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Lq wkh vwxg| ri lqh{dfw gdwd wkhuh duh wzr fodvvlfdo dssurdfkhv1 Zkhq
h{shulphqwdo gdwd duh h{dfw hqrxjk/ suredelolvwlf0vwdwlvwlfdo phwkrgv duh
xvhg wr hoderudwh dqg hvwlpdwh wkhlu jhqhudo fkdudfwhulvwlfv1 Li gdwd suh0
vhqwhg duh vx�flhqwo| lqdffxudwh dqg kdyh lqwhuydov/ wkh phwkrgv ri wkh
wkhru| ri huuruv fdq eh xvhg vxffhvvixoo|1

Exw/ lq vrph fdvhv/ zkhq qhlwkhu suredelolvwlf0vwdwlvwlfdo phwkrgv qru
wkrvh ri wkh wkhru| ri huuruv jlyh vdwlvidfwru| uhvxowv/ rqh pxvw/ ri frxuvh/
vhdufk wkh qdwxuh ri phdqv ri gdwd uhfhswlrq +ghvfulswlrq/ phdvxuhphqw/
vfdolqj/ hwf1,/ lq rughu wr �qg rxw wkh uhdvrq1

Zkhq gdwd duh uhsuhvhqwhg lq lqwhuydov dqg wkhlu glvwulexwlrq lv revfxuh/
wkh| fryhu hdfk rwkhu dqg duh ghvfulehg ru rewdlqhg e| vrph shuvrq +lqvxi0
�flhqw h{shuw gdwd, sduwlflsdwlqj lq wkh surfhvv ri rewdlqlqj ru ghvfulelqj
wkhp/ khqfh wkh| ehfrph frpelqhg e| qdwxuh1 Wkh vr0fdoohg srvvlelolw|
xqfhuwdlqw| dsshduv dorqj zlwk suredelolvwlf0vwdwlvwlfdo xqfhuwdlqw|/ zklfk
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ri frxuvh lv surgxfhg e| lqglylgxdo dqg fdoov iru wkh dssolfdwlrq ri ix}}|
dqdo|vlv phwkrgv1

Lq wklv fdvh rqo| suredelolvwlf0srvvlelolw| dqdo|vlv zloo surgxfh vdwlvidf0
wru| uhvxowv/ zklfk phdqv xvlqj ix}}| phwkrgv wr eh h{sodlqhg ehorz1

Wr rewdlq d jhqhudo ylhz ri wkh vhw gxulqj wkh ixqfwlrqdo ghvfulswlrq ri
vxfk gdwd rq wkh zkroh srsxodwlrq/ lq pdq| uhdo vlwxdwlrqv lw lv lpsrvvleoh
wr revhuyh wkh ihdwxuh ri dgglwlylw|/ zklfk lv xquholdeoh dqg sudfwlfdoo|
frqvwlwxwhv dq dgglwlrqdo olplwdwlrq1 Lq pdq| fdvhv lw lv pruh xvhixo wr xvh
prqrwrqlf hvwlpdwlrq lqvwhdg ri wkh dgglwlyh nlqg wr uhsuhvhqw wkh kxpdq
vxemhfwlylvp +wkh vwxg| ri vxemhfwlyh lqvx�flhqw h{shuw gdwd,1

Iru lqvwdqfh/ frqvlghu wkuhh w|slfdo v|pswrpv {�/ {2/ {�/ zklfk lqglfdwh
vrph glvhdvh |1 Ohw wkh h{shuw +grfwru, surylgh remhfwlyh0vxemhfwlyh gdwd
xvlqj klv2khu zlgh h{shulhqfh dqg wkh phglfdo uhfrugv ri klv2khu sdwlhqwv
+dqrwkhu h{shuw zrxog/ ri frxuvh/ surylgh gl�huhqw gdwd,1

Dvvxph/ zh kdyh wkh iroorzlqj lqirupdwlrq= ;3( ri sdwlhqwv zlwk glvhdvh
| h{klelw v|pswrpv {� dqg {2/ 53( ri wkhp kdyh v|pswrpv {� dqg {�1 Wklv
lqirupdwlrq fdq eh zulwwhq xvlqj wkh dgglwlyh/ lqvwhdg ri wkh prqrwrqlf/
phdvxuh j gh�qhg rq wkh vxevhwv +Wdeoh 41,/

D � [ j jW

i{�j 3 4
i{2j 3 3=;
i{�j 3 3=5

i{�> {2j 3=; 4
i{�> {�j 3=5 4
i{2> {�j 3 4

i{�> {2> {�j 3 4
Wdeoh 41Glvwulexwlrq wdeoh vkrzlqj gxdo phdvxuhv j dqg jW1

zkhuh jW lv fdoohg wkh gxdo phdvxuh ri j1 jW+D, @ 4� j+D,1 Lw pxvw eh
vdlg khuh wkdw wkh gxdo phdvxuh frqwdlqv wkh vdph lqirupdwlrq exw frgl�hg
lq d gl�huhqw zd|1

Qrq0dgglwlyh exw prqrwrqlf phdvxuhv zhuh �uvw xvhg lq ix}}| dqdo|vlv lq
wkh ;3v e| P1 Vxjhqr ^44`/ dqg vlqfh wkh phdvxuh lv frqqhfwhg zlwk lqwhjudo
fdofxoxv/ dorqj zlwk phdvxudeoh ixqfwlrqv/ wkh phdvxudeoh ixqfwlrq lqwhjudo
zdv dovr frqvwuxfwhg1 Wklv lv fdoohg Vxjhqr*v Lqwhjudo iru wkh frpsdwlelolw|
ixqfwlrq ri wkh ix}}| vxevhw zlwk uhvshfw wr wkh ix}}| phdvxuh 0 dovr nqrzq
dv IHY 0 zklfk zdv wkhq fdoohg ix}}| vwdwlvwlfv e| D1Ndqgho ^8`1

Wkh ix}}| lqwhjudo lv wkh ixqfwlrqdo wkdw uhodwhv vrph qxpehu/ ru frp0
sdwlelolw| ydoxh/ wr hdfk phdvxudeoh ix}}| vxevhw zkhq wkh ix}}| phdvxuh
lv douhdg| �{hg1 Wkh ix}}| lqwhjudo frqfhsw lv suhvhqwhg dorqj zlwk wkdw
ri wkh ix}}| phdvxuh= wkh srvvlelolw| ri frqghqvlqj lqirupdwlrq zkhq wkh

::
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ix}}| vxevhw lv hvwlpdwhg dv wkh prvw w|slfdo frpsdwlelolw| ydoxh zlwk uh0
vshfw wr wklv phdvxuh1 Wklv lv gl�huhqw iurp wkh suredelolw| phdq hyhq lq
wkh fdvh zkhq wkh suredelolw| phdvxuh lv wdnhq dv d ix}}| phdvxuh ehfdxvh
lw lv pruh %ehqh�fldo% wkdq wkh dyhudjh ydoxh1

Lq wkh suhvhqw zrun wkh pdlq hvwlpdwruv ri ix}}| vwdwlvwlfv ri gdwd
surfhvvlqj duh glvfxvvhg/ lqfoxglqj wkh Ix}}| H{shfwhg Ydoxh +IHY , ri
srsxodwlrq/ wkh Ix}}| H{shfwhg Lqwhuydo +IHL, dqg wkh Zhljkwhg Ix}}|
H{shfwhg Ydoxh +ZIHY , ^709/;/44`1

Dv douhdg| nqrzq/ ix}}| phdqv gl�hu erwk lq irup dqg frqwhqw iurp
suredelolw|0vwdwlvwlfdo dyhudjhv dqg rwkhu qxphulf fkdudfwhulvwlfv/ vxfk dv
prgh dqg phgldq1 Qhyhuwkhohvv/ d frlqflghqfh grhv h{lvw ehwzhhq %qrq0
ix}}|% +remhfwlyh, dqg %ix}}|% phdqv lq vrph fdvhv ^9`1 Iru d jlyhq vhw
ri ix}}| vxevhw frpsdwlelolw| ixqfwlrq ydoxhv iurp lqwhuydo ^3>4`/ wkh ix}}|
phdq glvwlqjxlvkhv wkh prvw w|slfdo fkdudfwhulvwlf frpsdwlelolw| ydoxh +IHY ,
ru lqwhuydo ri frpsdwlelolw| ydoxhv +IHL,1

