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Abstract

In the present paper static boundary value problems for nonhomogeneous anisotro-
pic elastic prismatic shells are considered and corresponding two-dimensional hierarchic
models are constructed. The existence and uniqueness of solutions to the obtained
boundary value problems are proved and the relation of the models to the original
three-dimensional problems is studied.
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The lower-dimensional hierarchic models are widely used while investi-
gating various objects in the theory of elasticity and mathematical physics,
since they have simpler mathematical structure than three-dimensional
models and an increase of the model order within the hierarchy always
leads to a reduction of the modelling error. In the paper [1] I. Vekua sug-
gested a new method of constructing hierarchic models for elastic plates
with variable thickness (i.e., for prismatic shells). The mentioned method
consists in expanding of fields of displacement vectors, strain and stress
tensors of the three-dimensional model of the prismatic shell into Fourier-
Legendre series with respect to the thickness variable and leaving then only
the first N+1, N € NU{0}, terms of the expansion. Applying this method
in the paper [2], mathematical model for thin shallow shells was obtained.

It must be pointed out, that in [1, 2] initial boundary-value problems
were considered in C* spaces and convergence of the sequence of approxi-
mate solutions to the exact solution of three-dimensional problem was not
investigated. For static boundary value problem the existence and unique-
ness of the solution to reduced two-dimensional problem obtained from the
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linear system in the theory of elasticity by I. Vekua’s method in Sobolev
spaces first were investigated in [3]. The rate of approximation of the ex-
act solution to the original problem by vector-functions restored from the
solution of the reduced problem in classical spaces of regular functions was
estimated in [4]. The hierarchic models constructed by I. Velua’s method
and its generalizations and various aspects of hierarchic modelling are stud-
ied in [5-15].

The present work is devoted to the construction and investigation of
two-dimensional models of static boundary value problems for nonhomoge-
neous anisotropic linearly elastic prismatic shells. We consider boundary
value problems with Dirichlet and Neumann type conditions on the upper
and lower faces of the prismatic shell and generalizing I. Vekua’s reduc-
tion method, we construct their two-dimensional models. For the obtained
boundary value problems we prove the existence and uniqueness of their
solutions, show convergence of the sequence of approximate solutions con-
structed by means of the solutions to reduced problems and obtain a priori
estimates of the modelling error.

Let us consider an elastic body with initial configuration €2, where Q C
R3 is a Lipschitz domain ([16]) with boundary I' = 99. We assume that
the body consists of arbitrary (i.e. of nonhomogeneous and anisotropic)
linearly elastic material for which the stress tensor (o;;) linearly depends
on the strain tensor (epq(w)), 0ij = aijpeepq(u), where the indices i, j, p, q
take their values in the set {1, 2,3} and summation convention with respect
to the repeated indices is used, epq(w) = 1/2(9puq + Oqup), u = (u;) is a
displacement vector field, 9, denotes the partial derivative 0/0x), aijpq are
elastic coefficients depending on = = (z1, 2, x3) € 2.

Assume that the elastic body €2 is clamped on 'y C T, i.e. u = 0

on I'p, and on the rest part of the boundary the following Neumann type
3

conditions are given: Z(UijVj +bjjuj) = g; on I'y = I'\I'g, where bij,
j=1

gi are given functions (4,7 = 1,3), v = (v;) is the outward unit normal
vector to I'y, I' = I'g U T'gy U T’y is a Lipschitz dissection of I" and I'y #
0 ([16]). The variational formulation of the corresponding static three-
dimensional problem of linearized elasticity is the following: find a vector-
function u = (u;) € V(Q) = {v = (v;) € HY(); v = 0 on 'y}, which for
all v =(v;) € V(Q) satisfies equation

3 3
> / ijpq () epg(w)eij (v)dr + > / bij(x)ujvidl'y =
ij.pa=19 ig=1p,
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3 3
= fividx + gividl'y, (1)
> / > [ guvr

ileI

where f = (f;) € L%%(Q) is a density of the applied body forces, acting
on the body ©, g = (g;) € L*3(T';). In the paper we denote by H*(D) the
usual Sobolev space of order s € R, s > 0, on Lipschitz domain D or on
part of Lipschitz dissection of the boundary of Lipschitz domain, based on
L*(D), H*(D) = [H*(D)]3, L¥(D) = [L*(D)]®. Let us denote the bilinear
form in the left part of the equation (1) by A(u,v).

