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DGPLVVLEOH VWDWLF DQG G\QDPLFDO SUREOHPV DUH LQYHVWLJDWHG IRU D FXVSHG SODWH�

7KH VHWWLQJ RI ERXQGDU\ FRQGLWLRQV DW WKH SODWHV HQGV GHSHQGV RQ WKH JHRPHWU\ RI

VKDUSHQLQJV RI SODWHV HQGV� ZKLOH WKH VHWWLQJ RI LQLWLDO FRQGLWLRQV LV LQGHSHQGHQW RI

WKHP� ,QWHUDFWLRQ SUREOHP EHWZHHQ DQ HODVWLF FXVSHG SODWH DQG LGHDO LQFRPSUHVVLEOH

pXLG LV VWXGLHG�

Nh| zrugv dqg skudvhv= VROLG�pXLG LQWHUDFWLRQ� FXVSHG SODWH� GHJHQHUDWH RUGL�

QDU\ GLnHUHQWLDO HTXDWLRQ� GHJHQHUDWH K\SHUEROLF HTXDWLRQ� ERXQGDU\ YDOXH SUREOHPV�

YLEUDWLRQ�

DPV vxemhfw fodvvl�fdwlrq= ��)��� ��.���

� �)*�?_h�U@* �i?_�?} Lu ��tTi_ �*@|it

Lq 4<88 L1Q1 Yhnxd ^43045` udlvhg wkh sureohp ri lqyhvwljdwlrq ri fxvshg
hodvwlf sodwhv/ l1h1/ vxfk rqhv zkrvh wklfnqhvv ydqlvkhv rq vrph sduw ri wkh
sodwh erxqgdu| ru rq wkh zkroh erxqgdu|1

Lq wklv fkdswhu zh zloo frqvlghu d sodwh/ zkrvh surmhfwlrq rq {� @ 3
rffxslhv wkh grpdlq 

 @ i+{�> {2> {�, = �4 ? {� ? 4> 3 ? {2 ? o> {� @ 3j=

Wkh htxdwlrq ri wkh f|olqgulfdo ehqglqj ri sodwhv kdv wkh iroorzlqj irup
+vhh/ h1j1/ ^<`,

+G+{2,z> 22 +{2,,> 22@ t+{2,> 3 ? {2 ? o> +414,

zkhuh z+{2, lv d gh�hfwlrq ri wkh sodwh/ t+{2, lv dq lqwhqvlw| ri d odwhudo
ordg/ G+{2, lv d �h{xudo uljlglw|/

G+{2, =@
5Hk�+{2,

6+4� �2,
> +415,
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zkhuh H lv wkh \rxqj*v prgxoxv/ � lv wkh Srlvrq*v udwlr/ dqg 5k+{2, lv wkh
wklfnqhvv ri wkh vkhoo1 Ohw H @frqvw/ � @frqvw/ dqg

G+{2, @ Gf{
k
2 +o � {2,

q> Gf> �> � @ frqvw> Gf A 3> �> � � 3= +416,

Wkhq
5k+{2, @ kf{

k*�
2

+o � {2,
q*�> kf @ frqvw A 3=

Lq wkh fdvh �2.�2 A 3 htxdwlrq +414, ehfrphv ghjhqhudwh rqh1 Vxfk sodwhv
duh fdoohg fxvshg sodwhv1

Wkh sur�oh ri wkh sodwh xqghu frqvlghudwlrq kdv rqh ri wkh iroorzlqj
irupv +vhh Dsshqgl{ D,1

Lq wkh fdvh xqghu frqvlghudwlrq +vhh ^<`,

P2+{2, =@ �G+{2,z>22 +{2,> +417,

T2+{2, =@ P2c2+{2,> +418,

zkhuh P2+{2, lv d ehqglqj prphqw/ T2+{2, lv dq lqwhuvhfwlqj irufh1
Reylrxvo|/ li zh vxssrvh t+{2, 5 F+^3> o`,/ z+{2, 5 Fe+`3> o^,/ iruT2c2+{2,/

P2c2+{2,/ z>2 +{2,/ dqg z+{2, zh kdyh

T2+{2, =@ �
%2]

%f
2

t+�,g� � f�> +419,

P2+{2, =@ �
%2]