Ix}}| vwdwlvwlfv sod| dq hvvhqwldo sduw lq suredelolw|0srvvlelolw| dqdo0
|vlv dqg wkh| duh xvhg yhu| h�hfwlyho| lq ix}}| h{shuw +ghflvlrq0pdnlqj,
v|vwhpv1 Lq wkh fdvh ri ix}}| gdwd/ ix}}| phdqv duh pdlqo| exlow rq srsx0
odwlrq jurxsv +IHY , dqg li wkhvh gdwd duh lqvx�flhqw wkh IHL zloo uhsodfh
wkh IHY 1

Lw lv lpsruwdqw wr phqwlrq wkdw wkh IHY vhogrp vdwlv�hv ghpdqgv rq
wkh prvw w|slfdo ydoxh +PWY ,1 Lq wkh fdvh ri vdpsolqj glvwulexwlrq ri
srsxodwlrq P1 Iulhgpdq/ P1 Vfkqhlghu dqg D1 Ndqgho frqvwuxfwhg d sur0
fhvv iru fdofxodwlqj wkh Zhljkwhg Ix}}| H{shfwhg Ydoxh +ZIHY ,/ zklfk
lv edvhg rq d sulqflsoh zlwk wzr srvwxodwhv +IVN,1 Wklv ydoxh lv ylhzhg
e| wkhvh zhoo0nqrzq vshfldolvwv dv wkh prvw w|slfdo ydoxh ri srsxodwlrq1
+PWY @ ZIHY ,1

Vriwzduh zdv fuhdwhg iru hvwlpdwlqj Zhljkwhg Ydoxhv/ dv zhoo dv iru
fdofxodwlqj wkh IHY dqg IHL1

Sudfwlfdoo| vshdnlqj/ ZIHY} lv d fdofxodwlrq surfhvv xvlqj suredelolv0
wlf uhsuhvhqwdwlrqv rq d �qlwh vhw/ wkh vr0fdoohg fodvv ri dvvrfldwhg suredelo0
lw| glvwulexwlrqv ^4`/ zklfk hqdeohv rqh wr hvwlpdwh dvvrfldwhg suredelolwlhv
0 ix}}| phdvxuh ydoxhv 0e| lqwhuydov ri eholhi zkhq wkh uhsuhvhqwdwlrq ri
gdwd lv lqh{dfw1 Wklv phdqv wkdw lw lv srvvleoh wr uhsuhvhqw +hvwlpdwh, wkh
ix}}| phdvxuh e| lqwhuydov/ zklfk lv wkh xvxdo dwwulexwh ri lqwhuydo h{whqvlrq
lq ZIHL ru ZIHL}1 Wkxv/ lq wklv fdvh rqh grhv qrw idfh wkh sureohp
ri xqfhuwdlq ix}}| glvwulexwlrq1 Wkh dxwkruv eholhyh wkdw wkh xvh ri wkh
ZIHL lv d shuvshfwlyh wkdw qhhgv ixuwkhu uhvhdufk/ zklfk zrxog fuhdwh
qhz shuvshfwlyhv ri ix}}| gdwd surfhvvlqj zkhq gdwd duh lqvx�flhqw dqg
revfxuh1

:;
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2� 6�33) �i@t�hi @?_ |�i 6,V

Gh�qlwlrq 4 ^9`= Ohw +[>I , eh d phdvxudeoh vsdfh/ ohw I eh d Eruho
�hog +�0dojheud,/ j = I @, ^3> 4` ixqfwlrq lv fdoohg d ix}}| phdvxuh li wkh
iroorzlqj lv wuxh=

+l, j+�, @ 3/ j+[, @ 4>
+ll, Li D � E wkhq j+D, � j+E,>
+lll, Li iD&@4 ? n ? 4j lv d prqrwrqlf vhtxhqfh/ ;D& 5 I / wkhq olp

&<"
j+D&, @

j

�
olp
&<"

D&

�
=

+[>I> j, lv fdoohg d ix}}| phdvxuh vsdfh1
Ohw "

H�
eh wkh frpsdwlelolw| ixqfwlrq ri wkh ix}}| vxevhw hD dqg "

H�
=

[ $ ^3> 4` lv d I 0phdvxudeoh ixqfwlrq/ l1h1 ;W 5 ^3> 4` = KA @
�
{ 5 [@"

H�
+{, �

Wj 5 I 1
Gh�qlwlrq 5 ^9`= IHY ri d frpsdwlelolw| ixqfwlrq "

H�
ri wkh ix}}|

vxevhw hD zlwk uhvshfw wr wkh ix}}| phdvxuh j lv Vxjhqr*v lqwhjudo ryhu=

IHY +"
H�
, @

]
f

"
H�
� j+�, � vxs

AMdfc�o
iW a j+KA ,j +514,

zkhuh a lqglfdwhv d plqlpxp ri wzr dujxphqwv1
Li j+KA ,> W 5 ^3> 4` lv d frqwlqxrxv ixqfwlrq/ wkhq wkh jhrphwulf lqwhu0

suhwdwlrq ri wkh IHY lv dv vkrzq ehorz +Iljxuh 4,=
Fohduo|/ wkh IHY vrphkrz %dyhudjhv% ydoxhv ri wkh frpsdwlelolw| ixqf0

wlrq "
H�
/ dowkrxjk qrw zlwk uhvshfw wr wkh vwdwlvwlfdo phdq exw e| fxwwlqj

wkh vxevhwv ri ohyho W ydoxhv ri ix}}| phdvxuh j ri zklfk %ix}}| zhljkwv%
duh vx�flhqwo| %kljk% ru vx�flhqwo| %orz%1

:<
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Wkxv/ wkh IHY jlyhv wkdw frqfuhwh srvvleoh ydoxh ri frpsdwlelolw| ixqf0
wlrq "

H�
/ wklv ehlqj wkh prvw w|slfdoo| fkdudfwhulvwlf dprqj doo srvvleoh ydo0

xhv zlwk uhvshfw wr wkh ix}}| phdvxuh j/ zklfk lv rewdlqhg e| fxwwlqj wkh
%xsshu% dqg %orzhu% vwulshv rq wkh judsk ri j+KA , +Iljxuh 5,1

Wklv lv d frqghqvdwlrq ri lqirupdwlrq jlyhq lq wkh IHY e| "
H�
dqg j /

zklfk lv wkh Prvw W|slfdo Ydoxh +PWY , ri doo frpsdwlelolw| ydoxhv1

Frqvlghu wkh vlwxdwlrq zkhuh [ @ i{�> {2> ===> {?j lv d �qlwh vhw duudqjhg
lq wkh iroorzlqj zd|= "

H�
+{�, � "

H�
+{2, � � � � � "

H�
+{?,1 Ghqrwh= [� @

i{�> ===> {?j> l @ 4> 5> ==> q= Dv nqrzq/ wkh IHY fdq eh fdofxodwhg vr ^43`=

IHY @ pd{
�

�
"
H�
+{�, a j+[�,

�
@ plq

�

�
"
H�
+{�, b j+[�,

�
> +515,

zkhuh b 0 lv d pd{lpxp ri wzr dujxphqwv1 Li "� � "
H�
+{�,> j� � j+[�,>

wkhq wkh srvvleoh jhrphwulf lqwhusuhwdwlrq ri htxdwlrq +5, lv dv vkrzq ehorz
+Iljxuh 6,=

Vrph lqwhuhvwlqj h{dpsohv frqfhuqlqj wkh fdofxodwlrq ri wkh IHY zloo
eh frqvlghuhg ehorz1

H{dpsoh 41 ^8` Wkh iroorzlqj vwdwlvwlfdo gdwd zhuh jdwkhuhg lq Elhu0
Vkhyd/ Lvudho1 Gxulqj 88 |hduv vlqfh 4<53 wkh pd{lpxp whpshudwxuhv uhj0
lvwhuhg wkhuh rq Mxo| 4vw zhuh wkh iroorzlqj=