The three-dimensional problem (1) has a unique solution if a;jp, €
L>(Q), bij; € L*(T'1), 4,5,p,q = 1,3, and the elasticity tensor (asjpq),
matrix (b;;) satisfy the following coercivity, positive definiteness, and sym-
metry conditions for positive constants o € R, for almost all x € Q, y € 'y,
and for all ;5, &; € R,

3 3 3
Z Uijpq(T)€ijEpg > Z €ij€ijs Z bij(y)eie; > 0,
,3,p,q=1 i,j=1 i,j=1 (2)

Aijpg(T) = Ajipg(x) = apgij (), bij(y) = bji(y), 4,7.p,q=1,3.

Moreover, the solution u of the problem (1) is also a unique solution to
the following minimization problem: find w € V() such that I(u) =

inf [
'vel\I/l(Q) (’U),

I(v) = %A(v,v) — Z

3
=1

3
/fivid:v — Z/gividl“l, Yo e V(Q).
Q

7 =1 Iy

Let us consider now the particular cases of the three-dimensional prob-
lem (1), when {2 is a prismatic shell

Q= {(z1,x2,23) € R3: h™ (w1, 22) < 23 < ht(21,12), (21,72) € w},

where w C R? is a two-dimensional Lipschitz domain with boundary v =
dw, h* € CH(@), hT (x1,x2) > h™(x1,29), for (x1,72) € @. The upper and
lower faces of the shell ), which are given by the equations z3 = h' (z1, x2)
and x3 = h™(z1,22), (x1,72) € w, denote by 't and I'", respectively, and
the lateral surface denote by I' = I\(TF UT).

We study the problem (1) in three cases: when the shell is clamped on
both surfaces I'™ and I'", the shell is clamped only on one of the upper or
lower faces, and the shell is not clamped on I'™ and I'~. The clamped part of
the lateral surface we denote by T'g = {(z1, z2,x3) € I; (z1,22) € 0 C 7},

7
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7o is a Lipschitz curve with positive length if fo is a non-empty set. In the
second case, without loss of generality, we consider the shell clamped on
I't and fo. In order to construct the two-dimensional models of the shell
let us introduce the subspaces V& (Q) (k = 1,2,3) of V() of polynomials
with respect to the thickness variable x3, i.e.

S N Y ‘ i 3k 1
VN () = {vk = (vn); Ry = 1;)71(74Z * 5) vi Pr,(2) 4 krzo h
1. r l Ni 1 L
(1 + (_1)k(m+N1‘+1))(ri + 7) Q}Z PNH-I(Z) — (2 — k) Z 7(1 + (_1)ri+Ni)
2 r;=0 h

(’I“i + %) T’i)zl PNi+2(Z):| ,%Z’E Hl(w),%i: 0 on~yy, 0<r; <Nt = 1,3},
where z = (z3—h)/h, h = (ht—h7)/2, h = (h*+h7)/2 and P, is Legendre
polynomial of degree » € NU{0}. In the case of k = 1, the vector-functions
of the space Vi (€2) vanish on the surface It U~ U Ty and hence, Vi (2)
is a subspace of V(£2), when the shell is clamped on both upper and lower
faces. Similarly, the case of k = 2 corresponds to the shell clamped on
the upper and on the part of the lateral surface, and the case of k = 3
corresponds to shell, which is not clamped on the faces I'" and I'".

On the subspace VE(Q) (k = 1,3) from the problem (1) we obtain
the following reduced problem: the unknown is the vector-function w’f\I =
(wk;,) € VE(Q), which for all vk € VE(Q) satisfies equation

3 3
3 / i) epg (WS ety (vh)dz + 3 / by () okedTs =

iJJLq:l Q Z,j:ll—\l

3 3
= Z/fiv{{ridx—l—Z/givl’{”dFl. (3)
i=1 Q

i:lrl

The obtained problem (3) is equivalent to the following one: find %, €

T T

VN(w) = {on € [HY ()TNt NsH3, 3¢ = (¥;),0;= 0 on 79, 0 < 7 <
N;,i=1,3}, such that

