lo(@)) e F=tde = —— [ [Lo(BOI e < e

T'y(Ex) = el
0( m) 87T3 R3

87T3 R3

1 wef 1 . -
= 4772/15:2 1T {_277/15:1 [Lo(E €)] tei738s dgg} dg, (3.70)
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where 7 = (.’E17I‘2), 5 = (51752)) i'e'7

Ty(Ex)=F! [_1 /Bl[Lo(Eg)}lemES dés| . (3.71)

§—T 2

This implies (due to the Cauchy integral theorem for analytic functions)

1 )
fngg Co(Ex)] = 5 . [LO(Eg)]fle—mggg dés

:{ _if€+[LO(E€)]—1€—iI3§3 df?, for I3§07 (372)

o [ [Lo(B | e deg for 23>0,

where ¢ [resp. £7] is a closed simple curve in the upper [resp. lower] half-
plane of the complex £3-plane (§3 = & + &%) enveloping all the roots (with
respect to &3) of the equation det Lo(E &) = 0 with positive [resp. negative]
imaginary parts. Clearly, (3.72) does not depend on the shape of £* [resp.
.

The integration in (3.72) is performed counter clockwise. It can easily
be shown that the entries of the matrix (3.72) are homogeneous functions
in gof order —1.

From (3.72) it follows that the matrix —F5 ¢ [Co(E x)]|z5=0 ot is
X

positive definite for arbitrary £ € IR\ {0} due to the accretivity condition
(2.31). This matrix represents the principal homogeneous symbol (modulo
a positive constant multiplier) of the single-layer potentials associated with
the matrices I'(-, o) and I'g(-) (see Sections 4 and 6).

4 General integral representations

4.1. Representation formulae for bounded domains

In what follows we assume that the boundary S = 0% is C**0-smooth,
with integer £ > 1 and 0 < ap < 1, and n(z) stands for the outward unit
normal vector to Q7 at the point z € S. The symbols [-]* denote the
limits on S from QF.

Let us introduce the generalized single- and double-layer potentials, and
the Newton type volume potential

VOe)w) = [ Ta=p.0)ew)ds, veR\S, (4.1)
W) (p)(z) = L[T(3y7n(y))F(y —z,0)]" p(y)dS,, z € R*\S, (4.2)

NE(0)@) = [ Tl =p.o) ) dy, =< R (43)
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where T'(0,n) is the stress operator of the theory of hemitropic elastic-
ity (see (2.4)), I'(-,0) is the fundamental matrix given by (3.40), ¢ =
(01, --,p6) " is a density vector-function defined on S, while a density
vector-function ¢ = (11, ---,4) " is defined on Q € {Q+, Q7 }.

Due to Remark 3.3 and the equality

Lij(02.0) (IT(@y ()T (y — 2, 0)]"),,

= Ly;j(02)Tpq(9y, n(y))Lgi(y — x, 0)
= TPQ(ayv n(y))Lk‘j (8:1:)qu (y - T, U)
= Tpg(9y, n(y)) Lkj(0x)Ljg(z —y,0) =0, z#y,

it can easily be checked that the potentials defined by (4.1) and (4.2)
are C*°-smooth in the domain IR?\ S and solve the homogeneous equa-
tions (2.8) (F' = 0, G = 0) for an arbitrary Ly-summable vector function

)

. The volume potential Ng; (1) solves the non-homogeneous equation
L(0,0)U(x) = 9(z) in QF for ¢ € [CV0(QT)]E.

The single- and double-layer potentials, and the volume potential con-
structed with the help of the fundamental matrix I'g(-) (the principal sin-
gular part of the matrix I'(-, o)) will be denoted by Vp(¢) and Wy(yp), and
Noa(), respectively. Clearly, Vo(¢) and Wy(yp) solve the homogeneous
equation Lo(0)U(z) = 0 for an arbitrary L,-summable vector function ¢.

By standard arguments we can prove the following assertions (cf. [33],
Ch. I, Lemma 2.1; Ch. II, Lemma 8.2).

Theorem 4.1 Let U be a regular vector of the class [C*(QT)]%. Then there
holds the following integral representation formula

WO ([UTH) () — VO(TUI) (2) + NS (LD, 0)U) ()

_{ U(z) for ze€Qt,

0 for z€Q. (4.4)

Theorem 4.2 Let U be a regular vector of the class [C*(QT)]. Then there
holds the following integral representation formula

Wo([UT") (@) = Vo([ToU] ™) (@) + No o+ (Lo(9)U) ()

[ U(x) for ze€QT,
N { 0 for xe€ Q. (45)
Note that these theorems can be extended to the case U € [H(Q1)]% with
L(9,0)U € [La(27)]% and Lo(9)U € [L2(221)]° by a standard approach
(cf., e.g., [25], [5], [26]).
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4.2. Sommerfeld-Kupradze type radiation conditions and
representation formulae for unbounded domains

In this subsection we will derive integral representation formulae in the case
of unbounded domains with compact boundary. To this end we introduce
a special class of radiating functions.

We say that a Cl-smooth vector function U = (Uy,---,Us) " satisfies
the generalized Sommerfeld-Kupradze type radiation conditions in Q7 if

6
Ux)=>» U9(z) in Q, (4.6)

U(]) — (Ul(J)’ e Uéj))T, AUIEJ)(J;) + k;? U[gj)(éﬂ) — 0’ j,p = 1, . 6, (47)

with k; satisfying (3.22), and for sufficiently large |x| there hold the rela-
tions:

U () = exp {~Shjlz]} O(l2] ),
0 U9 — k. 7 UY) — o O(lz~2 R (4:8)
AU =ik 81U (@) = exp (S fal} O(Jal ), jop=1-+-,6,
where = z/|z| and &; = x;/|z|, | = 1,2, 3.

Denote the above described class of vectors by SK(27). Vector func-
tions of this class will be referred to as radiating vectors. Due to Remarks
3.1 and 3.2 it is evident that the columns of the fundamental matrix I'(z, o)
are radiating vectors.

We recall that Sk; > 0, and if Sk; = 0, then k; > 0 (see (3.22)).
Therefore,

kj+k,#0 for j,p=1,---,6. (4.9)

Now we are in the position to prove the following

Theorem 4.3 Let U € [C1(Q7)]° be a regular radiating solution of the ho-
mogeneous equation L(0,0)U(x) =0 in Q~. Then there holds the following
integral representation formula

U(z) for ze€Q,

0 for =€ Qt. (4.10)

WU ) (@) + VO (TU ) ) = {

Proof. Let R be a sufficiently large positive number such that Qf C
B(O, R), where B(O, R) is the ball of radius R centered at the origin O.
Denote Q := Q™ NB(O, R). Let x € Q~ be an arbitrary point and choose
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R such that x € Q. Write the integral representation formula (4.4) for
U(x) in the domain

Ulz) = =WO([U])(z) + VO(TU])(z) + ¥(z, R), (4.11)
with
U(z,R) :=

A . A (112
. Am@,ire—e.ol" v6) - 1@ = 50T 0, U} a2

where ¥ is the boundary of B(O, R) and § = y/|y| is the outward normal
to ZR.
Further, let
U(z) = Ulx) + WU )(z) — VO(TU]) (). (4.13)
From (4.11) we then have
U(x) =¥(z,R), =€ (4.14)

Note that the left-hand side expression U(z) does not depend on R.
Let us integrate the last equality with respect to R over the interval
(R1,2R;) and divide by R; where R; a sufficiently large number. We get

2R,

/ U(z, R)dR. (4.15)

R

0(w) =

In what follows we show that for a radiating solution U, the right-hand
side expression in (4.15) tends to zero as Ry — 0.