%f
2

+{2 � �,t+�,g� � f�{2 � f2> +41:,

z>2 +{2, = @

%2]
%f
2

;A?
A=�

5
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1]
%f
2

�t+�,g� . f2

6
:8

.�

5
97

1]
%f
2

t+�,g� . f�

6
:8G3�+�,

<A@
A> g� . f�> +41;,

z+{2, =@

%2]
%f
2

+{2 � �,

;A?
A=
5
97�

1]
%f
2

�t+�,g� . f2

6
:8

.�

5
97

1]
%f
2

t+�,g� . f�

6
:8G3�+�,

<A@
A> g�

.f�{2 . fe> {f2 5`3> o^= +41<,
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Dw srlqwv 3/ o doo deryh txdqwlwlhv duh gh�qhg dv wkh fruuhvsrqglqj olplwv
zkhq {2 $ 3n dqg {2 $ o

3
1

Reylrxvo|/

T2+{2,> P2+{2, 5 F+^3> o`,>

z+{2,> z>2 +{2, 5 F+`3> o^,>

dqg wkh ehkdylrxu ri wkh z>2 +{2, dqg z+{2, zkhq {2 $ 3n dqg {2 $ o
3

ghshqgv/ lq ylhz ri +41;,/ +41<,/ rq � dqg �=
Ohw xv frqvlghu wkh iroorzlqj sureohpv1

Sureohp 4 Ohw � ? 4/ � ? 41 Ilqg z 5 Fe+`3> o^, _ F�+^3> o`, vdwlvi|lqj
+414, dqg wkh iroorzlqj erxqgdu| frqglwlrqv +EFv,=

z+3, @ j��> z>2 +3, @ j2�> z+o, @ j�2> z>2 +o, @ j22> +4143,

Sureohp 5 Ohw � ? 4/ � ? 41 Ilqg z 5 Fe+`3> o^, _ F�+^3> o`, vdwlvi|lqj
+414, dqg EFv=

z+3, @ j��> z>2 +3, @ j2�> z>2 +o, @ j22> T2+o, @ k22>

Sureohp 6 Ohw 3 � � ? 4> 3 � � ? 51 Ilqg z 5 Fe+`3> o^, _ F�+^3> o^, _
F+^3> o`, vdwlvi|lqj +414, dqg EFv=

z+3, @ j��> z>2 +3, @ j2�> z+o, @ j�2> P2+o, @ k�2>

Sureohp 7 Ohw 3 � � ? 4> � � 31 Ilqg z 5 Fe+`3> o^,_F�+^3> o^, vdwlvi|lqj
+414, dqg wkh iroorzlqj EFv=

z+3, @ j��> z>2 +3, @ j2�> P2+o, @ k�2> T2+o, @ k22>

Sureohp 8 Ohw 3 � �> � ? 41 Ilqg z 5 Fe+`3> o^, _ F�+^3> o`, vdwlvi|lqj
+414, dqg wkh iroorzlqj EFv=

z>2 +3, @ j2� T2+3, @ k2�> z+o, @ j�2> z>2 +o, @ j22>

Sureohp 9 Ohw 3 � � ? 4> 3 � � ? 51 Ilqg z 5 Fe+`3> o^, _ F�+^3> o^, _
F+^3> o`, vdwlvi|lqj +414, dqg wkh iroorzlqj EFv=

z>2 +3, @ j2�> T2+3, @ k2�> z+o, @ j�2> P2+o, @ k�2>

Sureohp : Ohw 3 � � ? 5> 3 � � ? 41 Ilqg z 5 Fe+`3> o^, _ F�+`3> o`, _
F+^3> o`, vdwlvi|lqj +414, dqg wkh iroorzlqj EFv=

z+3, @ j��> P2+3, @ k��> z+o, @ j�2> z>2 +o, @ j22>

5:
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Sureohp ; Ohw 3 � � ? 5> 3 � � ? 41 Ilqg z 5 Fe+`3> o^, _ F+^3> o`, _
F�+`3> o`, vdwlvi|lqj +414, dqg wkh iroorzlqj EFv=

z+3, @ j��> P2+3, @ k��> z>2 +o, @ j22> T2+o, @ k22> +4144,

Sureohp < Ohw 3 � �> � ? 51 Ilqg z 5 Fe+`3> o^, _ F+^3> o`, vdwlvi|lqj
+414, dqg wkh iroorzlqj EFv=

z+3, @ j��> P2+3, @ k�� z+o, @ j�2> P2+o, @ k�2>

Sureohp 43 Ohw � � 3> 3 � � ? 41 Ilqg z 5 Fe+`3> o^, _ F�+`3> o`,
vdwlvi|lqj +414, dqg wkh iroorzlqj EFv=