AR (0, Bn) = L (), Vig € Vn(w) (k= 1,2,3), (4)

where AR (wk;, 7N) is the bilinear form A(wk;, vN) rewritten in terms of

Wk and ¥, the linear form L& is given by

3 i

N; T e
L]f\T(UN)IZZ(rmL%) %g)l <f¢—;(3 k) (2( 41) (=1)%F)

i=1 r;=0

w
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(At Nt Ni+a L —1
(L ()R M) 2= (k= 2) il A+ (4= B) gilp- M-

2
(=1 + @B = k) (=)Y))) dw+/}1l v; (9 =S4 (CpF TN,

7 o=1
3—k)(2a—-1)—(-1)%k N+a _
8= KA I )= EUT) )d71:| : M =7\,
where g|ps (21, 2) = gi(x1, 22, b (21, 22)), Ax = /1 + (91hF)? + (820 )2,
Bt ht
f fi(z) P, (2)dxs, 9,— /gi(a:)Pm(z)dxg, ri=0,N;,i=1,3.
h- h-

So, for the three-dimensional static problem (1) with various boundary
conditions on the upper and lower faces of elastic prismatic shell, which
correspond to k£ = 1,2,3, we have constructed the hierarchies of two-
dimensional models. In the following theorem we prove the well-posedness
of the corresponding boundary value problem (4).

Theorem 1. If the elasticity tensor (aijpq) and matriz (bij) satisfy
conditions (2), aijpg € L>(Q2), bij € L>(I'1) and for all r; = 0, N;, i, j, p,
¢ k=123 k=3—k

1 h [k(l 4 (— 1)l NiAD) fo?l —(2 = k)(1 + (=1) TN N}ﬂ +

k —

+T [<4 B il A (=17 4 R 4 (= 2) il A4 ] € 295 (w),

_Z 2o 1) Z U (g 4 gyt Vo pafa(oy),

then the two-dimensional problem (4) has a unique solution u_J'N € VN( ),

which also is a solution to the minimization problem: find Wy € Va (w)
such that
- . L L 1 Lo S
I§(y) = inf  INON), IN(ON) = SAK(ON, On) — LR (0N)-
ﬁNEVN(w) 2

Proof. Note, that from the conditions of the theorem, embedding and
trace theorems for Sobolev spaces we infer that Lllir is a linear continuous
form on Vn(w). Furthermore, applying the formulas for derivatives of Le-

9
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gendre polynomials ([1])

s=0 . X reN, (5
R = R0+ 3 < . 2) (14 (—1)7*)Py(0),
for any vk € VE(Q), we obtain
E =SS e Yl w3 s Hao
HUNHHl(Q) N — ”ZO(TZ + 2) Hh Vi L2(w) + S;i(sz * 2>(1

_(_1>Ti+5i)h_3/2 %1*

7

2
2 7% . ri¥
12 )—i— E Hh_l/28CY v, —(r; + 1)h320,h v, —
w a=1

N;+2

_ A } + _ (_1\ritsi —\,—3/2 5 2
> (sit5) (Quht = (1) 0T )RTIR Y, < 00,
2 L2(w)
si=r;+1
* Ny41* k(3 —k) N
where 7{)21 :7{)12‘, for 0 < T < Ni, %}—:_ = —m ;(1+(_1)k(8i+Ni+l))
N.
1, s N42* B—Fk)(2—k) «— N, Iosi —
i) Uiy U = e Y (1 (=1)5 N (554 2) Ui,k =1,
(si+5) ¥, o 15 2 D s g) ik =13

and we assume that the sum with lower limit greater, than the upper one
is equal to zero.

Consequently, identity mappings from the space Vlg(w) onto Vlﬁ(w),
k = 1,2,3, which coincide with VN(w) and are equipped with the norms
HJNHO = HgNH[H1(w)]l\’ﬁrl\’zﬂ”\’?’+3 Mol = HUIIC\IHHl(Q) , UN € Vn(w), respec-
tively, are continuous and according to the closed graph theorem we have
that these spaces are isomorphic and, hence, the norms ||.||,, ||/, (k = 1,3)
are equivalent.

Since the bilinear form A is continuous and coercive on V({2), then it
is coercive on the subspace V& (2) C V(Q), and, therefore, the equivalence
of the norms |.||, and ||.||, implies that the bilinear form A% (k = 1,2,3)

is coercive on the space Vy(w),
2
(i, ) = AWk ok) Z a ok >
N (UN; UN) (vN, vN) 2 Nllgig) =

~ = 12 ~ = 112 S -
e HUNH“/‘N(“,) =@ ||UNH[H1(W)}N1+N2+N3+3 , VN € Vn(w).