To this end, note that for a fixed = and sufficiently large |y| we have
(see (2.6) and Remark 3.2)

6
T(0y, 9)U(y) = > _{i k; To(9, 9)UY (y) + A@G) UV ()} + O(RT?), (4.16)
j=1

T, )y —v,0) = Y {ikh; To(@. )Ty ~ 2,0)

j=1
FAGTO (y = 2,0)} + O(R), (4.17)
where (see (2.6))
[ Olges 20R()
A= | S (418)
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since U and I'(+, o) are radiating. Evidently,
AU (y) = 2a g x oD (y), v §xwP(y)]".

Therefore, from (4.15) and (4.12) it follows that

2R,
U(z) R1/ dR/Z ’Lk To(9,9 ()( —z,0)

g 19= 1

FA@TO @ - 2.0)] UD ) — [y — 2.0))  liky To(5. U (0)

+A@G) U ()]} dSg + O(RTY). (4.19)

To show that the right-hand side in (4.19) tends to sero as Ry — oo it
suffices to prove that

2R1
Yiq(R1) = / dR / 9D (Rj)R*d%; — 0 (4.20)

hO(Rg) = O(R™Y),  ghV)(R) —ik; hO)(R) = O(R™?), (21)
g D(RY) = OR™), Frg'D(Ry) — ik hD(RG) = O(R2).
Note that h0)(Rg) = TW(Rj — z) and ¢g@(Ry) = U (Ry) satisty the
above relations due to the radiation conditions (4.8).

Taking into consideration that k; 4 k; # 0 we get

h9)(Rg) g\ (Ry)
1 . .
_ 1 (D) (R oD R D (piYi @ ( s
i(k:jJrkq)[Zk]h (Ry) ¢'Y(Ry) + hV (Ry)ikq g'? (RY)]
1
i(kj—i-kq)

OhW) (R9) (

. N 099D (Ry
ey 9 (Ry) + hV) (Ry) 09\ (Ry)

OR

+ O(R™3).

Therefore from (4.20) with the help of the integration by parts formula
we derive

2R1 o
» () (DR -1
iq(R1) = & /21 d / k ) R[h (Ry) 'Y (Ry)|dR+ O(R{ ")

= W/El {[RQh(J)(R ) (Q)(RQ)]%‘?
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2R,
- / h9)(Rg) g(q)(R@)QRdR} A%,
Ry

1

=— [ o) dx, = O(R;! 0 R )
iy + k)R Jy, OB = O] = 0 as Ja = oo

Thus 9j4(R1) —) as Ri — 400, which shows that the right-hand side
in (4.19) tends to zero as Ry — +oo. In turn this yields U(x) = 0, whence
the proof of the equality (4.10) follows for z € Q™.

The proof for the case x € QT may be verbatim performed. [

4.3. Uniqueness result for the whole space

Here we prove the following

Theorem 4.4 Let k; (j = 1,6) satisfy the conditions (3.22), and let U be
a radiating solution of the homogeneous equation L(0,0)U(x) = 0 in IR3.
Then U vanishes identically in IR3.

Proof. Fix a point 2 € IR? and choose a positive number R such that |z| <
R. Due to Theorem 4.1 we can write the general integral representation
formula for the domain B(O, R) at the point =

U = [ {T@. it -0 Ue)
Tz~ 9,0) (0, 5)U ()} A0 (122

Applying the same arguments as in the proof of Theorem 4.4 (i.e., by
taking the integral mean value over the interval (R;,2R;)) we can show
quite analogously that the integrals in the right-hand side of (4.22) tend to
zero as Ry — oo. This completes the proof since x is an arbitrary point. |

5 Auxiliary BVPs

In this section we consider some auxiliary BVPs for the operator Lo (9) (see
(2.16)), which will help us to establish Fredholm properties of the boundary
integral (pseudodifferential) operators generated by the potentials (4.1) and
(4.2).

Problem (Io)]jf. Find a regular solution U € [C1(QF)]% to the differ-
ential equation

Lo(0)U(z) =0, ze€QF, (5.1)
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satisfying the Dirichlet type boundary condition
[U(x)] = f(z), ze€8=00% (5.2)

where f is a given vector function on S. o
Problem (IIo)jf. Find a regular solution U € [C1(QF)]® of the differ-
ential equation (5.1) satisfying the Robin type boundary condition

[To(0,n)U ()] £d[U(2)]* = f(x), €S8, (5:3)

where f is a given vector function on S and d is a given non-negative

constant.
In addition, in the case of exterior domain 2, we assume that

U(x) = (9(|x|_1), 0;U(x) = O(\fc|_2), j=1,2,3 as |z| — +oo. (5.4)

Clearly, when d = 0 in (5.3) we get the Neumann type BVP.

We have the following Green’s formulae for arbitrary real-valued vector
functions U := (u,w)", U’ := (u',u')" € [C?(QF)]° satisfying the condi-
tions (5.4)

/[Lo(a)U-U’+EO(U,U’)] dw = + /To(a,n)U-U'ds, (5.5)
O+ oN+E

where n is the outward unit normal vector to 9Q",

Eo(U,U") = Ey(U',U)

:3)\+2’M (divu—i—gé—i_zH div w> <div u’+35+2H div w’)
3 +2u +2u

1 CBa+2r)%Y .
3

K Oug  Ouj | K (Owp | Ow;

+2 Z [696]- * oxy, + I <8:rj * Oxy,

k,j=1,k#j
Ox; Oz, p \O0x; Oxy
i Z Oug _ uy % _Owy
oxy, axj Ory, Oz

" ouy, 8%4_5 Bw,g_ai;
al’k 81Uj 1% 8xk 8a:j
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3
(D) 5 ) (32
r)oeaa ki 2\ 0x; Oz Oxj  Oxy

oL (Owe 0wy (0w 0w
3 8xk 8a:j 8:Ek (%zj

+a (Curl U+ L4 curl w) . (Curl u + v curl w’)
« «

2
- <5 - a) curl w - curl W' (5.6)

In particular,

A+2 §+2 ?
EO(U,U):3 _:: H(divu—i-mdivcu)

3A+2u
1 (3(5 + 2&)2 . 2
- 2y —
3 <36+ T 2 >(d1vw)
3 ou ou; Kk [Ow Ow; \ 12
s it
ey € T 1% Z T

Ly [0 Dy %;%,2
31w | oxy, 856] Oz Oz

K2 i 1 /0w, Ow; 2 Owp  Ow; 2
.5 e Y
7 k,jg;k#j 2\ 0x; Oxy, 3\ 0z, Oxj

2 2
+ <5 - V) (curl w)* + « (curl w+ Zcurl w) ) (5.7)

o' a
Due to the relations (2.24) we easily derive that the equality Fo(U,U) =0
implies

Ulx) = ,b0")7, (5.8)

where b’ and b” are arbitrary three-dimensional constant vectors.
The following uniqueness results hold true.

Theorem 5.1 The homogeneous BVPs (Io)T, (IIo)§ with d > 0, and
(I1y), with d =0 have only the trivial solutions.