P2+3, @ k��> T2+3, @ k22 z+o, @ j�2> z>2 +o, @ j22=

Lq doo wkhvh sureohpv j�c� > k�� +l> m @ 4> 5, duh jlyhq frqvwdqwv1
Doo wkh sureohpv deryh duh vroyhg lq wkh h{solflw irupv1 Ohw xv vroyh

w|slfdo rqhv1 Iru wkh vdnh ri vlpsolflw| zh frqvlghu krprjhqhrxv EFv1
Vroxwlrq ri Sureohp 4=
E| yluwxh ri +41;, dqg krprjhqhrxv erxqgdu| frqglwlrqv iru z>2 zh

kdyh
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6
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Wdnlqj lqwr dffrxqw ri +41<, dqg krprjhqhrxv frqglwlrqv +4143, iru z> zh
rewdlq

fe @ �
%f
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f
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+� � �,t+�,g� . f2 . �f�

6
:8G3�+�,g�= +4148,

Reylrxvo|/ iurp +4145,0+4148,/ iru f� dqg f2zh kdyh wkh iroorzlqj v|vwhp

f�

,]
f

�G3�+�,g� . f2

,]
f

G3�+�,g�
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@ �
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+� � �,G3�+�,g�

.

%f
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f

t+�,g�
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f

+� � �,G3�+�,g� @= g�> +4149,

f�
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f

�2G3�+�,g� . f2

,]
f
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f

t+�,g�

#]
f

�+� � �,G3�+�,g� @= g2= +414:,

Wkh ghwhuplqdqw ri wklv v|vwhp lv htxdo wr

� @
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=

,]
f

�G3�+�,g�
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f

G3�+�,g�
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f

�2G3�+�,g� ? 3> +414;,

Wkh odvw dvvhuwlrq iroorzv iurp wkh K�roghu lqhtxdolw| zklfk lv vwurqj vlqfh
�G3

�

2 +�, dqg G3
�

2 +�, duh srvlwlyh rq `3> o^> dqg �2G3�+�, dqg G3�+�, gl�hu
iurp hdfk rwkhu e| d qrqfrqvwdqw idfwru �21

Ixuwkhu/

f� @
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Diwhu vxevwlwxwlrq f� dqg f2 lqwr +4145, dqg +4147, zh jhw h{suhvvlrqv iru
f� dqg fe= Lw lv reylrxv/ wkdw wkh odvw lqwhjudo ri wkh h{suhvvlrq f� h{lvwv li
dqg rqo| li � ? 4> � ? 4=

5<
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Vroxwlrq ri Sureohp ;= Iurp +419,/ +41:, dqg EF zh jhw

f� @ �
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xvlqj Glulfkohw irupxod zh kdyh
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�

5
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�k+o � {,q

6
:8 g�= +4153,

Lw lv hdv| wr vhh wkdw z+{2, dqg z>2 +{2, ehorqj wr F+^3> o`,/ vlqfh

olp
1<fn

1U
f

�t+�,g�

�k+o � �,q
@ olp

1<fn

�t+�,

��k3�+o � �,q � ��k+o � �,q3�

@ olp
1<fn

t+�,

�k32 ^�+o � �,q � ��+o � �,q3�`
=

Vroxwlrq ri Sureohp <=

T2+{2, @

,]
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Vroxwlrq ri Sureohp 43=

T2+{2, @ �
%2]
f

t+�,g�> P2+{2, @ �
%2]
f

+{2 � �,t+�,g�>

z>2 +{2, @

,]
%2

1U
f

+� � �,t+�,g�

�k+o � �,q
g�>

z+{2, @ �
,]

%2

+{2 � �,

1U
f

+� � �,t+�,g�

�k+o � �,q
g�>

z>2 dqg z duh erxqghg dv {2 $ 3n li

<tEdko32�> vxfk wkdw olp
1<fn

tEdko32�+�, 9@ 4>

olp
1<fn

tE�3�� @ 3> l @ 6> ^�`> � � 6>

lv ixo�oohg/ vlqfh

olp
1<fn

1U
f

�t+�,g�

�k+o � �,q
@ olp

1<fn

t+�,

�k32 ^�+o � �,q � ��+o � �,q3�`
=

Xvlqj �qlwh gl�huhqfh phwkrg zh fdq vroyh wkh deryh sureohpv qxphu0
lfdoo|1 Lq Dsshqgl{ E rq Iljxuhv 44047 wkhvh uhvxowv duh judsklfdoo| jlyhq1
Rq �jxuhv 4804; wkh qxphulfdo uhvxowv duh jlyhq e| phdqv ri gluhfw fdofx0
odwlrq ri wkh lqwhjudov lq wkh fruuhvsrqglqj h{solflw dqdo|wlfdo vroxwlrqv1