;3
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84 gd|v <3�I0<5I +dyhudjh <4�I,
4 gd| 439�I/
4 gd| 455�I/
4 gd| 457�I/
4 gd| 465�I/

Wkh sureohp lv wr ghwhuplqh zkdw lv wkh whpshudwxuh ri krw zhdwkhu lq
wklv flw| rq Mxo| 4vwB Dqg zkdw whpshudwxuh fkdudfwhulvhv krw zhdwkhu lq
Elhu0Vkhyd rq wklv sduwlfxodu gd|B

Wkh edvh yduldeoh %krw zhdwkhu% lv ri frxuvh wkh ix}}| vxevhw ri wkh
whpshudwxuh glvwulexwlrq rq wkh zkroh srsxodwlrq1 Iru rqh dvvhvvru olylqj
lq wkh Vrxwk wkh whpshudwxuh ri krw zhdwkhu lv pruh wkdq ;3�I/ iru dqrwkhu
dvvhvvru olylqj lq Qruwk krw zhdwkhu lv d whpshudwxuh vrphzkhuh ehorz
;3�I1 Wklv lv wkh uhdvrq zk| wkh qrwlrq %krw zhdwkhu% lv ix}}| dqg lv jlyhq
e| wkh ixqfwlrq frqvwuxfwhg e| vrph h{shuw1 Vxssrvh wkh frpsdwlelolw|
fxuyh lv dv vkrzq ehorz +Iljxuh 7,=

Wr vroyh wklv sureohp fodvvlf vwdwlvwlfv zloo eh xvhg dw �uvw1 Suredelolw|
phdq @ +<4�84.7;7,@88 @ <6> 5�I /phgldq @ <4�I 1 Fohduo|/phdq fdqqrw
ghvfuleh wkh w|slfdoo| fkdudfwhulvwlf whpshudwxuh ri %krw zhdwkhu% rq Mxo|
4vw ehfdxvh lw pxvw frlqflgh zlwk wkh phgldq +kljk whpshudwxuhv ydu|
iurp <3�I wr <5�I zlwk d kljkhu iuhtxhqf|,1 Zkdw grhv Ix}}| Vwdwlvwlfv
kdyh wr r�huB Wkh IHY 1 Li xqlirup glvwulexwlrq lv xvhg lq wkh fdvh ri

;4
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ix}}| phdvxuh j +wkhuh lv qrw dq| rwkhu lqirupdwlrq dydlodeoh derxw j, wkhq
j+KA , @ fdug+KA ,@88/ zkhuh fdug lv wkh fduglqdolw| ri vhw KA 1 Wkh IHY
lv fdofxodwhg xvlqj htxdwlrq +5,= IHY +"

H�
, @ 3=; zklfk phdqv whpshudwxuh

"3�
H�
+3=;, @ <4�I / l1h1 dffruglqj wr wkh h{shuw/ zkr dvvhvvhv %krw zhdwkhu%

e| wkh frpsdwlelolw| fxuyh vkrzq lq Ilj18/ wkh prvw w|slfdoo| fkdudfwhulvwlf
whpshudwxuh ri krw zhdwkhu rq Mxo| 4vw lv <4�I1

Li wkh h{shuw lv fkdqjhg dqg klv2khu frpsdwlelolw| ixqfwlrq lv pruh
%vrxwkhuq% +Iljxuh 8,/ wkhq IHY +"

H�
, @ 3=34876>@ 443�I> "3�

H�
+3=34876, @

443�I zkhuhyhu phdq+"
H�
, @ 3=3568/ l1h1 phdq @ <7�I / zklfk lq uhdolw| lv

yhu| %orz% dffruglqj wr wkh vrxwkhuq h{shuw1

Lw fdq eh vdlg wkdw wkh IHY lv d vxemhfwlyh/ h{shuw fkdudfwhulvwlf iru
srsxodwlrq> wkh prvw w|slfdoo| fkdudfwhulvwlf ydoxh dprqj wkh frpsdwlelolw|
ydoxhv ri wkh ix}}| vxevhw dffruglqj wr wkh diruhphqwlrqhg h{shuw1

H{dpsoh 51 Ohw wkh edvh yduldeoh eh %kljk vdodu|%/ zklfk fuhdwhv
vrph ix}}| vxevhw rq wkh vhw ri hpsor|hhv1 Frqvlghu wkh vdodu| hduqhg e|
d qxpehu ri shrsoh dqg wkh vxemhfwlyh +h{shuw, frpsdwlelolw| ydoxhv iru "
vkrzq lq wkh iroorzlqj wdeoh=

4 shuvrq hduqv 6133 $ " @ 3=73
6 shuvrq hduqv 7133 $ " @ 3=83
7 shuvrq hduqv 7153 $ " @ 3=88
5 shuvrq hduqv 7183 $ " @ 3=93
5 shuvrq hduqv 43133 $ " @ 4=33

;5
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Vxssrvh wkdw wkh iroorzlqj vwdwlvwlfdo gdwd duh dydlodeoh wr fdofxodwh wkh
IHY =

& ri jurxs {� q� "� qE�� j� @ qE��@q "� a j�
4 6133 4 317 45 4 317
5 7133 6 318 44 44245 318
6 7153 7 3188 ; ;245 3188
7 7183 5 319 7 7245 3166
8 43133 5 413 5 5245 3149

zkhuh q� 0 lv wkh qxpehu ri shrsoh lq l0wk jurxs> qE�� �
?S

�'�
q� > l @

4> 5> ===> q>q @ 8=>
Dv lq wkh suhylrxv h{dpsoh/ wkh vdpsolqj glvwulexwlrq iru wkh ix}}| phd0

vxuh j rq zkroh srsxodwlrq lv wdnhq1 Wkhq IHY @ 3=88/ zklfk frlqflghv
zlwk wkh phgldq +Ndqgho vkrzhg wkdw iru xqlprgdo yduldwlrqdo vdpsolqj li
wkh ix}}| phdvxuh kdv vdpsolqj glvwulexwlrq/ wkh IHY frlqflghv zlwk wkh
phgldq, "

H�
+3=88, @ 7=5> l1h1 d w|slfdo kljk vdodu| rq wkh zkroh srsxodwlrq

@ 7=51
Zkhq uhfhlylqj gdwd lq h{wuhph vlwxdwlrqv wkh IHY grhv qrw surylgh

d %orjlfdo% h{shfwhg ydoxh ehfdxvh lw lv dvvxphg wkdw lq wklv fdvh wkh lqiru0
pdwlrq dydlodeoh rq wkh srsxodwlrq lv lqvx�flhqw1 Frqvlghu wkh iroorzlqj=

H{dpsoh 61 Ohw wkh frpsdwlelolw| ixqfwlrq iru wkh yduldeoh %rog% eh

"+{, @

;?
=

3> { ? 3
{@433> 3 � { � 433
4> { A 433

>

dqg wkh vwdwlvwlfdo glvwulexwlrq ri srsxodwlrq jurxsv eh

43 shrsoh duh ^43053` |hduv rog/
58 shrsoh duh 63 |hduv rog/
48 shrsoh duh 73 |hduv rog/

68 shrsoh duh ^78088` |hduv rog/
53 shrsoh duh ^930:3` |hduv rog1

Dv lq H{dpsoh 5/ wkh wdeoh ri vwdwlvwlfdo gdwd lv dv vkrzq ehorz=

& ri jurxs {� q� "� qE�� j� @ qE��@q
4 ^43>53` 43 ^314>315` 433 4133
5 63 58 316 <3 31<3
6 73 48 317 88 3198
7 ^78>88` 68 ^3178>3188` 83 3183
8 ^93>:3` 53 ^319>31:` 53 3153