The homogeneous BVP (IIO)(T with d = 0 has the general solution of
the form (5.8).
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Proof. It follows from (5.5) and (5.7). [ |

6 Properties of potentials and boundary
pseudodifferential operators

The jump and mapping properties of the above introduced single- and
double-layer potentials and the corresponding boundary integral (pseu-
dodifferential) operators in the Holder (C**), Sobolev-Slobodetski (W),
Bessel potential (H,) and Besov (B, ,) spaces can be studied by standard
methods (see, e.g., [18], [10], [29], [3], [30], [31], [7], [8], [32], [33], and [26]).

We will use the following abbreviations (when no confusion can be
caused):

(a) if all elements of a vector v = (v1,...,vm) " (a matrix N = [Ni;lmxn)
belong to one and the same space X, we will write v € X (N € X) instead
of v e X™ (N € Xpxn);

(b)ifK:X1><X2><---><Xm—>Y1><Y2><-~-><YnandX1:X2:
=Xy, Y1 =Y =--.=Y,, we will write K : X — Y instead of
K: X™->Y"

Theorem 6.1 Let S € CF120 where k > 0 is an integer, 0 < ag < 1, and
let 0 < v9 < ag. Then the operators

VO Vy o CR0(8) — CRFL0(QF),

o (6.1)
W@ Wy o CF0(S) — CR0(QF),
are bounded.
For any g € C*0(S) and any x € S

VO(g)(@)]F = VO(g)(z) =H g(x), 62)
Volo)@)F = Volg)(x) = Hog(x), '
[T(0s,n(x))V O (g)(@)]F = [F27'Is +K]g(x), 63
[To(0z,n(2))Vo(g)(@)]F = [F27'Is + Kolg(), '
WO (g) (@)= = [£27 s + K g(2), 6.4)
(Wolg)(@)[F = [£27 s + K5 g(2), '
[0, (@)W (g)(@)]* = [T (0, n(2)) W (g) ()]~

— 1) g(x), (65)
[To(9s, n(2))Wolg)(@)]* = [To(ds, n(x))Wo(g)(x)]~ '

— »CO g(x), k > ]-7
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where
M = [¢T(z—y,0)g(y)dS,, (6.:6)
HOQ fs Loz —y) g(y) dSy,
KO g fS (O, n(z))T(x —y,0) g(y) dSy, 6.7)
’Cog fs To(9s, n(x))To(x — ) g(y) dS,, |
K% g(x) := [Ty, n(y)T(y — 2,0)]" gly) dS,, 68)
K 9(x) = [5[To(y.n(y)Toly — 2] g(y) dS,, '
g(o) g(x)
= limo+s, pes5 T(0:, n(z fS (Oy,n(y))'(y — 2, U)]T g(y) dSy, (6.9)
Lo g(x)

=limgis.pes T0(0z,n()) [5[To(9y, n(y)Toly — 2)]" g(y) dS,y.

Proof. The proof of the boundedness and smoothness results is quite sim-
ilar to the proof of Theorems 4.1-4.3, 5.1, 5.2, 7.1, 7.2, 8.4 in the reference
[18], Ch. V, and Theorems 4.1, 4.2, 10.1, and 10.2 in the reference [33], Ch.
-1

To establish the jump relations (6.2)-(6.5), in addidtion to the above
mentioned technique developed in [18], Ch. V, and [33], Ch. I-II, we need
the following equality

Is for xe€Q,
/[Tg(ﬁy,n(y))Fg(y —x)]"dS, ={ 27'Is for xS,
o 0 for z€Q,

which is an analogue of the well-known Gauss formula for harmonic func-
tions. B

Theorem 6.2 The operators V7, Vo, W) and Wy can be extended by
continuity to the bounded mappings

VO, Vo o H3(S) - HYQY) [H 3(S) — HL(27)],
WO, Wy = H3(S) — H\(QT) [H3(S) — HL(27)].

The jump relations (6.2)-(6.5) on S remain valid for the extended operators
i the corresponding functional spaces.

Proof. It is quite similar to the proof of the analogous theorems in [7], [8],
and [26], Ch. 6. -
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Theorem 6.3 Let S, k, vy, and ag be as in Theorem 6.1. Then the oper-
ators

H o CR(S) — CkLo(s)  [H2(S) — H2(S)], (6.10)
K+ CF0(S) — ck0(s) [H™2(S) — H 2(S)], (6.11)
K o oko(g) — cko(S)  [H2(S) — H2(S)], (6.12)
£ o CFL0(S) - cR(S)  [H2(S) — H 2(S)] (6.13)

are bounded, where
He {HD, Hyl, Ke{+27 s+ K, £27 s + Ko},
Le{L, Lo}, K e{+27 s+ K" +27 5+ K5

Moreover,

(i) The principal homogeneous symbol matrices of the operators £271Ig+
Ko and £27 11 + K4 are nondegenerate, while the principal homogeneous
symbol matrices of the operators Ho and Ly are positive definite; the oper-
ators Ho, £27 s+ Ko, 22716+ K5, and Loy are elliptic pseudodifferential
operators of order —1, 0, 0, and 1, respectively;

(ii) the operators £27 11 + Ko and £27 s + K are mutually adjoint
singular integral operators of normal type with index equal to zero. The
operators Ho, 2~ g + Ko and 2711 + K§ are invertible. The inverse of
Ho

Hy' s CHFI0(8) — CR0(S) [H2(S) — H(S)]

s a singular integro-differential operator;
(iii) the Loy and L9 are singular integro-differential operators and the
following equalities hold in appropriate functional spaces:

KiHo = HoKo, Lok = KoLo,
HoLlo = —4 I+ (K§)?,  LoHo = —4" I+ K3, (6.14)

K@ (@) Z y@) @) p@) @) _ (@) plo)
HOLO) = 471+ (K2 LN = 4711 + (K9))2; (6.15)

(iv) The operators —Hy and Ly are self-adjoint and non-negative elliptic
pseudodifferential operators with positive definite principal symbol matrices
and with index equal to zero:

<_H0ha h>5 > 07 <97 EOQ)S > 07 (616)

Vh € C(S), Yg € C10(S), [Yhe H™2(S), Vg € H2(S)],
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with equality only for h =0 and for
g= 0T (6.17)
respectively, where b/, € IR® are arbitrary constant vectors; here (-, -)4

6 6
denotes the duality between the spaces [H%(S)] and {H_%(S)} which

extends the usual [ Lo(S)]°-scalar product;

(v) a general solution of the homogeneous equations [—2~ 11+ K§lg = 0
and Log = 0 is given by (6.17) (i.e., ker Lo = ker (=27 115 + K}) is a six
dimensional null-space).

Proof. The mapping properties (6.10)-(6.13) can be shown by the standard
approach developed in, e.g., [18], Ch. V, [33], Ch. I-II, [26], Ch. 6.

The items (i)-(v) of the theorem can be established by invoking the
results of Subsection 3.3 and Section 5, and applying the same arguments
as in [4], [33], Ch. I, §§4 — 6, [26], Ch. 6. |

Corollary 6.4 Let S, k, v9, and ag be as in Theorem 6.1. Then

(i) the operators £2 7 I+ K@) and £2- I+ K\9)* are mutually adjoint
singular integral operators of normal type with index equal to zero;

(ii) the operators —H9) and £ are elliptic pseudodifferential operators
of order —1 and +1, respectively, with index equal to zero and with positive
definite principal symbol matrices.