Ohw xv pdnh vrph uhpdunv frqfhuqlqj zhoo0srvhgqhvv ri wkh EYSv +erxqg0
du| ydoxh sureohpv, deryh1

Uhpdun 414 Sureohpv 4043 duh qrw fruuhfw iru wkh gl�huhqw ydoxhv ri �
dqg � lqglfdwhg lq Sureohpv 40431 Lw lv hylghqw iurp wkh idfw wkdw lq wkh
deryh fdvhv/ lq jhqhudo/ wkh olplwv ri z dqg z>2 dv {2 $ 3n> o3 gr qrw h{lvw1
wkh odvw dvvhuwlrqv hdvlo| iroorz iurp wkh jhqhudo uhsuhvhqwdwlrqv +41<, dqg
+41;, ri z dqg z>2 zlwk +46,1

Uhpdun 415 Ohw xv frqvlghu wkh f|olqgulfdo ehqglqj ri wkh fxvshg sodwh
xqghu frqvlghudwlrq rq wkh edvlv ri wkh fodvvlfdo jhrphwulfdoo| qrq0olqhdu
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ehqglqj wkhru| ^6/ <`1 Lq wkh fdvh ri wkh f|olqgulfdo ehqglqj vrph ri wkh
qrq0olqhdu uhodwlrqv zloo eh olqhdul}hg dqg zh jhw wkh iroorzlqj uhodwlrqv=

h22 @ x2>2.
4

5
+z>2 ,

2> h�2 @ x�>2 > h�� @ h�� @ h�� @ h2� @ 3>

Q� @ �Q2> Q2 @ F� @ frqvw> Q�2 @ F2 @ frqvw>

P� @ �P2> P2 @ �Gz>22 > T� @ 3> T2 @ P2c2> +4154,

+�Gz>22 ,>22@ � +t .Q2z>22 , > +4155,

zkhuh x�> l @ 4> 5> 6 +x� @ z,/ duh wkh frpsrqhqwv ri wkh glvsodfhphqw
yhfwru> h��> l @ 4> 5> 6> duh frpsrqhqwv ri wkh ghirupdwlrq whqvru/ Q� > � @
4> 5> duh wkh qrupdo irufhv lq wkh plggoh sodqh/ Q�2 lv wkh vkhdulqj irufh
sdudooho wr wkh d{lv {21 Iurp +4155,/ +4154, zh kdyh

P2c22 �Q2G
3�P2 @ �t> l=h=> GP2c22 �Q2P2 @ �tG> +4156,

dqg

T2c2 @ �t .Q2G
3�P2> l=h=> +GT2c2, >2�Q2T2 @ �+tG,>2 > +4157,

Wkhuhiruh/
GT2c22 .G>2T2c2 �Q2T2 @ �+tG,>2 =

Li � @ 3/ wkhq zh fdq uhzulwh +4156, dqg +4157, lq wkh iroorzlqj irupv=

{k2P2c22 �Q2G
3�
f P2 @ �t{k2 >

dqg
{2T2c22 . �T2c2 �Q2G

3�
f {�3k2 T2 @ �+t{k2 ,>2 =

Ohw frqvwdqw Q2 A 3 eh jlyhq1 Wkhq/ dffruglqj wr zhoo0nqrzq uhvxowv/ iru
P2 dqg T2 zh fdq suhvfuleh wkh Glulfkohw frqglwlrq dw {2 @ 3 li 3 �
� ? 5 dqg 3 � � ? 4> uhvshfwlyho|/ zkloh e| � � 5 dqg � � 4 lw lv
qrw wkh fdvh dqg wkh Nhoglvk frqglwlrqv +erxqghgqhvv ri P2 dqg T2 dv
{2 $ 3n/ uhvshfwlyho|, duh fruuhfw1 Wklv lv d qhz h�hfw lq frpsdulvrq zlwk
wkh olqhdu wkhru| zkhq dovr lq wkh fdvhv � � 5 dqg � � 4 zh fdq duelwudulo|
suhvfuleh wkh Glulfkohw frqglwlrqv dw {2 @ 3 iru P2 dqg T2> uhvshfwlyho| +vhh
Sureohp 43,1 Lw lv reylrxv wkdw wklv shfxoldulw| ri wkh jhrphwulfdoo| qrq0
olqhdu f|olqgulfdo ehqglqj zloo eh suhvhuyhg dovr lq wkh fdvh ri wkh jhqhudo
+l1h1/ qrq0f|olqgulfdo, jhrphwulfdoo| qrq0olqhdu ehqglqj1