;6
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Lw lv fohdu wkdw wkh IHY fdqqrw eh fdofxodwhg zlwk wklv gdwd/ dqg li wkh
vdph lv grqh dv lq H{dpsoh 4 +zkhq iru lqwhuydo ^<3�I0<5�I` dq dyhudjh ri
<4�I zdv wdnhq, wkh uhvxow zloo eh xqvdwlvidfwru| ehfdxvh lqirupdwlrq zloo
eh orvw dqg wklv zloo ohdg wr d vljql�fdqw uhgxfwlrq lq lqirupdwlrqdo hqwurs|1

E| lqwurgxflqj lqwhuydo dojheud P1 Vfkqhlghu dqg D1 Ndqgho ^;` r�hu d
qhz zd| lq zklfk rshudwlrqv ri a +plqlpxp, dqg b +pd{lpxp, duh gh�qhg
rq lqwhuydov/ dqg wkh surfhgxuh iru fdofxodwlqj wkh IHY +rq d �qlwh vhw, lv
jhqhudolvhg1 Wklv phwkrg lv fdoohg wkh Ix}}| H{shfwhg Lqwhuydo +IHL,1

�� 6�33) , TiU|i_ W?|ih�@* E8.U�

Wkh frqfhsw ri wkh IHL dv d phwkrg zdv ghyhorshg wr ryhufrph lqdffxudwh
ix}}| lqirupdwlrq zkhq fdofxodwlqj wkh IHY 1 Qdwxudoo|/ wkh IHL pxvw
jlyh wkh vdph uhvxowv dv wkh IHY zkhq wkh lqwhuydov duh rqh0srlqw vhwv dqg
glvsod| vwdelolw| frqfhuqlqj wkh IHY lq wkh fdvh ri lqwhuydov zlwk d %vpdoo%
ohqjwk/ zklfk lv xvhg wr gh�qh b dqg a rshudwlrqv lq lqwhuydo dojheud1 Ohw
xv xvh wkh gh�qlwlrqv dqg uhvxowv iurp ^;` +zlwkrxw surri,=

Gh�qlwlrq 61 Li V @ ^v> v`dqg U @ ^u> u` duh lqwhuydov/ wkhq

pd{iV>Uj @ V li ;v 5 V = <hu 5 U vxfk wkdw v A hu>
plqiV>Uj @ V li ;v 5 V = <hu 5 U vxfk wkdw v ? hu= +616,

Sursrvlwlrq 41 Li V _U @ > wkhq

pd{iV>Uj @

�
U li u A v
V li v A u

>

plqiV>Uj @

�
U li u ? v
V li v ? u

=
+617,

Sursrvlwlrq 51 Li V _U @ >> V � U dqg U - V> wkhq

pd{iV>Uj @

�
U li u A v
V li v A u

>

plqiV>Uj @

�
U li v A u
V li u A v

=
+618,

Gh�qlwlrq 71 Vxssrvh V � U/ wkhq <W +W @
�
w> w

�
, vr wkdw

pd{iV>U> Wj @ W li ;w 5 W = <hv 5 V> vxfk wkdw w � hv dqg <hu 5 U> vxfk
wkdw w � hu>

plqiV>U> Wj @ W li ;w 5 W = <hv 5 V> vxfk wkdw w � hv dqg <hu 5 U> vxfk
wkdw w � hu=

Sursrvlwlrq 61 Li U � V/ wkhq

;7
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pd{iU>Vj @ ^u> v` >plqiU>Vj @ ^v> u` = +619,

Gh�qlwlrq 81 Vxssrvh U dqg V duh dq| lqwhuydov iurp @+?, +vhwv ri
doo lqwhuydov rq uhdo qxpehuv ?,1 Rqh fdq vd| wkdw V lv %kljkhu% wkhq U li
v � u1

Wkxv/ wkhuh lv d srvvlelolw| wr gh�qh a dqg b rshudwlrqv rq dq| lqwhuydo1
Qrz/ h{dpsoh 6 fdq eh frqfoxghg dv vkrzq ehorz=

IHL @ pd{i^3=4> 3=5`> 3=6> 3=7> ^3=78> 3=8`> 3=5j @ ^3=78> 3=8`>

zkhuh ^3=4> 3=5` @ plqi^3=4> 3=5`> 4j> 3=6 @ plqi3=6> 3=<j> 3=7 @ plqi3=7>
3=98j> ^3=78> 3=8` @ plqi^3=78> 3=88`> 3=8j> 3=5 @ plqi^3=9> 3=:`> 3=5j> exw
"3�+^3=78> 3=8`, @ ^78> 83`1 Wkdw lv wr vd|/ wkh prvw w|slfdo djh lq d jlyhq
srsxodwlrq uhjduglqj wkh yduldeoh %rog% lv wkh lqwhuydo ^78083`1

Vlqfh wkhuh duh vrph h{dpsohv lq zklfk wkh lqirupdwlrq dydlodeoh iru
wkh iuhtxhqf| glvwulexwlrq ri wkh srsxodwlrq lv vfdufh dqg lqdffxudwh/ wkh
iuhtxhqflhv ri jurxsv duh jlyhq e| lqwhuydov1

H{dpsoh 71 Frqvlghu wkh edvh yduldeoh %rog% zlwk wkh vdph frpsdwl0
elolw| ixqfwlrq dv lq h{dpsoh 61 Wkh srsxodwlrq frqvlvwv ri wzr jurxsv=

& ri jurxs {� q� "� qE�� j�
4 48 ^43>48` 3148 B B
5 53 ^53>63` 3153 B B

Iru lqvwdqfh/ wklv phdqv wkdw lq wkh �uvw jurxs 43 wr 48 fkloguhq duh
�iwhhq |hduv rog/ dqg lq wkh vhfrqg jurxs 53 wr 63 fkloguhq duh wzhqw| |hduv
rog1 Zkdw lv wkh PWY B

Jhqhudoo| vshdnlqj/ wkh ydoxhv ri ix}}| phdvxuh j� duh lqwhuydov zkrvh
xsshu dqg orzhu erxqgdulhv duh fdofxodwhg dv iroorzv ^;`=

j
�
@

&3

�'�

4�?t?�(?��

&3

�'�

4�?t?�(?��3
�3�3

�'�

4@ t?�(?��

>

j� @

&3

�'�

4@ t?�(?��

&3

�'�

4@ t?�(?��3
�3�3

�'�

4�?t?�(?��

>

+61:,

zkhuh n lv wkh qxpehu ri jurxsv lq wkh zkroh srsxodwlrq dqg ^q�>q�` �
q� duh iuhtxhqf| lqwhuydov ri l0wk jurxs1 Li irupxodh +:, iurp h{dpsoh 7

duh xvhg/ j� @
k
j
�
> j�

l
lqwhuydov/ zkhuh l @ 4> 5> zloo eh fdofxodwhg vr wkdw

j
�
@ j� @ 4/ j

2
@ 53@+43 . 63, @ 3=58> j2 @ 63@+43 . 63, @ 3=:81 Dqg wkh

iroorzlqj wdeoh zloo eh rewdlqhg=

;8



DPL Yro19 Qr15/ 5334 J1Vluelodg}h/ D1Vlnkduxolg}h .