Thus, for each k = 1, 2, 3, the existence and uniqueness of the solution to the
problem (4) and equivalence to the minimization problem is a consequence
of Lax-Milgram lemma. O

10
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It must be pointed out, that one of the most important questions that
arise while investigating the hierarchic models is convergence of the se-
quence of approximate solutions to the exact solution of original problem,
as the model order tends to infinity. The following theorem gives the result
on the relation of the obtained hierarchies of two-dimensional models and
corresponding three-dimensional problems.

Theorem 2. Assume that components of the elasticity tensor aijpq €
L>(Q), the given functions bj; € L*°(I'1) and conditions (2) are fulfilled
(i, j, p, ¢ = 1,3). If fi € L5/5(Q), g; € L*3(I'1), then the vector-function

0 N

'wlf\I = (w{ih-), i,k = 1,2,3, restored from the solution 1171]{1 = (w]f,...,wlf
0 N3

sy wh o wE)T of the two-dimensional problem (4) tends to the solution

w of the three-dimensional problem (1) in the space H'(Q), as N1, N3, N3 —
00. Moreover, if 9%u € HY(Q), 0<n<s—1,s €N, s> 2, then

1
k 112 + — ; .
[u — wN g ) < 561 0 (Q,To,h~,N), N= 11%11'1%13{]\71},

where 0,(Q,To, hT,N) — 0, as N; — oo, i,k = 1,2,3. If additionally
s—1

|10y < ¢, ¢ is independent from hpmax = max  h(xq,x2), then
Z 105w g1 () P (2100w
n=1 ’
I =
Hu - wNHE(Q) < N26-D) 0r(N),  0x(N) =0, as N — oo,

where k =1,2,3, HvHQE(Q) = A(v,v), for allv € V().
Proof. By our assumptions on the functions f;, g; (i = 1,3) we get that

T ]

fie L8/5(w), @ie LY3(m1), gilp+ € L*Y3(w) € L5/°(w), and consequently,
all the conditions of Theorem 1 are fulfilled. Hence, a unique solution J}'{Q
of the two-dimensional problem (4) minimizes the energy functional I¥; on

the space VN(w), ie.,
1 . . . -
fAN(wN,wN) Lk N (W ) < EA (UN, UN) — L]f\T(vN), Vin € Vn(w). (6)

Taking into account that A% (N, TN) = A(w’f\T,UN) for all o € Vn(w),

where vk = (vf;) € VE(Q) corresponds to N, vk, are defined in the

definition of the space V&(Q), k = 1,2,3, then from (6) and (1), (3) we
obtain

Alu — wh,u —wk) < A(uw — v, u—ok), vk e VEW©Q).  (7)

11
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According to the trace theorems for Sobolev spaces ([16]), for any v €
H!(Q), v = 0 on Iy, there exists continuation v € H} (Q1) of v, where Q4
is a Lipschitz domain such that Q; D ©Q, 91 D I'g. From the density of
the set of infinitely differentiable functions D (£2;) with compact support
in ; in Hg (Q1) we obtain, that the set of infinitely differentiable vector-
functions [CR ()] on Q, which are equal to zero on ', is dense in the space
VE(Q). From the estimates obtained below it follows, that the union of the
spaces [C°°(Q)2 N VE(Q), for all N; >0, i = 1,3, is dense in V(). Hence,
due to coerciveness of the bilinear form A and density of [CF? (Q)]3 in VE(Q)
from (7) we get that wk; — w in the space H'(Q2), as Ny, No, N3 — oo, for
each hierarchy of two-dimensional problems corresponding to k = 1,2, 3.