Uhpdun 416 Ohw � @ 31 Krprjhqhrxv Sureohp 4 fruuhvsrqgv wr wkh wkuhh0
glphqvlrqdo sureohp zkhq wkh xsshu dqg orzhu vxuidfhv duh ordghg e| vxu0
idfh irufhv/ wkh hgjh {2 @ o +{� 5` �4>.4^, lv �{hg dqg wkh hgjh {2 @ 3
+{� 5` � 4>.4^, lv joxhg wr devroxwho| uljlg wdqjhqw sodqh1 Lq wkh fdvh
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ri krprjhqhrxv Sureohp : wkh deryh phqwlrqhg sodqh lv uljlg sdudooho wr
wkh d{lv {�= Sureohp 43 fruuhvsrqgv wr wkh wkuhh0glphqvlrqdo sureohp zkhq
dorqj wkh hgjh {2 @ 3 +{� 5` �4>.4^, wkh frqfhqwudwhg dorqj wkh deryh
hgjh irufh ^7` dqg prphqw duh dssolhg dqg wkh| duh htxdo wr k22 dqg k��

uhvshfwlyho| +vhh Ilj14,=

k22 @ T2+3, @ T2+{
f
�> 3, +4158,

@ olp
%2<fn

T2+{
f
�> {2, =@ olp

%2<fn

n�]
3�

[2�+{
f
�> {2> {�,g{�>

k�� @ P2+3, @ P2+{
f
�> 3,

@ olp
%2<fn

P2+{
f
�> {2, =@ olp

%2<fn

n�]
3�

{�[2�+{
f
�> {2> {�,g{�=

Wkh deryh lqwhjudov duh wdnhq rq wkh vwulshg duhd1 i[��j> l> m @ 4> 5> 6> lv
vwuhvv whqvru1

2 V�Mh@|�L? Lu |�i �*@|i ��|� A�L ��tTi_ ,_}it

Wkh htxdwlrq ri ehqglqj yleudwlrq kdv wkh iroorzlqj irup

+G+{2,z> 22 +{2> w,,> 22@ t+{2> w,� 5�k+{2,
C2z+{2> w,

Cw2
> 3 ? {2 ? o> +514,

zkhuh � lv d ghqvlw| ri wkh vkhoo1
Lq wklv fdvh zh kdyh wr dgg wr wkh EFv ri Sureohpv 4043 wkh lqlwldo

frqglwlrqv

z+{2> 3, @ *�+{2,> z>| +{2> 3, @ *2+{2,> {2 5`3> o^> +515,
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zkhuh *�+{2, 5 Fe+`3> o^,> l @ 4> 5 duh jlyhq ixqfwlrqv1
Ohw xv frqvlghu wkh iroorzlqj lqlwldo erxqgdu| ydoxh sureohp +LEYS,=

Sureohp 44 Ohw 3 � � ? 5> 3 � � ? 4= Ilqg

z+�> w, 5 Fe+`3> o^, _ F+^3> o`, _ F�+`3> o`,
z+{2> �, 5 F�+w � 3, _ F2+w A 3,> z+{2> w, 5 F+3 � {2 � o> w � 3,

+516,

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ P2+3> w, @ z>2 +o> w, @ T2+o> w, @ 3> +517,

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F+^3> o`, _ F�+`3> o`,> l @ 4> 5= +518,

*�+3, @ �G+{2,*
��

� +{2,m%2'fn @ *�

�+o, +519,

@
��G+{2,*

��

� +{2,
�
� m%2',

3

@ 3> l @ 4> 5=

Vroxwlrq1 Lq wklv vhfwlrq doo txdqwlwlhv/ sduwlfxoduo| wkrvh lq +417,/
+418,/ ghshqg rq {2 dqg w1

Xvlqj wkh Irxulhu phwkrg/ zh orrn iru z+{2> w, lq wkh iroorzlqj irup

z+{2> w, @ [+{2,W +w,= +51:,

Ohw �uvwo| t+{2> w, � 31 Wkhq iurp +514, zh jhw

+G+{2,[
��+{2,,

��

j+{2,[+{2,
@ �W ��+w,

W +w,
@ � @ frqvw=

Khqfh/
W ��+w, . �W +w, @ 3> +51;,

dqg �
G+{2,[

��+{2,
�
��

@ �j+{2,[+{2,> +51<,

zkhuh j+{2, =@ 5�k+{2,1
Iurp +517, iru [+{2, zh rewdlq wkh iroorzlqj EFv

[+3, @ �G+{2,[
��+{2,m%2'f @ [ �+o, @ +�G+{2,[

��+{2,,
�m%2', @ 3= +5143,

Qrz/ lq ylhz ri +516,/ zh kdyh wr vroyh wkh iroorzlqj EYS=
Ilqg

[+{2, 5 Fe+`3> o^, _F+^3> o`, _ F�+`3> o`,> +5144,

zklfk vdwlv�hv htxdwlrq +51<, dqg EFv +5143,1
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Li lq +4153, zh uhsodfh z+{2, dqg t+{2, e| [+{2, dqg �j+{2,[+{2,>
uhvshfwlyho|/ wkhq/ vlploduo| wr Vhfwlrq 4/ iru [+{2, zh rewdlq