& ri jurxs {� q� "� qE�� j�
4 48 ^43>48` 3148 ^63>78` ^4>4`
5 53 ^53>63` 3153 ^53>63 ^3158>31:8`1

Wkhq IHL @ pd{iplq+3=48> 4,>plq+3=5> ^3=58> 3=:8`,j @ pd{i3=48> 3=5j @
3=5/ exw "3�+3=5, @ 53/ zklfk phdqv wkdw wkh prvw w|slfdo jurxs lq wkh
zkroh srsxodwlrq lv wkh vhfrqg rqh1

Lq pdq| fdvhv wkh lqirupdwlrq lv pruh xqfhuwdlq wkdq lq wkh diruhphq0
wlrqhg h{dpsohv dqg lv uhsuhvhqwhg e| wkh vr0fdoohg %olqjxlvwlf yduldeohv%1
Wkhvh duh %derxw%/ %pruh ru ohvv%/ %pruh%/ %pxfk pruh%/ hwf1 Lq hyhu|
sureohp wkh vxemhfw +h{shuw, frqvwuxfwv d wdeoh ri uhodwlrqvklsv iru hdfk
lqglfdwlyh yduldeoh ri wkh srsxodwlrq +%shuvrq% lq wkh suhvhqw fdvh,/ zklfk
wudqvihuv olqjxlvwlf yduldeohv wr wkh iuhtxhqf| lqwhuydov +pdsslqj wdeoh,=

Olqjxlvwlf Yduldeoh Orzhu Erughu Xsshu Erughu
Doprvw {� 43( {� 4(

Pruh ru ohvv {� 43( {. 43(
Pxfk pruh 5{ .4

Qrwlfh wkdw zkloh uhfhlylqj gdwd/ hdfk olqjxlvwlf yduldeoh fuhdwhv vrph
srsxodwlrq jurxs zlwk d iuhtxhqf| lqwhuydo1 Lq wklv fdvh wkh IHL kdv
douhdg| ehhq fdofxodwhg1

Rqh h{dpsoh ri krz wr fdofxodwh wkh IHL e| phdqv ri rqh h{shuw v|vwhp
ri ghflvlrq0pdnlqj lv jlyhq ehorz1 Lq wklv h{dpsoh wkh jhqhudo v|vwhp ri
ghflvlrq0pdnlqj lv dv iroorzv=

%Li wkh frqglwlrq lv ixo�oohg/ wkhq dfw%1

Frqvlghu wkh vlwxdwlrq iru wkh srsxodwlrq zkhq d ghflvlrq pxvw eh pdgh
uhjduglqj d udlvh ri vdodu|1

Li %kljk lqfrph%/ wkhq %udlvhvdodu|%1

Pruh frqfuhwho|=

Li wkh vdodu| hduqhg lv � 8/ wkhq lw pxvw eh udlvhg e| 4(1

Vxssrvh wkh lqirupdwlrq rq srsxodwlrq jurxsv lv dv iroorzv=

Pruh ru ohvv 63 shrsoh hduq '518/
83 shrsoh hduq '^708`/

:30433 shrsoh hduq '818/
830:3 shrsoh hduq '^:0;`1

;9
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Wkh txhvwlrq dulvhv= Grhv wklv srsxodwlrq ri hpsor|hhv uhfhlyh d udlvhB

Ohw wkh frpsdwlelolw| ixqfwlrq ri wkh edvh yduldeoh %kljk vdodu|% eh dv
iroorzv=

"+{, @

;?
=

3> { ? 3>
{@43> 3 � { � 43>
4> { A 43=

Wkh �uvw srsxodwlrq jurxs lv fuhdwhg e| wkh olqjxlvwlf yduldeoh %pruh ru
ohvv%1 Wkh iroorzlqj glvwulexwlrq lqwhuydo zloo eh rewdlqhg iurp wkh deryh0
phqwlrqhg pdsslqj wdeoh=

^63� 43( ri 63> 63 . 43( ri 63` @ ^5:> 66`>

dqg wkh iroorzlqj glvwulexwlrq wdeoh zloo eh rewdlqhg=

& ri jurxs ^{�>{�` q� @ ^q�>q�` "� @
k
"
�
>"�

l
j� @

k
j
�
> j�

l
4 518 5:066 3158 4
5 7130813 83 3170318 31;7031;<
6 818 :30433 3188 31880319;
7 :130;13 830:3 31:031; 31570315;

Wkhq IHL @ pd{iplq+3=58> 4,>plq+^3=7> 3=8`> ^3=;7> 3=;<`,>plq+3=88> ^3=88>
3=9;`,> plq+^9=:> 3=;`/ ^3=57> 3=5;`,j @ pd{i3=58> ^3=7> 3=8`> 3=88> ^3=57> 3=<`j ru
IHL @ 3=88/ exw "3�+IHL, @ "3�+3=88, @ 8=8 @ "3�+PWY ,1 Ehfdxvh
wkh "3�+PWY , A 8=38/ rqh fdq vd| wkdw hpsor|hhv jhw d udlvh1

Ghvslwh wkh idfw wkdw wkh IHY jlyhv d jrrg uhsuhvhqwdwlrq ri wkh Prvw
W|slfdo Srsxodwlrq Jurxs +PWSJ, +zkhq wkhuh duh vx�flhqw gdwd, dqg
wkh IHL jlyhv dq lqwhuydo hvwlpdwlrq ri wkh PWY ri wkh frpsdwlelolw|
fxuyh +zkhq wkhuh duh lqvx�flhqw gdwd rq srsxodwlrq jurxsv,/ wkhuh duh
vrph fdvhv zkhq erwk ri wkhp jlyh xqvdwlvidfwru| uhvxowv1 Frqvlghu wkh
h{dpsohv vkrzq ehorz=

H{dpsoh 81 Vxssrvh wkdw wkh iroorzlqj wdeoh ri frpsdwlelolw| ydoxhv
lv rewdlqhg=

& ri jurxs q� "� j� pd{+"�> j�,
4 :3 3138 4 3138
5 63 316 316 316

Li rqh fkrrvhv IHY @ 3=6dv wkh prvw fkdudfwhulvwlf ydoxh ri ixqfwlrq
"/ wkhq wkh jurxs ri :3( zlwk frpsdwlelolw| ydoxh 3138 lv ljqruhg1 Wkh
phdq @ 3=458 lv dovr xqvdwlvidfwru|1 Lw zrxog eh ehwwhu wr dfnqrzohgjh
wzr idfwv zkhq fdofxodwlqj wkh PWY ^7`=

;:
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41 Wkh PWY pxvw frqvlghu jurxsv zlwk d kljkhu iuhtxhqf| lq wkh zkroh
srsxodwlrq>

51 Wkh PWY pxvw frqvlghu forvhqhvv zlwk jurxsv zlwk kljk frpsdwl0
elolw| ydoxhv1

Qrwh wkdw wkhvh idfwruv duh frqglwlrqdo dqg ydu| dffruglqj wr wkh vxe0
mhfwlyh rslqlrq derxw wkh PWY 1 Exw lw vkrxog eh vdlg lq dgydqfh wkdw
wkhvh wzr idfwruv sod| dq hvvhqwldo uroh lq wkh hoderudwlrq ri d qhz phwkrg
durxqg wkh IHL1

e� `i�}�|i_ 6�33) , TiU|i_ V@*�i E`8.T �

P1Iulhgpdq/ P1Vfkqhlghu dqg D1Ndqgho r�huhg d qhz vfkhph iru fdofx0
odwlqj wkh PWY ^7`/ zklfk lv edvhg rq d wzr0idfwru sulqflsoh= Wdnlqj/ iru
h{dpsoh/ wkh iroorzlqj wzr srsxodwlrq jurxsv=

& ri jurxs " q
l "� q�

m "� q�

Vxssrvh q� A q�/ wkhq=

41 41 Srsxodwlrq h�hfwlyhqhvv= wkh PWY zloo eh *ohvv idu* iurp "� wkdq
iurp "� vlqfh q� A q�1

51 Wkh h�hfwlyh orfdwlrq ri wkh PWY zlwk uhvshfw wr frpsdwlelolw|
ydoxhv= Wkh glvwdqfh ehwzhhq wkh PWY dqg wkh frpsdwlelolw| ydoxh ri
l0wk jurxs m"� �PWY m zloo sduwlflsdwh lq wkh gh�qlwlrq ri wkh PWY
zlwk d %orz% zhljkw/ dv %odujh% wklv glvwdqfh pljkw eh1 Wklv zhljkw
zloo eh sursruwlrqdo wr z +m"� �PWY m,/ zkhuh z lv vrph vwulfwo| gh0
fuhdvlqj ixqfwlrq1