Proof. It is a straightforward consequence of Theorem 6.3 (i) and (iv) since
the pseudodifferential operators with superscript o, defined by the formulae
(6.6)-(6.9), are compact pertubations of the corresponding operators with
subscript 0 given by the same formulae, due to the relation (3.67). ]

Applying the general theory of pseudodifferential operators and equa-
tions on smooth manifolds without boundary (see, e.g., [45], [10], [6], [40],
[41], [42] and the references therein) we can prove the following assertion.

Theorem 6.5 Let V@, Vo, W Wy, H, K, K*, and L be as in Theo-
rems 6.2 and 6.3. The boundary integral (pseudodifferential) operators (6.1)
and (6.10)-(6.13) can be extended continuously to the following bounded op-
erators

- s s+1+1 s s+141
V( ), ‘/0 : Bp,p(S) - HP : (QJr) [Bp,p(s) - HpJoc : (Q )]7 (618)
s s+1+3 s s+1+2
: Bp,q(s) - B}MI ! (Q+) [Bp,q(S) - Bp,q,locp (Q )]7 (619)
( ) S+l + S"l‘l _
W), Wy : By, (S) — Hy *(QF) [B,(S) — Ho 2 ()], (6.20)
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$ By g(5) — B;;%(W) (B ,(S) — B;;%OC(Q‘)]. (6.21)

H: Hy(S) — HytH(S)  [B;,(S) — By (9)), (6.22)

K, K*: Hy(S) — Hy(S)  [By4(S) — By (9], (6.23)
L:HPY(S) — Hy(S) [Byh'(S) — Bj ()], (6.24)

where s € IR, 1 <p<oo,1<g< o0, 5eC™.
The null-spaces of the operators (6.22)-(6.24) are invariant with respect
to p, q, and s.

7 Basic boundary value problems of
pseudo-oscillations

7.1. Formulation of the basic BVPs

Throughout this section we assume (if not otherwise stated)

o =01 +1i09, 01 € IR, o9 > 0;

kj # ky for j # p, Skj > 0 for j,p = 1,6. 1)
We shall investigate the following BVPs:
Find a solution U € (u,w)" to the differential equation
L(0,0)U(x) = ®(x) in QF (7.2)
satisfying one of the following boundary conditions on S = 9Q*:
Problem (I(?))* (the Dirichlet problem):
() = f(z), xe€8; (7.3)
Problem (I1(°))* (the Neumann problem):
[T(9,n)U(z)]* = F(z), z€S; (7.4)
Problem (I11(®))* (a mixed problem):
[U(x)]* = fp(x), =€ Sp, (7.5)
[T(9,n)U(z)]* = Fn(z), =€ Sy, (7.6)

where Sp and Sy are two open, disjoint parts of S and Sp U Sy = S.
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We look for either a regular solution (to Problems (I (U))i and (11 ("))i)
U e CHOE) N C?(0h) (7.7)

or a weak solution (to Problems (I(U))i, (II(U))i), and (III("))i)
UeH (QY) [UeH,L(27)]. (7.8)

Note that, due to the strong ellipticity property of the operator L(0,0)
and the restriction (7.1), an arbitrary polynomially bounded solution of
the equation (7.2) in 7, actually decays exponentially as |z| — +oo if
supp @ is compact (see (3.45)-(3.46)).

In the case of regular setting, the vector function ® and the boundary
data f and F belong to some Holder spaces

d € 0O (QF), supp ® is compact, f € CH(S), F e CO%(S), (7.9)
while in the case of weak formulation they belong to the functional spaces
feH:(S), FeH 3(S),
fp € H3(Sp), Fy e H 3(Sy), (7.10)

o e H1(QT) [@ € H! (Q—)} ,

comp

where for Q C IR? and M C S
H3(Q) := {® € H3(IR®) : supp® C O},
Hy(M) = {flm: fe Hy(S)},
By (M) = {flm: f € By (9)},
Hy(M) := {f € H(S) : supp f C M},
By (M) :={f € B;,(S) : supp f € M},

where f|r denotes the restriction of f to M.

As it is well known, even for C'°°-smooth domains and C°°-smooth
data, solutions to mixed BVPs do not belong to the space C%%0(QF) with
ag > 1/2, in general. Solutions or their derivatives have singularities at
the collision curves of changing boundary conditions. Therefore, we will
investigate the mixed BVP (I1T(°))* in the weak formulation and along
with the correct solvability in the corresponding functional spaces we will
establish Holder C%%-continuity of solutions (with exponent oy < 1/2).

Note that in the case of weak setting of the above BVPs, i.e., when U €
H'(QF) and the conditions (7.10) hold, the Dirichlet conditions (7.3) and
(7.5) are understood in the usual trace sense, while the Neumann conditions
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(7.4) and (7.6) are understood in the functional sense with [T'(9,n)U]* €
H~2(S) defined by the relation

([TO.U5, U5 )g = i/E(U, U’ da
O+

for all U’ € H'(Q%F), where (-, -)5 denotes the duality between H_%(S)
and Hz (9).

7.2. Uniqueness theorem

In this subsection we assume that Q1 and Q~ are Lipschitz domains.

Theorem 7.1 The homogeneous versions of Problems (I\0)*, (I1(0)*,
and (ITTC)E have only the trivial solution in the space H'(Q0F).

Proof. Let U € H'(QT) solve one of the interior homogeneous boundary
value problem mentioned in the theorem. We apply Green’s formula (2.33)

with U and U’ = U. We obtain (see (2.12))

/[E(U,U) — 05 Ju* =I5 |w|*]dz =0, (7.11)
O+
since <[U]'§ , [T'(0, n)U]§>S = 0 due to the homogeneous boundary condi-

tions. Note that E(U,U) > 0 due to (2.23).
Separating the imaginary part we get from (7.11)

20—102/[Q|u|2+1\w|21dx=o,
O+

whence u = 0 and w = 0 in Q7 follow if o1 # 0.
For o1 = 0 we have from (7.11)

/ (EQU,T) + 00 [ul? + T oF |w[?) dx = 0,
Q+

which implies U = 0 in Q7. Thus the conclusion of the theorem holds for
the interior problems.

The proof for the exterior BVPs in 7 is quite similar, since U €
H'(27) and we can write Green’s formula

/[U’ O+ B0 de =~ {075, T@m0T5) (112)
J
with arbitrary U’ € HY(Q7). [

82



Mathematical Problems of the Theory of ... AMIM Vol.8 No.1, 2003

Remark 7.2 It is evident that the nonhomogeneous BVPs (I19)*, (11(@))*,

(ITTC)* have at most one solution in the spaces H (QF) and C1(QF).

7.3. Existence results

In what follows, without loss of generality we assume that ® = 0 in (7.2),

since a corresponding particular solution Uj(cp ) can be written explicitly as

a volume potential (see (4.3))
U (@)= NQ@)) = [T —yo)oyy ce0, (113
[QE=
where I'( -, o) is the fundamental matrix (3.40) of the operator L(9, o).