[+{2, @ �

,]
f

j+�,N+{2> �,[+�,,g�> +5145,

zkhuh

N+{2> �, @

�
N�+�> {2,> 3 � � � {2>
N�+{2> �,> {2 � � � o=

N�+{2> �, =@ �{2

%2]
1

�G3�+�,g� .

%2]
f

�2G3�+�,g� . {2�

,]
1

G3�+�,g�=+5146,

Sursrvlwlrq 514 N+{2> �, lv v|pphwulf zlwk uhvshfw wr {2 dqg �1

Surri1 Iru }� dqg }2/ vxfk wkdw 3 � }�> }2 � o zh jhw

N+}�> }2, @

�
N�+}2> }�,> 3 � }2 � }�>
N�+}�> }2,> }� � }2 � o>

N+}2> }�, @

�
N�+}�> }2,> }� � }2 � o>
N�+}2> }�,> 3 � }2 � }�>

l1h1/
N+}�> }2, @ N+}2> }�,> iru dq| }�> }2 5 ^3> o`=

�
+5145, fdq eh uhzulwwhq dv iroorzv

\ +{2, @ �

,]
f

U+{2> �,\ +�,g�> +5147,

zkhuh

\ +{2, @
s
j+{2,[+{2,> U+{2> �, @

s
j+{2,N+{2> �,

s
j+�,= +5148,

+5147, lv dq lqwhjudo htxdwlrq zlwk d v|pphwulf nhuqho1
Uhfdoo wkh iroorzlqj wkuhh Kloehuw0Vfkplgw wkhruhpv

Wkhruhp 515 Li x+{2, 5 F+^3> o`, kdv wkh irup

x+{2, @ �

,]
f

U+{2> �,x+�,g�>

69



. Rq d fxvshg hodvwlf vrolg0�xlg111 DPL Yro19 Qr15/ 5334

wkhq

x+{2, @
"[
?'�

+x> \?,\?+{2,> +5149,

zkhuh

+x> \?, =@

,]
f

x+{2,\?+{2,g{2>

\? lv dq hljhqixqfwlrq ri U+{2> �,/ dqg wkh vhulhv rq wkh uljkw kdqg vlgh ri
+5149, lv frqyhujhqw devroxwho| dqg xqlirupo| rq ^3> o`1

Wkhruhp 516 Li wkh qxpehu ri hljhqydoxhv �? ri wkh v|pphwulf dqg frq0
wlqxrxv nhuqho lv �qlwh wkhq

U+{2> �, @
�[
?'�

\?+{2,\?+�,

�?
=

Wkhruhp 517 Li i+{2, 5 F+^3> o`,/ wkhq

,]
f

U+{2> �,i+�,g� @
"[
?'�

+i> \?,

�?
\?>

dqg wkh vhulhv lv frqyhujhqfh devroxwho| dqg xqlirupo|1 Khuh U+{2> �, lv d
v|pphwulf dqg frqwlqxrxv nhuqho zlwk uhvshfw wr {2> �/ \? duh hljhqixqf0
wlrqv ri U fruuhvsrqglqj wr wkh hljhqydoxhv �?=

Sursrvlwlrq 518 Qxpehu ri hljhqydoxhv �? ri +5147, lv qrw �qlwh1

Surri1 Ohw lw eh �qlwh/ dqg q @ 4>p1 Wkhq zh fdq h{suhvv U+{2> �, dv
iroorzv +vhh Wkhruhp 516,

U+{2> �, @
6[
?'�

\?+{2,\?+�,

�?
>

zkhuh \?+{2, 5 Fe+`3> o^,/ l1h1/

U+{2> �, 5 Fe +`3> o^�`3> o^, = +514:,

Rq wkh rwkhu kdqg/ e| yluwxh ri +5146,/

N ���

%2
+{2> �,m1<%23 �N ���

%2
+{2> �,m1<%2n @

4

G+{2,
>

wkhq nhuqho
U+{2> �, 9 5Fe +`3> o^�`3> o^, = +514;,

Exw/ +514:, dqg +514;, frqwudglfw hdfk rwkhu/ wkxv wkh qxpehu ri �? lv qrw
�qlwh1 �
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Sursrvlwlrq 519 Doo ri �? duh srvlwlyh1