Vxssrvh d yduldwlrqdo vdpsolqj �

�
+{�> {2> ===> {&,
+q�> q2> ===> q&,

�
lv jlyhq/ "� @

"
H�
+{�, duh frpsdwlelolw| ydoxhv ri vrph ix}}| vhw hD � [ @ i{�> {2> ===> {&j/

z+{, lv d qrq0qhjdwlyh prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq gh�qhg ryhu wkh
lqwhuydo ^3/4` dqg o A 4 lv d uhdo qxpehu1 Frqvlghu wkh iroorzlqj htxdwlrq
zlwk uhvshfw wr v=

v @
"�z +m"� � vm,q,

�
. "2z +m"2 � vm,q,

2
. � � �. "&z +m"& � vm,q,

&

z +m"� � vm,q,
�
. z +m"2 � vm,q,

2
. � � �. z +m"& � vm,q,

&

= +71;,

;;
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Gh�qlwlrq 91 Wkh vroxwlrq ri htxdwlrq +;, lv fdoohg wkh Zhljkwhg Ix}}|
H{shfwhg Ydoxh +ZIHY , ri rughu o zlwk wkh dwwdfkhg zhljkw ixqfwlrq z
ri frpsdwlelolw| ydoxhv +"�> ===> "&,1

�
PWY � ZIHY

�
"
H�
> z

��
1

Wkh Sdudphwhu o phdvxuhv wkh ghshqghqfh ri iuhtxhqflhv ri srsxodwlrq
jurxsv rq wkh ZIHY 1 Wkh vshhg dw zklfk ixqfwlrq z ghfuhdvhv gh�qhv
wkh %forvhqhvv% ri ZIHY wr kljkhu frpsdwlelolw| ydoxhv ri "�1 Zlwk wkh
deryh0phqwlrqhg sulqflsoh/ zklfk frqvlvwv ri wzr idfwruv/ wkh pdsslqj ri
wkh zhljkwlqj lqyduldqw wr wkh ZIHY iroorzv iurp gh�qlwlrq ;/ zlwk wkh
PWY ehlqj d �{hg pdsslqj srlqw1 Wkh dxwkruv ri ^44` xvh wkh ixqfwlrq
z+{, @ h3b%+� A 3, lqvwhdg ri z1 Vshfl�fdoo|/ iru d sdlu +o/�, ydoxhv
o @ 5> � @ 41 Wr vroyh htxdwlrq +;, wkh| xvh wkh lwhudwlrq phwkrg v? @
i+v?3�,/ zkhuh vf @ IHY +wkh ixqfwlrq i lv wkh ydoxh lq wkh uljkw kdqg vlgh
ri htxdwlrq +;,,/ dqg diwhu 607 vwhsv wkh| dfklhyh dq dffxudf| ri % @ 433�

1 D glvfxvvlrq rq vrph ri wkh h{dpsohv ri wkh xvh ri wkh ZIHY iroorzv=
Lq wkh fdvh ri h{dpsoh 8/ li o @ 5 dqg � @ 4/ wkhq ZIHY � 3=3;6/
IHY @ 3=6/ phdq @ 3=458/ phgldq @ 3=381 Fohduo|/ wkh IHY dqg phgldq
ljqruh jurxsv zlwk :3( dqg 63( ghqvlw| dffruglqjo|1 Wkh phdq lv forvh
wr wkh frpsdwlelolw| ydoxh zlwk d kljkhu ghqvlw| exw uhsuhvhqwv d pruh
lqvx�flhqw phdvxuh ri w|slfdolw| wkdq wkh ZIHY 1 Wkh odwwhu xvhv d wzr0
idfwru sulqflsoh dqg lv wkh prvw w|slfdo ydoxh iru wkh srsxodwlrq1 Dffruglqj
wr wkh dxwkruv ri ^7` +PWY @ ZIHY ,1

H{dpsoh 91 Wkh srsxodwlrq frqvlvwv ri wzr jurxsv zlwk wkh iroorzlqj
wdeoh ri frpsdwlelolw| ydoxhv=

& ri jurxs "� q� j�
4 31458 : 4
5 316:8 4< 31<6
6 31958 64 31:7
7 31;:8 76 3176

Li o @ 5 dqg � @ 4/ wkhq IHY @ 3=958/ phdq @ 3=98/ phgldq @ 3=958/
prgh @ 3=;:8/ ZIHY @ 3=:781 Dv lq wkh suhylrxv h{dpsoh/ wkh phdq lv
d %ehwwhu% PWY wkdq IHY @ phgldq/ exw %zruvh% wkdq prgh @ 3=;:81
Wklv lv ehvw vxppdulvhg dv ZIHY / vr PWY @ ZIHY 1

H{dpsoh :1 Wkh srsxodwlrq frqvlvwv ri wkuhh jurxsv zlwk wkh iroorzlqj
wdeoh ri frpsdwlelolw| ydoxhv=

& ri jurxs "� q� j�
4 315 68 4
5 316 58 3198
6 319 73 317

Wkhq IHY @ 3=7/ phdq @ 3=6;8/ phgldq @ 3=6/ ZIHY @ 3=735/
+o @ 5> � @ 4,/ prgh @ 3=91

;<
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Fohduo|/ qhlwkhu phdq qru phgldq duh vx�flhqw PWY v1 Wkh phdq lv d
olwwoh elw ehwwhu wkdq phgldq/ wkh IHY lv ehwwhu wkdqphdq dqg wkhZIHY
lv pxfk ehwwhu wkdq erwk/ ehfdxvh lw lv pryhg forvh wr wkh frpsdwlelolw|
ydoxh ri kljkhu ghqvlw| jurxs dqg dovr frqvlghuv wkh h{lvwhqfh ri �uvw dqg
vhfrqg jurxsv zlwk 93( ghqvlw|1

D� `i�}�|i_ 6�33) , TiU|i_ W?|ih�@* E`8.U�

Lw lv lpsruwdqw wr qrwh wkdw lw lv lpsrvvleoh wr fdofxodwh wkh IHY zkhq gdwd
rq srsxodwlrq jurxsv duh lqvx�flhqw1 Khqfh/ d phwkrg iru fdofxodwlqj wkh
IHL zdv hoderudwhg/ zklfk h�hfwlyho| xvhv wzr rshudwlrqv= b dqg a iurp
lqwhuydo dojheud1 Wklv surfhgxuh lv vwdeoh dqg iru rqh0srlqw lqwhuydov wkh
IHL frlqflghv zlwk wkh IHY 1 Qdwxudoo|/ wkh vdph sureohp dulvhv gxulqj
wkh fdofxodwlrq surfhvv ri wkh ZIHY zkhq wkh vwduwlqj srlqw ri lwhudwlrq
surfhvv v? @ i+v?3�, fdqqrw eh irxqg1 Exw wkh IHL grhv h{lvw1 Krz
fdq wkh IHL eh xvhg wr exlog vlplodu surfhvvB Dq dwwhpsw wr frqvwuxfw
d qhz lwhudwlrq surfhvv xvlqj lqwhuydo dqdo|vlv zloo eh pdgh/ zkhuh wkh
hvvhqwldo edvh frpsrqhqw zloo eh wkh IHL xvlqj sulqflsohv iru frqvwuxfwlqj
wkh ZIHY 1

Vxssrvh d yduldwlrqdo vdpsolqj �

�
+{�> {2> ===> {&,
+q�> q2> ===> q&,

�
lv jlyhq/ "� @

"
H�
+{�, duh frpsdwlelolw| ydoxhv ri vrph ix}}| vhw hD � [ @ i{�> {2> ===> {&j=

q� dqg "� duh lqwhuydov= q� @ ^q�>q�` > "� @
k
"
�
>"�

l
> l @ 4> 5> ===> n= Ohw

z+{, eh d qrq0qhjdwlyh prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq gh�qhg ryhu wkh
lqwhuydo ^3> 4`dqg o A 4 eh d uhdo qxpehu1

Gh�qlwlrq :1 Wkh Zhljkwhg Ix}}| H{shfwhg Lqwhuydo +ZIHL , ri
rughu o zlwk dwwdfkhg zhljkw ixqfwlrq z ri frpsdwlelolw| ydoxhv i"�> ===> "&j
lv fdoohg wkh olplw ri wkh lwhudwlrq surfhvv ri wkh frpelqdwruldo lqwhuydo
h{whqvlrq=

v? @

&S
�'�

z
����k"

�
>"�

l
� v?3�

���� � �q,
�
>q,

�

� � k"
�
>"�

l
&S

�'�

z
����k"