7.3.1. Problems (I(°)* and (I1(?))*

First we consider the regular case, i.e.,
S =090 € Chao, f e Cl(9), (7.14)
FeC%0(S8),0<y<ap<1, k>2 '

We look for a solution to Problem (I(?))* in the form of the double-layer
potential (see (4.2))
U(z) = W (g)(x), =eQF, (7.15)

while a solution to Problem (I1(®))* we seek in the form of the single-layer
potential (see (4.1))

Uz) =V (h)(z), et (7.16)

where g € [C170(S)]% and h € [C?70(9)]¢ are sought for densites.

Invoking Theorem 6.1 and the boundary conditions (7.3) and (7.4) we
see that the BVPs (I(°)* and (1I(®))* are reduced to the singular integral
equations (see (6.8) and (6.7)), respectively:

[12—116 + /c<<f>*} g(z) = f(z), z€S8, (7.17)
and
[;2*116 + /CW} h(z) = F(z), z€S. (7.18)
Lemma 7.3 Let S, k, o, and o be as in (7.14). The operators
+27 1 s+ K1) . ¢90(8) — CY0(S) (7.19)
+27 g + K% . 000(8) — ¢00(9) (7.20)

are invertible.

83



AMIM Vol.8 No.1, 2003 D. Natroshvili, L. Giorgashvili, I. G. Stratis

Proof. Let us show the invertibility of the operator 27115 + K(©). By
Corollary 6.4 it is a singular integral operator of normal type with index
zero. Due to the general theory of singular integral equations (see, e.g.,
[18], Ch. IV; [27], Ch. XII-XIV) it remains to show the injectivity of the
operator in question. Therefore we have to prove that the homogeneous
equation

27 s + K h(z) =0, z€8 (7.21)

possesses only the trivial solution. This can be shown by standard argu-
ments.

Indeed, let h be a solution to (7.21) and construct the single-layer po-
tential

U(z) = VO (h) (). (7.22)

This vector solves the homogeneous BVP (17 (@))~ and therefore vanishes
in 27 due to Theorem 7.1. Since the single-layer potential is continuous
in IR?, the vector (7.22) solves the interior homogeneous BVP (I(®))* and
due to Theorem 7.1 vanishes in QT as well. Recall that (see (6.3))

h=[TVO )5 - [TV O 0.
Therefore h = 0. Thus the operator
271 + K9 . 000(S) — 0% (S)

is injective and, consequently, it is invertible.

Clearly, the same property holds also for the formally adjoint operator
271 g + KC(9)*,

The proof for the operators —2~ I + K(9) and —2~ 115 4+ K(9)* is word
for word. [

Remark 7.4 Applying the well known embedding theorems for singular in-
tegral equations (see, e.g., [18], Ch. 1V, §6), in the same way as above we
can show that the operators

+27 s+ K9, 427 5 + K% 0 Ly(S) — Lo(S)

are also invertible.

Moreover, since (7.17) and (7.18) are singular integral equations of nor-
mal type (i.e., the corresponding principal symbol matrices are nondegenerate)
we have that, if S is as in (7.14) and f, F € C¥=170(S), then the solutions
g,h € CF120(8) (see, e.g., [18], Ch. IV, §6).

Now we can formulate the basic existence results which immediately
follow from Theorem 7.1, Lemma 7.3, and Remark 7.4.
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Theorem 7.5 Let S and f be as in (7.14) with k = 2. Then Prob-
lems (IO)E (with ® = 0) are uniquely solvable in the space of regular
vector-functions. Moreover, the solutions belong to the space C170(QF) N
C>=(QF) and they can be represented by the double-layer potential (7.15)
where the density vector g € C1710(S) solves the corresponding integral
equation (7.17).

Theorem 7.6 Let S and F be as in (7.14) with k = 1. Then Prob-
lems (II')* (with ® = 0) are uniquely solvable in the space of regular
vector-functions. Moreover, the solutions belong to the space C17° (@) N
C>® (%) and they can be represented by the single-layer potential (7.16)
where the density vector h € C%7(8) solves the corresponding integral
equation (7.18).

Theorem 6.3 and Corollary 6.4 give us possibility to represent solutions
of Problems (I(°))* and (II(®))* by means of single-layer and doble-layer
potentials, respectively.

Theorem 7.7 Let S and f be as in Theorem 7.5. Then the unique reqular
solution of Problems (I\?))* (with ® = 0) can be represented in the form of
single-layer potential U(x) = V(O (h)(z) (z € QF) where the density vector
h € C90(S) solves the integral equation

H) h(z) = f(z), z€b. (7.23)
Proof. It can easily be shown that the operator
H) o c00(8) — ¢10(S) (7.24)

is injective. In what follows we will show that (7.24) is surjective. To this
end let us apply the operator £(?) to both sides of (7.23) to obtain the
equation

LOHD pz) =L f(z), ze€s, (7.25)

and prove that (7.23) and (7.25) are equivalent. Due to Theorem 6.3 and
Corollary 6.4, L7 H@) = —4=115 + (K(@))? is a singular integral operator
of normal type with index zero and by Lemma 7.3 the operator

L HEO) o c00(8) — ¢00(8) (7.26)

is invertible. Therefore equation (7.25) is solvable in the space C%(S) for
an arbitrary f € C10(9).

By standard arguments, with the help of Theorem 7.1, it can be shown
that £ p(z) = 0 on S implies ¢(x) =0 on S.
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Thus, if h solves equation (7.25) then it solves also equation (7.23), and
vice versa, i.e., equations (7.23) and (7.25) are equivalent.

From the above arguments it follows that the operator (7.24) is inverible,
which completes the proof. |

Theorem 7.8 Let S and F be as in Theorem 7.6. Then the unique regular
solution of Problems (I1C)* (with ® = 0) can be represented in the form of
double-layer potential U(x) = W9 (g)(z) (z € QF) where the density vec-
tor g € C170(8) solves the pseudodifferential (singular integro-differential)
equation

L9 g(z) = F(z), zeb. (7.27)

Proof. We have to show that (7.27) is uniquely solvable for an arbitrary
F € C%(S). As we have mentioned in the proof of Theorem 7.7, the
operator

£ . () — 000(8) (7.28)

is injective.
Next we establish that (7.28) is surjective. To this end let us apply the
operator H(?) to both sides of (7.28) to obtain the equation

H L g(z) = HD F(z), zeb. (7.29)

By Theorems 6.3 and Corollary 6.4 we have that the operator H(?) £() =
—47 g + (IC(")*)2 is a singular integral operator of normal type with index
zero and by Lemma 7.3 the operator

H(©@) (o) . C10(8) — CL0(9)

is invertible.

Therefore equation (7.29) is solvable in the space C170(S) for an ar-
bitrary F € C%7(S). Since the operator (7.24) is bijective, we conclude
that equations (7.28) and (7.29) are equivalent. In turn this implies that
(7.28) is surjective. Thus the operator (7.28) is bijective, which completes
the proof. [

By standard arguments we can extend the above existence results to
the case of the weak setting (cf. [7], [8], [16], [17], [13], [13], [26]). We have
the following theorems.

Theorem 7.9 The operators
£27 g + KO . H2(S) — H2(S), (7.30)
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27 s+ K@ . H3(S) — H2(S), (7.31)
H) . H3(S) — H2(S), (7.32)
£O) . H3(S)— H 3(S), (7.33)

are invertible.
Moreover, if S € C°° then the operators

£27 g + KO o HI(S) — H3(S)  [BS,(S) — B ()],
£27M g + K o HI(S) — HE(S)  [B5,(S) — BS(9)),
H o H3(S) — H3PY(S)  [Bs,(S) — Bitl(9)],

o . s+1 s s+1 s
L HyTN(S) = Hy(S)  [Byh'(S) = By (9)],
are invertible fors € IR, 1 <p < o0, 1 < g < .