Surri1 Reylrxvo|/ li zh ghqrwh e| \? ruwkrqrupdol}hg hljhqixqfwlrqv
+lw fdq eh dvvxphg zlwkrxw orvv ri jhqhudolw|, ri +5147,/ wkhq

[?+{2, @
\?+{2,s
j+{2,

duh hljhqixqfwlrqv ri +5145, +l1h1/ ri +51<,,1 Ohw xv pxowlso| erwk vlghv ri
wkh iroorzlqj htxdwlrq

+G+{2,[
��

?+{2,,
�� @ �?j+{2,[?+{2,> +514<,

e| [?+{2, dqg lqwhjudwh lw iurp 3 wr o1 Wdnlqj lqwr dffrxqw wkh �uvw h{0
suhvvlrq ri +5148,/ zh rewdlq

,]
f

[?+{2,+G+{2,[
��

?+{2,,
��g{2 @ �?

,]
f

j+{2,[?+{2,[?+{2,g{2

@ �?

,]
f

\?+{2,\?+{2,g{2 @ �?=

Ixuwkhu/

�? @

,]
f

[?+{2,+G+{2,[
��

?+{2,,
��g{2 @ [?+{2,+G+{2,[

��+{2,,
�

������
,

f

�
,]

f

[ �

?+{2,+G+{2,[
��

?+{2,,
�g{2

+e| yluwxh ri wkh EFv +5=43,,

@ �
,]

f

[ �

?+{2,+G+{2,[
��

?+{2,,
�g{2 @ [ �

?+{2,+G+{2,[
��+{2,,

������
,

f

.

,]
f

G+{2,+[
��

?,
2+{2,g{2 @

,]
f

G+{2,+[
��

?,
2+{2,g{2 � 3=

Khqfh/ �? A 3 iru dq| q/ vlqfh lq qrq wulyldo fdvh [? 9� 31 �
Zh fdq zulwh wkh vroxwlrq ri +51;, dv iroorzv

W?+w, @ e?� vlq
�s

�?w
�
. e?2 frv

�s
�?w

�
> e?� @ frqvw> l @ 4> 5=
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Qrz/ zh fdq �qg d vroxwlrq ri wkh Sureohp 44 lq wkh irup dv iroorzv

z+{2> w, @
"[
?'�

\?+{2,s
j+{2,

�
e?� vlq

�s
�?w

�
. e?2 frv

�s
�?w

��
+5153,

ru wdnlqj lqwr dffrxqw +5148, lq wkh iroorzlqj irup

z+{2> w, @
"[
?'�

[?+{2,
�
e?� vlq

�s
�?w

�
. e?2 frv

�s
�?w

��
= +5154,

Lq ylhz ri lqlwldo frqglwlrqv +515,/ zh irupdoo| kdyh

"[
?'�

\?+{2,e
?
2 @ *�+{2,

s
j+{2,>

"[
?'�

s
�?\?+{2,e

?
� @ *2+{2,

s
j+{2,= +5155,

Li #�+{2, =@
E()��

� �
��s

}E%2�
5 F^3> o`/ +l @ 4> 5,/ wkhq diwhu lqwhjudwlrq ri wkh odvw

h{suhvvlrq/
s

j+{2,*�+{2, fdq eh h{suhvvhg dv iroorzv

s
j+{2,*�+{2, @

,]
f

s
j+{2,j+�,N+{2> �,#�+�,g�

l1h1/ s
j+{2,*�+{2, @

,U
f

U+{2> �,#�+�,g�=

Hylghqwo|/ +5155, vhulhv zloo eh devroxwho| dqg xqlirupo| frqyhujhqw rq `3> o^1
Vlqfh wkhuh h{lvwv srvlwlyh plqlpxp ri hljhqydoxhv/ iurp wkh frqyhujhqfh
ri wkh vhfrqg vhulhv iroorzv devroxwh dqg xqlirup frqyhujhqfh rq `3> o^ ri

wkh vhulhv
�S
?'�

[?+{2,e
?
�

Khqfh/ e| yluwxh ri Wkhruhp 515/ vlqfh #�+�, 5 F+^3> o`, dqg v|pphwulf
U+{2> �, 5 F+`3> o^�`3> o^,/ zh jhw devroxwho| dqg xqlirupo| frqyhujhqfh ri
wkh vhulhv +5155, rq ^3> o`/ dqg

e?� @
4s
�?