�
>"�

l
� v?3�

���� � �q,
�
>q,

�

� +81<,

zkhuh vf � IHL=

Lw lv ghqrwhg e| ZIHL
�
"
H�
> z

�
1 Lw lv fohdu wkdw ZIHL lv wkh lqwhuydo

h{whqvlrq ri ZIHY / zkhq IHY grhv qrw h{lvw/ exw IHL ^7` h{lvwv1

Dq hvvhqwldo sursrvlwlrq/ zklfk xql�hv doo nqrzq zhljkwhg phdqv suh0
vhqwhg lq wklv sdshu dqg uhwdlqv fruuhfwqhvv ri jhqhudol}dwlrq ri vwdwlvwlfdo
qrwlrqv/ zloo eh vwdwhg ehorz=
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Sursrvlwlrq 71 +zlwkrxw surri, Li IHY @ IHL/ lqwhuydov ri frpsdw0
lelolw| ydoxhv "� dqg iuhtxhqflhv q� duh rqh0srlqw lqwhuydov wkhq

ZIHY
�
"
H�
> z

�
@ ZIHL

�
"
H�
> z

�
=

Qrwh wkdw iru wkh frqyhujhqfh ri lwhudwlrq surfhvv htxdwlrq +<, wkh surs0
huw| ri frpsuhvvlrq ri wkh ixqfwlrq z lv vx�flhqw1

S� `i�}�|i_ 6�33) , TiU|i_ V@*�i ��|� +itTiU| |L 6�33)
�i@t�hi E`8.Tjo�

Vxssrvh d yduldwlrqdo vdpsolqj �

�
+{�> {2> ===> {&,
+q�> q2> ===> q&,

�
lv jlyhq/ "� @ "

H�
+{�,

duh frpsdwlelolw| ydoxhv ri vrph ix}}| vhw hD1 Ohw z eh d qrq0qhjdwlyh
prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq gh�qhg ryhu wkh lqwhuydo ^3/4` dqg o A 4
eh d uhdo qxpehu1

Wkh htxdwlrq +;, fdq eh zulwwhq lq wkh iroorzlqj zd|=

v @
"�z +m{� � vm, �?�

&

�,
. "2z +m{2 � vm, �?2

&

�,
. � � �. "&z +m{& � vm, �?&

&

�,
z +m{� � vm, �?�

&

�,
. z +m{2 � vm, �?2

&

�,
. � � �. z +m{& � vm, �?&

&

�, =

+9143,
Gh�qlwlrq ;1 Ix}}| phdvxuh/ zklfk/ iru dq| vxevhw D ri vdpsolqj

[ @ i{�> =={&j/ lv htxdo wr o0wk srzhu ri iuhtxhqf| ri D

j,r@6R,�?} +D, �

3
EC

S
%�M�

q�

n

4
FD

,

@
�q�

n

�,
>

lv fdoohg d ix}}| phdvxuh lqgxfhg zlwk vdpsolqj glvwulexwlrq ri o0wk srzhu1
Wkhq

j,r@6R,�?} +i{�j, @
�q�
n

�,
> l @ 4> 5> ===> n= +9144,

Reylrxvo|/ gxulqj zhljkwlqj/ ydoxhv ri phdvxuh j,r@6R,�?} lq htxdwlrq
+43, rqo| rq vhwv ri rqh hohphqw +ix}}| %zhljkwv% ri vhwv ri rqh hohphqw,
duh frqvlghuhg1

Ohw [ @ i{�> ===> {&j eh d �qlwh vhw/ ohw
�
[> 5f > j

�
eh d ix}}| phdvxuh

vsdfh/ ohw "
H�
eh d frpsdwlelolw| ixqfwlrq ri ix}}| vxevhw hD/ "

H�
= [ $ ^3> 4`�

"� @ "
H�
+{�,

�
> ohw z eh vrph %zhljkw% ixqfwlrq dqg ohw o A 4 eh d uhdo

qxpehu1
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Frqvlghulqj wkh htxdwlrq +43, dqg gh�qlwlrq ; lw lv srvvleoh wr frp0
srvh wzr qhz srvwxodwhv ri frqvwuxfwlqj PWY @ ZIHY zlwk uhvshfw wr
wkh ix}}| phdvxuh j rq wkh vhw [ / zklfk zloo eh odwhu fdoohg Iulhgpdq0
Vfkqhlghu0Ndqgho sulqflsohv +IVN,=

41 Ix}}| phdvxuh glvwulexwlrq h�hfwlyhqhvv= PWY zloo eh %ohvv idu%
iurp "� wkdq iurp "� li j +i{�j, A j +i{�j,1

51 Wkh h�hfwlyh orfdwlrq ri PWY zlwk uhvshfw wr frpsdwlelolw| ydoxhv=
Wkh glvwdqfh ehwzhhq PWY dqg frpsdwlelolw| ydoxhv "� +ri wkh hohphqw
{� 5 [,=m"� �PWY m zloo sduwlflsdwh lq wkh gh�qlwlrq ri wkh PWY zlwk d
%orz% zhljkw/ dv %odujh% wklv glvwdqfh pljkw eh1 Wklv zhljkw zloo eh sur0
sruwlrqdo wr z +m"� �PWY m,/ zkhuh z lv vrph vwulfwo| ghfuhdvlqj ixqfwlrq1

Vlploduo| wr htxdwlrq +43, dqg htxdwlrq +44, frqvlghu wkh iroorzlqj htxd0
wlrq zlwk uhvshfw wr v=

v @

&S
�'�

"�z m+"� � v,m j, +i{�j,
&S
�'�

z m+"� � v,m j, +i{�j,
= +9145,

Gh�qlwlrq <1 Wkh vroxwlrq ri htxdwlrq +45, lv fdoohg wkh Zhljkwhg
Ix}}| H{shfwhg Ydoxh ri rughu o zlwk wkh dwwdfkhg zhljkwhg ixqfwlrq z ri
frpsdwlelolw| ixqfwlrq " zlwk uhvshfw wr wkh ix}}| phdvxuh j1

Lw lv ghqrwhg e| ZIHY},
�
"
H�
> z

�
/ +PWY @ ZIHY},,1

Rq wkh vhw [ @ i{�> ===> {&j wkhuh h{lvw n$ shupxwdwlrqv1 Ghqrwh dq|
shupxwdwlrq e| � @ +�+4,> �+5,> ===> �+n,,/ wkh vhw ri doo srvvleoh shupxwd0
wlrqv e| V&

Gh�qlwlrq 43 ^4`1 Li � 5 V& lv dq| shupxwdwlrq/ wkhq wkh iroorzlqj
suredelolw| glvwulexwlrq

S
E,�
j

�
{jE��

�
@ j,

��
{jE��

��
>

S
E,�
j

�
{jE2�

�
@ j,

��
{jE��> {jE2�

��� j,
��

{jE��
��

>

==================

S
E,�
j

�
{jE��

�
@ j,

��
{jE��> ===> {jE��

��� j,
��

{jE��> ===> {jE�3��
��

>

==================

S
E,�
j

�
{jE&�

�
@ 4� j,

��
{jE��> ===> {jE&3��

��
=

lv fdoohg dq dvvrfldwhg suredelolw| glvwulexwlrq ri wkh ix}}| phdvxuh j,>q
S
E,�
j

r
jM7&

@
q
S
E,�
j

�
{jE��

�
> ===> S

E,�
j

�
{jE&�

�r
jM7&

lv fdoohg wkh fodvv ri

dvvrfldwhg suredelolwlhv ri wkh ix}}| phdvxuh j,1
Lw lv nqrzq wkdw iru ;{� � [ vhw/ <�� 5 V& shupxwdwlrq vxfk wkdw

j +i{�j, @ S E,�
��

+{�, � S E,�
��

�
{��E��

�
=
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Wkhq htxdwlrq +45, zloo wdnh wkh iroorzlqj irup=