Proof. It is a straightforward consequence of Theorems 6.2, 6.3, 6.5 and
7.1. | |

Applying these results we can easily prove the following assertions.

Theorem 7.10 Let f € H%(S) Then there exists a unique solution
U € H'(QF) of Problem (I©9))* which can be represented by a double-layer

potential U(z) = W) (g)(z) (x € QF) where the density vector g € H%(S)
solves the pseudodifferential equation on S

[+2 s + KO¥ g = f

(the sign "+” corresponds to the domain QF and "—” to the domain 7).

Moreover, the solution vector U can also be represented by a single-layer
potential U(x) = V9 (h)(z) (x € QF) where the density vector h € H_%(S)
solves the uniquely solvable pseudodifferential equation HO h = f

Theorem 7.11 Let F € H_%(S). Then there exists a unique solution
U € HY(QF) of Problem (IT9)* which can be represented by a single-layer
potential U(z) = V(O (h)(x) (z € OF) where the density vector h € Hfé(S)
solves the pseudodifferential equation on S

[F2 s+ KD h=f

»_»

(the sign corresponds to the domain Q% and "+ to the domain Q7).

Moreover, the solution vector U can also be represented by a double-layer
potential U(z) = W) (g)(z) (z € QF) where the density vector g € H%(S)
solves the uniquely solvable pseudodifferential equation £(°) g = F.
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Remark 7.12 Theorem 7.10 implies that a unique solution to Problem
(INE can be represented as a single-layer potential

Ulz) = V@) ([H(")]_l f) (z), =€ QF (7.34)

where f = U]t and [H\7)]~" is a pseudodifferential operator inverse to the
operator (7.32). Clearly, the principal homogeneous symbol matriz of the
operator [H\7)]~1 is negative definite (cf. Corollary 6.4).

Moreover, if [ € B;;l/p(S) with 1 <p < oo and 1 < g < oo, Problem
(I'N* has a unique solution in the space (B} ,(F)]% which is representable

in the form (7.34) where [H(?)])~! is a pseudodifferential operator inverse

to the operator H(7) B;;/p(S) — B;,El/p(S). The proof is quite similar

to the proof of Theorem 12.10 in [13].

7.3.2. Some results from the theory of pseudodifferential equa-
tions on manifolds with boundary.

In this subsection we shall present some principal results from the theory
of elliptic pseudodifferential equations on manifolds with boundary in Bessel
potential and Besov spaces. They can be found in [10], [39], [13, [40], [41],
[42], [6], and will be the main tools for proving existence theorems for the
mixed problems.

Let M € C* be a compact, n-dimensional, nonselfintersecting, two-
sided manifold with boundary OM € C'* and let A be a strongly elliptic
m x m matrix pseudodifferential operator of order o € IR on M. Denote
by o.4(x,&) the principal homogeneous symbol matrix of the operator 4 in
some local coordinate system (x € M, ¢ € IR" \ {0}) and associate with
o4 the m x m matrix function

Aon(@,8) = €] oa(, [€'In, &), (7.35)
where n € S"2 c IR™ ! with S" 2 the unit sphere in IR""! and ¢ =
(517 "'7£n—1)-

It is known that the matrix Ao, in (7.35) admits the factorization

Aoyl €) = A; (@, ) D(n, 2, A (2,€) for x € OM,

where [A, (z,&)]* and [A (z, )] are matrices, which are homogeneous
of degree 0 in £ and admit analytic bounded continuations with respect to
&, into the lower and upper complex half-planes, respectively. D(n,x,§) is
a bounded lower triangular matrix with entries of the form

§n — P[]\ %@
(evren)

:1’...7m,
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on the main diagonal; here
6;(x) = 2mi) Tl \j(z), j=1,---,m,

where A1(z), -, An(x) are the eigenvalues of the matrix
Ga(x) = [oa(z,0,---,0,—1)] ou(z,0,---,0,+1)].

The branch in the logarithmic function is chosen with regard to the in-
equality 1/p—1 < Red;(z) <1/p, j=1,---,m. The numbers §;(x) do not
depend on the choice of the local coordinate system.

Note that if o 4(z,&) is a positive definite matrix for every x € M and
¢ € IR™\ {0}, then

Redj(z) =0 for j=1,---,m, (7.36)

since, in this case, the eigenvalues of the matrix 5.4 () are positive numbers
for any x € M (see [15], Lemma 6.4). The Fredholm properties of such
operators are characterized by the following lemma (see [6], [40], [41], [42]).

Lemma 7.13 Lets€ IR, 1 <p < oo, 1 < q < o0, and let A be a strongly
elliptic pseudodifferential operator of order a € IR having a positive definite
principal homogeneous symbol matriz, i.e.,

oa(x,6)C- ¢ > co|¢|? forx € M, € € IR™ with || =1, and ( € T™,
where cq is a positive constant.

Then the operators

A o HY (M) — HS(M), (7.37)
BS (M) — B3 4(M), (7.38)

are Fredholm operators with index zero if
I/p—1<s—a/2<1/p. (7.39)
Moreover, the null-spaces and indices of the operators (7.37), (7.38) are

the same (for all values of the parameter q € [1,+oc]) provided p and s
satisfy the inequality (7.39).

7.3.3. Mixed Problem (I71(9)*
In this subsection we assume that (cf. (7.10))
®=0, fpeH2(Sp), Fye H 2(Sy). (7.40)

89



AMIM Vol.8 No.1, 2003 D. Natroshvili, L. Giorgashvili, I. G. Stratis

Denote by f(©) some fixed extension olf the vector-function fp from Sp onto
S preserving the functional space H2(S):

fOeni(s), ry 1= fp; (7.41)

here and in what follows r,, is the restriction operator to M.
Evidently, an arbitrary esxtension f of fp onto the whole of S which
preserves the functional space can be then represented as

F=f9+¢ with e Hz(Sy). (7.42)

For definiteness, first we consider Problem (ITI(®)* (Problem (II1("))~
can be considered quite similarly).

In accordance with Theorem 7.10 and Remark 7.12 we can look for a
solution in the form

Uz) =V (RO (19 4 ¢)) (@), (7.43)

where ¢ € H 2 (Sn) is an unknown vector function.

It is easy to chek that the Dirichlet condition (7.5) on Sp is satisfied
automatically. It remains only to satisfy the Neumann condition (7.6) on
Sn which leads to the pseudodifferential equation

[—27 s + KO RO (f©) 4+ ) = Fy (7.44)
on the open subsurface Sy for the unknown vector function .
Let
N = =27 [ + KO RO, (7.45)
FO = Fy —r, NOF© e H73(Sy). (7.46)

Equation (7.44) can be then rewritten in the form

Tsy N@p=FO on gy. (7.47)
It can be seen that the operator N'(?) has the mapping property

N H3(S) — H2(S). (7.48)
Moreover, there hold the following assertions.