Let us now estimate the rate of approximation of u by wlk\I, when u
satisfies additional regularity conditions stated in the theorem. In order to
obtain the estimates of the theorem for each k = 1,2,3, by means of the
solution u we construct the vector-function ulf\l, which is an element of the
space V() and we can estimate the norm of the difference u — uf;. Let

us consider uk; = (uky,),

Mg 1 Ny
UIICVZ = Z E <Ti + 2) {in PT,L-(Z) + Z 5 O3u; Pn._l(z),
1”7;20 ’I’,L:le
T h+
where NF = N; + 3 — k, agui: /aguiPTi(z)dxg,, 68 =014k =123
il

Due to the conditions of the theorem we have that uk, € H'(Q2). Hence,
from the construction of u¥; it follows, that uk € V&(Q) if and only if uf;
vanishes on both upper and lower faces of the shell in the case of k = 1,
or only on I'" for k = 2. Note, that the cases of kK = 1,2, correspond to
the problem (1), when the shell is clamped either on both T', '~ faces or
only on I't, ie. w =0onI'F, for k=1, and w = 0 on I't, for k = 2.
Consequently, we have the following equalities

0 1 1o
O3u;= 0, O3u; +— u;= 0, for k =1,
AR (®)
0
Osu; + Osu; +E u;=0, for k = 2.

By the property of Legendre polynomials ([17])

1

Pl =571

(Prya(t) = Pl (1)), r=>1,

12
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for almost all (z1,22) € w,

r h r—1 r+1
u; (1, 22) = m(asui (1, 22)— O3u; (x1,22)), r>1. (9

Taking into account (8) and applying formula (9), we infer

NE NF+1

~ 1 1 i 1 7
Zh(?”i—i-z) ’IZZ'—F Z 583112':0, k=1,2,
ry=0 ’I”iZNik
Ni+2 Ni+3
1 1 T T 1 T ri o o
) h<m+2> W)= YD o (1) =0, k=1,
’I‘iZO Tl:Nl'-‘rQ

and, therefore, ulk\I € Vlfr(Q), k=1,23.

Note, that the following equality holds almost everywhere in w, o = 1, 2,

r r aah r _r r+1
8a(ui) =0, U; +T(T + 1) w; +0uh O3u; +0,h O3u;, r € NU {0}

By virtue of the last formula, applying (5) and (9), we obtain the ex-
pressions for derivatives of uk; = {u%}, for i,k = 1,2, 3,

Nk_—1
— 1 1 T
83u’f\“ = Z E (T‘i + 2> 83ul- Pri (Z),
r;=0
NE _ R
21 1 i 0, 1 N;
Doy = Z 7 (Ti + 2) Oau; Pr,(2) + % (Nf + 2> O3u; PNf(z)+
r;=0
NF+1 NF+1
< Oy h 1 Ti i 1 T
+ Z % (n + 2) O3u; Pr,—1(2) + Z 5(8(163% +
ri=N} ri=NF
’f‘i+1

4O 030315 +h D3Oa115) Pry_1(2).

Therefore, by the orthogonality property of Legendre polynomials and

13
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Parseval equality, for residue ek = (eX,), efei = us — ulf\l we have

8 u
k2 h(d3u,)”
leNillz2 @) Z / <T1 ) )dw + Z o, + 1

TZ—Nk+1w z—Nk_ 0.)

Lm)— Z/ (n >83u) dw,

ri=

Z / <rl ) ;ui)de—i—
LQ(Q)

Nk+1 o N
+ Z / 2r; — 1 ( (Oa 83%) + (Oah 9303u;) + (Ouh 3333ui)2> dw+

7"1_ ;

Joset

k
Jonchil

N+1

— 2 Ti
ro 3o QLG (G (ri+3) @ua,

h
TZ—Nk

where o = 1,2,4,k = 1,3. Applying (9), we obtain that

r c r+s—0 n
| i 7o) < i 2o W77 @057 00u) G2y, (10)
n=r—s+f
where r > s — 3,8 =0,1,i,p = 1,3, ¢ = const > 0 is independent from
h*,h~ and r. Therefore, from the last estimate, for all i,p,k = 1,2, 3, we
infer

lefillZ20) < N256,’“(h+ h, N,
k 2 kii4+ 71— 6f(h+7h_7Ni)_>0, as Nz—>OO
H@péfNi L2(9) = Wdi (W™, h™, N;),

1

Hence, the inequality (7) and coerciveness of the bilinear form A imply

1
k 112 +
l|lu — wNHHl(Q) < mék(QaFOah ,IN), N = 1211123]\727
where 0;,(Q, T, hT,N) — 0, as N — 0.
In addition, by virtue of the conditions of the theorem from (10) we
obtain

hmax
Hglf\uH%%Q) < N2 5216( Ni),
) 2(s-1) 57 (N;) =0, as N; — o0,i,p,k = 1,3,

max <k :
@) = N2 o (M),

k
HapENi

14
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which yields the second estimate of the theorem. O
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