v @

&S
�'�

"�z m+"� � v,mS E,�
��

�
{��E��

�
&S
�'�

z m+"� � v,mS E,�
��

�
{��E��

� = +9146,

Wklv lv wkh suredelolw| uhsuhvhqwdwlrq ri ZIHY}, e| dvvrfldwhg sured0

elolwlhv S
E,�
�� > S

E,�
�2 > ===> S

E,�
�? ri wkh ix}}| phdvxuh j1

Reylrxvo|/ zh fdq frqvwuxfw wkh lwhudwlrq surfhvv iru htxdwlrq +46, dv
zh glg iru gh�qlwlrq ;=

v? @

&S
�'�

"�z m+"� � v?3�,mS E,�
��

�
{��E��

�
&S
�'�

z m+"� � v?3�,mS E,�
��

�
{��E��

�
zkhuh vf @ IHY

�
"
H�

�
1

Ohw "� ydoxhv dqg S
E,�
�� +�,ydoxhv eh lqwhuydov= "� @

k
"
�
>"�

l
/ S

E,�
�� @k

S
E,�
�� >S

E,�
��

l
> ohw z eh d qrq0qhjdwlyh prqrwrqlfdoo| ghfuhdvlqj ixqfwlrq gh0

�qhg ryhu lqwhuydo ^3>4` dqg ohw o A 4 eh d uhdo qxpehu=
Gh�qlwlrq 441 Wkh Zhljkwhg Ix}}| H{shfwhg Lqwhuydo ZIHL}, ri

rughu o zlwk wkh dwwdfkhg zhljkw ixqfwlrq z ri wkh frpsdwlelolw| ixqfwlrq
"
H�
zlwk uhvshfw wr ix}}| phdvxuh j lv fdoohg wkh olplw ri wkh lwhudwlrq surfhvv

ri wkh frpelqdwruldo lqwhuydo h{whqvlrq =

v? @

&S
�'�

k
"
�
>"�

l
z
����k"

�
>"�

l
� v?3�

���� k
S
E,�
��

�
{��E��

�
>S

E,�
��

�
{��E��

�l
&S
�'�

z
����k"

�
>"�

l
� v?3�

���� k
S
E,�
��

�
{��E��

�
>S

E,�
��

�
{��E��

�l > +9147,

zkhuh vf @ IHY
�
"
H�

�
1 Lw lv ghqrwhg dv

ZIHL}, @ ZIHY},
�
"
H�
> z

�
=

Lw*v fohdu wkdw ZIHL}, lv dq lqwhuydo h{whqvlrq ri wkh ZIHY}, dqg zh
kdyh wkh iroorzlqj sursrvlwlrqv=

Sursrvlwlrq 81 Li IHY @ IHL/ lqwhuydov ri frpsdwlelolw| ydoxhv "�
dqg ydoxhv ri dvvrfldwhg suredelolwlhv +ru ydoxhv ri ix}}| phdvxuh j, S� +�,
duh rqh srlqw lqwhuydov/ wkhq

ZIHL}, @ ZIHY},=
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Fohduo|/ wkh surri lv wulyldo1
Sursrvlwlrq 91 Li [ @ i{�> ===> {&j lv wkh vhw ri yduldwlrqdo vdpsolqj

�

�
+{�> {2> ===> {&,
+q�> q2> ===> q&,

�
dqg j = 5f $ ^3> 4` lv %vdpsolqj% ix}}| phdvxuh=

j @ jr@6R,�?}>

wkhq wkh iroorzlqj Jhqhudol}hg Zhljkwhg Ix}}| H{shfwhg ydoxhv frlq0
flgh=

ZIHY}, @ ZIHY>ZIHL}, @ ZIHL=

Fohduo|/ wkh surri lv wulyldo1
Frqfoxvlrq= Lw fdq eh vwdwhg wkdw zkhq wkhuh duh lqvx�flhqw gdwd

rq srsxodwlrq jurxsv/ wkh surfhvv ri ix}}| vwdwlvwlfdo hvwlpdwlrq frpsulvhv
wzr vwdjhv= Wkh jhqhudolvdwlrq ri wkh ix}}| zhljkwhg hvwlpdwru iroorzv iurp
d vpdoo dprxqw ri lqirupdwlrq/ zklfk lv irupdoo| frqvwuxfwhg e| lqwhuydo
dqdo|vlv dqg fuhdwhv hqwurs| jurzwk ri lqirupdwlrq1 Exw/ rq wkh rwkhu
kdqg/ wkh preloh IVN sulqflsoh ohdgv wr dq hqwurs| ghfuhdvh ri lqirupdwlrq/
zklfk lv frqghqvhg lq jhqhudolvhg ix}}| vwdwlvwlfv dqg lq wkh qhz srsxodwlrq
PWY / zklfk lv fdoohg wkh Zhljkwhg Ix}}| H{shfwhg Lqwhuydov +ZIHL dqg
ZIHL},, dqg wkh Zhljkwhg Ix}}| H{shfwhg ydoxh zlwk uhvshfw wr ix}}|
phdvxuh j +ZIHY},,1

Uhihuhqfhv

41 Fdpsrv L1/ Erodqrv F1 Uhsuhvhqwdwlrq ri Ix}}| Phdvxuhv Wkurxjk Suredelo0

lwlhv1 Ix}}| Vhwv dqg V|vwhpv 64 +4<;<, 560691

51 Grqj Z1P1/ Zrqj I1V1 Ix}}| Zhljkwhg Dyhudjhv dqg Lpsohphwdwlrq ri wkh

H{whqvlrq Sulqflsoh1 Ix}}| Vhwv dqg V|vwhpv 54+4<;:, 4;604<<1

61 Gxerlv G1/ Sudgh K1 Wkhru| ri Srvvlelolw| 0 Dq Dssurdfk wr Frpsxwhul}hg

Surfhvvlqj ri Xqfhuwdlqw|1 Sohqxp Suhvv1 Qhz \run/4<;;1

71 Iulhgpdq P1/ Vfkqhlghu P1/ Ndqgho D1 Wkh xvh ri Zhljkwhg Ix}}| H{shfwhg

Ydoxh +ZIHY, lq Ix}}| H{shuw V|vwhpv1 Ix}}| Vhwv dqg V|vwhpv 64+4<;<,

6:0781

81 Ndqgho D1 Ix}}| Vwdwlvwlfv dqg Iruhfdvw Hydoxdwlrq1 LHHH Wudqv1 rq V|v0

whpv/ Pdq dqg F|ehuqhwlfv/ VPJ0;/ Qr 8 +4<:;,/ 6<907341

91 Ndqgho D1 rq wkh Frqwuro dqg Hydoxdwlrq ri Xqfhuwdlq Surfhvvhv1 LHHH

Wudqv1 rq Dxwrpdwlf Frqwuro/ yro DF058/ Qr19 +4<;3,/ 44;5044;:1
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:1 Prruh U1H1 Lqwhuydo Dqdo|vlv1 Hqjohzrrg Fol�v1 Q1M1Suhqwlfh0Kdoo/4<<91

;1 Vfkqhlghu P1/ Ndqgho D1 Surshuwlhv ri wkh Ix}}| H{shfwhg Ydoxh dqg wkh

Ix}}| H{shfwhg Lqwhuydo lq Ix}}| Hqylurqphqw1 Ix}}| Vhwv dqg V|vwhpv 5;

+4<;;, 8809;1

<1 Vfkqhlghu P1/ Iulhgpdq P1/ Ndqgho D1 Rq ix}}| uhdvrqlqj lq h{shuw v|vwhpv1

Surfhhglqj ri wkh 4<;: Lqwhuqdwlrqdo V|psrvlxp rq Pxowlsoh0ydoxhg Orjlf/

Ervwrq/ PD +4<;:,1

431 Vluelodg}h J1 Lqvx�flhqw Gdwd dqg Zhljkwhg Ix}}| H{shfwhg Lqwhuydo ri

Srsxodwlrq1 Surf1 Welolvl Vwdwh Xqlyhuvlw|1 +4<<<, wr eh sxeolvkhg1

441 Vxjhqr P1 Wkhru| ri Ix}}| Lqwhjudov dqg Lwv Dssolfdwlrqv1 Sk1 Grfwrudo

Wkhvlv1 Wrn|r Lqvwlwxwh ri Whfkqrorj|1 +4<:7,
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