Lemma 7.14 The operator N7 is a strongly elliptic pseudodifferential
operator of order 1 with a positive definite principal homogeneous symbol
matriz.
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Proof. It is evident that the principal homogeneous symbol matrices of
the operators (7.45) and its main singular part Ny := [-27 115 + Ko 'Ho_l
are the same. Note that the operators with subscript 0 are generated by
the potentials with the kernel matrix I'g(-) which is a fundamental matrix
of the operator Ly(0) (see (2.16)) and represents a principal singular part
of the matrix T'( -, o) (see (3.45)).

We write Green’s formula (5.5) in QF for real-valued vector functions

Ulz) = U'(x) = Vo(Hy ' g)() with g € H%(S) to obtain

([To (@, n)Vo(Hy " 9]t Vo(Hg ' 9)] ) g = / Eo (Vo(Hgt 9), Vo(Hg ' 9)) da
O+

which implies (see (5.7) and Lemma 6.1)
([~27'Is + Kol Hy ' g, 9) g = 0. (7.49)

Since the principal homogeneous symbol matrices of the operators —2~1I5+
Ko and Hy L are nondegenerate (see Theorem 6.3) and g is an arbitrary vec-
tor function of the space [H 3 (9)]8, it follows from (7.49) that the principal
homogeneous symbol matrix of the composition of these operators (i.e., of
the operator Ap) is positive definite. |

Lemma 7.15 The operators

re. N o H3(Sy) — Hi ' (Sw), (7.50)

N
B, 4(Sn) = Byg'(S), (7.51)
are invertible if
I/p—1/2<s<1/p+1/2. (7.52)

Moreover, the operators (7.50) and (7.51) have the trivial null-spaces and
zero indices (for all values of the parameter q € [1,40c]) provided p and s
satisfy the inequality (7.52).

Proof. The mapping properties (7.50) and (7.51) follow from Lemma 7.13
with o = 1, since N9 is a pseudodifferential operator of order 1 with a
positive definite homogeneous symbol matrix due to Theorem 7.14.

To prove the invertibility of the operators (7.50) and (7.51) we first
consider the case p = 2, s = 1/2, and ¢ = 2, and show that the null space
of the operator

. -1 53
rg N :H%(SN) = B3,(5n) HH_%(SN) = By3 (Sn)

N
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is trivial, i.e., the equation

re NOo=0 on Sy (7.53)

N

admits only the trivial solution (¢ = 0) in the space H 3 (Sn).

Indeed, let ¢ € H %(S ~) be any solution of the homogeneous equation
(7.53). It is evident that the vector

Ulz) = v ([H@]*lgo) (x), zeqt

belongs to the space H*(Q7) = W3 (1) and solves the homogeneous mixed
Problem (I1I@)%. Therefore, U(z) = V@ ([H@)]71p) (z) = 0 for z €
Q7T due to Theorem 7.1 and, consequently, [U(x)]" = ¢(z) =0 for z € S.
Since the principal singular part of the operator N9 is self-adjoint (due
to the positive definiteness of the principal homogeneous symbol matrix of
N (‘7)) we conclude that the index of @) is equal to zero and thus, by
Lemma 7.13 the operator

re N© f[é(SN)HH_%(SN)

N

is invertible. Now Lemma 7.13 completes the proof. [ |

Theorem 7.16 Let the conditions (7.40) be fulfilled. Then Problem (ITI\))*

has a unique solution representable in the form of (7.43) where ¢ € i (Sn)
is defined by the uniquely solvable pseudodifferential equation (7.47).

Proof. It follows from Theorem 7.1 and Lemma 7.15. [ |

Corollary 7.17 Let 4/3 <p < 4 and
®=0, fpeB,YP(Sp), Fne€ B, /P(Sy). (7.54)

Then Problem (ITI))* has a unique solution U € W(Q") which is rep-
resentable in the form of (7.43) where f(©) € B;;l/p(S) is some fized exten-
sion of the vector function fp € B;;l/p(SD) from Sp onto S preserving the
functional space B;;l/p(S) and ¢ € B;;l/p(SN) is defined by the uniquely
solvable pseudodifferential equation

re NOo=FO® on Sy (7.55)

N
with
F(O) = FN — T'SN ./\/(U)f(e) c B;;/p(SN)
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Proof. First we note that in accordance with Lemma 7.13 equation (7.55)
is uniquely solvable for s = 1—1/p and 4/3 < p < 4, where the last equality
follows from the inequality (7.52). This implies the solvability of Problem
(IT1())* in the space WHQT) with p € (4/3,4).

Next we show the uniqueness of solution in the space Wpl(QJr) for ar-
bitrary p € (4/3,4) (for p = 2 it has been proved in Theorem 7.1). Let
U ¢ Wpl(QJr) be some solution of the homogeneous Problem (ITI(@)*,
Clearly, then

[U]" € BL,YP(S). (7.56)
By Remark 7.12 we have the representation
U(z) = V) ([H<">]—1[U]+> (z), = e€Qt.
Since U satisfies the homogeneous Neumann condition (7.6) on Sy, we have
Tsy NOWUT =0 on Sy,

whence [U]T =0 on S follows due to the inclusion (7.56), Lemma 7.15, and
the inequality 4/3 < p < 4. Therefore, U =0 in Q. |

Further we prove the main regularity result for a solution to Problem
(IT1)*,

Theorem 7.18 Let the conditions (7.54) and
4/3<p<4, 1<t<oo, 1<qg<oo, 1/t—-1/2<s<1/t+1/2, (7.57)

be fulfilled, and let U € WI}(QJF) be the unique solution to the mized problem

(IT1()+,
In addition to (7.54),
i) if
fp € B y(Sp), Fn € Bi;'(Sn), (7.58)
then
U e Yot (7.59)
i) if
fp € B (Sp), Fx € Bi; (Sn), (7.60)
then
U e By ah); (7.61)
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iii) if
fp € C*(Sp), Fy € BXJ(Sn), ao >0, (7.62)
then
U e CP(QF) with any Gy € (0,a1), a1 := min{ag,1/2}. (7.63)

Proof. Applying Corollary 7.17, Lemma 7.15, the inclusions(7.54) and
(7.58) [resp. (7.60)] along with the inequalities (7.57), we conclude from
(7.58) that ¢ € Bf’t(SN) [resp. ¢ € Bf’q(SN)] since Fy € Bf;l(SN) [resp.
Fy € By, ' (Sn)]

Note that f(©) e B;y(S) [resp. 1@ e B;,(5)] is some extension of
the vector fp onto the whole of S. Therefore, by Theorem 6.5 and the
representation formula (7.43) the inclusion (7.59) [resp. (7.61)] follows.

To prove (iii) we use the following embeddings (see, e.g., [46], [47])

C*(8) = BX . (S) C BX1™(S) € BL,(S)

C Bj9*0(S) € ¢ ki(S), (7.64)

where € is an arbitrary small positive number, S C IR? is a compact k-
dimensional (k = 2,3) smooth manifold with smooth boundary, 1 < ¢ < oo,
l1<t<oo,ap—ep—k/t >0, ayand ag — g9 — k/t are not integers. From
(7.62) and the embeddings (7.64) the condition (7.61) follows with any
s < ag— €g-

Bearing in mind (7.57) and taking ¢ sufficiently large and ¢¢ sufficiently
small, we may put s = ag — &g if

1/t—1/2<a0—50<1/t—|—1/2, (765)
and s € (1/t—1/2,1/t+1/2) if
1/t+1/2<0¢0—€0. (766)

By (7.61) the solution U belongs then to Bf;l/t(Q*) with s + 1/t = a9 —
g0 + 1/t if (7.65) holds, and with s + 1/t € (2/t —1/2,2/t + 1/2) if (7.66)
holds. In the last case we can take s + 1/t = 2/t + 1/2 — gg. Therefore,
we have either U € ngfEOH/t(QJF), orU € B;{JQH/FSO (Q7) in accordance
with the inequalities (7.65) and (7.66). The last embedding in (7.64) (with
k = 3) yields that either U € C®0~0=2/t(QF) or U € CV/2~0-1/L(QF)
which lead to the inclusion

U e C—s0=2/t(QF), (7.67)
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where o := min{ap, 1/2}. Since t is sufficiently large and ¢ is sufficiently
small, the embedding (7.67) completes the proof. |

By the same arguments it can be shown that the uniqueness, existence
and regularity results, similar to the above ones, hold also true for a solution
to Problem (I11(?))~. We note only that the solution is representable again
in the form (7.43) where f(¢) is the same as above, and ¢ solves (in various
functional spaces) the pseudodifferential equation

roy N7 =F on sy, (7.68)
where

N = (27 I + K@) [H@)] 7, (7.69)

FO = Fy —r, N g, (7.70)

The operator N has the same properties as N'(?) described above.

7.4. Basic BVPs of statics

For the interior and exterior BVPs of statics, i.e., for 0 = 0, we have the
analogous uniqueness and existence results.
For illustration we will consider the interior and exterior BVPs (I (0));[

and (ITO)E (see (7.2), (7.3), (7.4) with o = 0 and ® = 0), where in the
case of exterior problems we assume that

O(|z|~ 1oy for k=1,2,3,
O(|z| =271y for &k =4,5,6,

(67

(7.71)

as |x| — +oo for multi-indeces a = (a1, a2, a3) with |a| =0, 1.

Taking into account Remark 3.5 we easily conclude that the correspond-
ing single- and double-layer potentials V() (g) and W% (g) satisfy the fol-
lowing decay conditions at infinity

O(|z|~*1el) for k=1,2,3,
O VO (P, 0 WO ()] = (7.72)
V@l 5 W o)k O(lz| 2121} for k= 4,5,6,

as |z| — 4oo for arbitrary multi-indeces o = (a1, o, a3).
Therefore with the help of the results obtained in Section 6 by the same

method as above we can prove the following assertions (with appropriate
slight modifications).

Theorem 7.19 The homogeneous versions of the BVPs (I(O))a—L and (I@)a
have only the trivial solution in the space of reqular vector functions C*(QF),
while the problem (ITO))§ has the vector (2.27) as a general solution.
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Proof. The proof for the interior problems follows from Green’s identity
(2.19) and Lemma 2.1, while for the exterior domains the uniqueness is a
consequence of the requirement (7.71) and the formula (with U = U’)

L/W“M@U+MUJMdﬁri/WT{ﬂ&mm_w, (7.73)
Q- o0~

which is valid for U, U’ € H} (27) satisfying the conditions (7.71) and
L(O)U € L1(Q7). [

Theorem 7.20 Let S and f be as in (7.14) with k = 2. Then Problem
(I(O));{ is uniquely solvable in the space of reqular vector-functions. More-

over, the solution belongs to the space C170(Q+) N C®(Q) and it can be
represented by the double-layer potential U(z) = WO (g)(z), z € QF, where
the density vector g € C170(S) is defined by the uniquely solvable integral
equation

[2*1I6 + KO | g(z) = f(z), z€S8.

Proof. The proof immediately follows from Theorem 6.1 and the fact that
the mapping
27 g + KO . ¢b0(8) — ¢10(S)

is an isomorphism. ]

Theorem 7.21 Let S and f be as in (7.14) with k = 2. Then Problem
(I(O))]T is uniquely solvable in the space of reqular vector-functions. More-

over, the solution belongs to the space C170(Q~) N C>®(Q™) and it can be
represented by the linear combination of the single- and double-layer poten-
tials U(z) = WO (g)(z) + VO (g)(z), z € Q~, where the density vector
g € C170(8) is defined by the uniquely solvable integral equation

—27 g+ KOF 4 H(O)} g(x) = f(x), x€S.
Proof. We can easily show that the mapping
—27 g + KO £ HO . clo(g) - cheo(s)

is an isomorphism. Whence the proof follows. |

Theorem 7.22 Let S and F be as in (7.14) with k = 1. Then Problem
(II(O)); is uniquely solvable in the space of reqular vector-functions. More-

over, the solution belongs to the space C170(Q~) N C>(Q~) and it can be
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represented by the single-layer potential U(x) = VO (h)(z), z € Q~, where
the density vector h € C*0(S) is defined by the uniquely solvable integral
equation

[2—116 + KO hiz)=F(z), z€8.
Proof. The proof follows from Theorem 6.1 and the fact that the mapping
27 s+ KO . ¢b(8) — ¢ho(S)

is an isomorphism. ]
To deal with the interior Neumann problem we proceed as follows.
Denote by Xo{x™",x®,--- x©} the linear span of vectors of rigid
displacements in a region €2, where, for definiteness, we assume that (cf.
(2.27))

X(l) = (07 —I3, T2, 17070)T7 X(4) = (17070’07070)T’
X(Q) = (-’19370; *1‘1,0, 17O)T’ X(5) = (07 170’0,070)T’ (774)

x®) = (—22,21,0,0,0,1)7,  x® =(0,0,1,0,0,0)".

The restriction of the space XQ{X(]'), Y&, X(G)} onto the boundary S =
99 we denote by Xg{x(",x®, ... x©}. Clearly the vectors {X(j)}§:1 are
linearly independent in the both spaces Xq and Xg.

Theorem 7.23 The linear span XS{X(I), X(2), e ,X(ﬁ)} represents the null
space of the operator —2 1T + K(O*,

Proof. It can be cheked that each vector x@) solves the homogeneous
differential equation L(9)x)(z) = 0 in QF and T(d,n)x) () = 0 on
S. Threfore by the general integral representation formula (see (4.4) with
o = 0) we establish that the vectors x9) € Xg solve the homogeneous
integral equation

[~2 g + KO0 =0, =T,

Further it can be shown that the dimension of the null space of the ad-
joint operator —2~ I +K(©) equals to 6, since the corresponding nontrivial
linearly independent solutions of the adjoint homogeneous equation are re-
lated to the nontrivial linearly independent solutions of Problem (IT())f,
i.e., to the vectors of the space Xq+.

On the other hand, the index of the operator in question is zero (due
to Theorem 6.3.(ii)), which completes the proof. |
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Theorem 7.24 The interior Neumann problems (II(O))} 1s solvable if and
only if

/F xYWds =0, j=T1,6, (7.75)
S

and solutions can be represented by the single-layer potential U(x) = VO (h)(z),
x € QF, where the density vector h € C170(S) solves the integral equation

[—2*116 + ic(°>] h(z) = F(z), z€8. (7.76)

A solution vector U is defined modulo a rigid displacement x € Xq+, while
TU is determined uniquely.

Proof. The proof is standard.

The necessity of the conditions (7.75) follows from Green’s formula
(2.19) with U’(z) = xU) (), = € Q.

Sufficiency follows from the general theory of singular integral equations
of normal type, since the solvability conditions for the equation (7.76) co-
incide with (7.75). |
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