,]
f

j+{2,[?+{2,*2+{2,g{2> e?2 @

,]
f

j+{2,[?+{2,*�+{2,g{2=

+5156,
Ixuwkhu/ wdnlqj lqwr dffrxqw +5145, [+{2, 5 F+^3> o`,/ wkhq/ e| yluwxh ri

+5148,/ zh fdq uhzulwh +5153, dv iroorzv

*�+{2, @
"[
?'�

[?+{2,e
?
� > l> m @ 4> 5 l 9@ m=

6<
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Wkhuhiruh/ wkh vhulhv +5153, lv devroxwho| dqg xqlirupo| frqyhujhqw rq
`3> o^1

Diwhu irupdo gl�huhqwldwlrq ri +5153, zlwk uhvshfw wr w zh jhw

z>| +{2> w, @
"[
?'�

[?+{2,
s

�?

�
e?� frv+

s
�?w,� e?2 vlq+

s
�?w,

�
> +5157,

z>|| +{2> w, @ �
"[
?'�

[?+{2,�?
�
e?� vlq+

s
�?w, . e?2 frv+

s
�?w,

�
= +5158,

Wkhruhp 51: +5157, dqg +5158, frqyhujh devroxwho| dqg xqlirupo| rq `3> o^
li

��+{2, =@
#�+{2,s
j+{2,

> l @ 4> 5> +5159,

duh vdwlvi|lqj frqglwlrqv +519, dqg

"�+{2,
s

j+{2, =@
�
G+{2,�

��
� +{2,

���
> l @ 4> 5> +515:,

duh lqwhjudeoh ixqfwlrqv rq `3> o^ +iru wklv/ h1j1/ lw lv vx�flhqw wkdw *
E��
� +{2, @

R+{
���
2 ,>{2 $ 3n> ��� @ frqvw A : � m � Dk

� / *
E��
� +{2, @ R++o � {2,

B�� ,>

{2 $ o3> ��� @ frqvw A :� m � Dq
� / l @ 4> 5> m @ 5> ;,1

Surri1 Vxevwlwxwlqj lq +5156, wkh ixqfwlrq j+{2,[?+{2, irxqg iurp
+514<,/ zh jhw

e?� @
4

�?
s
�?

,]
f

+G+{2,[
��
?+{2,,

��*2+{2,g{2

+diwhu lqwhjudwlqj e| sduwv 70wlphv/ wdnlqj lqwr dffrxqw EFv +517,/ +519,/
+5143, dqg +5148,,

@
4

�?
s
�?

;?
=+G+{2,[

��
?+{2,,

�*2+{2,m,f �
,]

f

+G+{2,[
��
?+{2,,

�*�2+{2,g{2

<@
>

@
4

�?
s
�?

;?
=�G+{2,[

��
?+{2,*

�
2+{2,

��,
f
.

,]
f

G+{2,[
��
?+{2,*

��
2+{2,g{2

<@
>

4

�?
s
�?

,]
f

[ ��
?+{2,+G+{2,*

��
2+{2,,g{2
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@
4

�?
s
�?

�
[ �

?+{2,+G+{2,*
��+{2,,m,f

�
,]

f

[ �
?+{2,+G+{2,*

��
2+{2,,

�g{2

<@
>

@
4

�?
s
�?

�
�[?+{2,+G+{2,*

��
2+{2,,

�m,f

.

,]
f

[?+{2,+G+{2,*
��
2+{2,,

��g{2

<@
>

@
4

�?
s
�?

,]
f

[?+{2,+G+{2,*
��
2+{2,,

��g{2

@
4

�?
s
�?

,]
f

\?+{2,#2+{2,g{2= +515;,

Dqdorjrxvo|/

e?2 @
4

�?

,]
f

\?+{2,#�+{2,g{2=

Lq ylhz ri +515:,/ ��+{2, fdq eh h{suhvvhg dv iroorzv

��+{2, @

,]
f

N+{2> �,
s
j+�,"�+�,g�> l @ 4> 5>

dqg e| yluwxh ri +5159,/ +5148, zh rewdlq

#�+{2, @

,]
f

U+{2> �,"�+�,g�> l @ 4> 5=

Dffruglqj wr wkh Wkhruhp 515/ wkh iroorzlqj vhulhv

"[
?'�

�?
� \?+{2,>

zkhuh

�?
� @

,]
f

\?+{2,#�+{2,g{2> l @ 4> 5> +515<,
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lv frqyhujhqw devroxwho| dqg xqlirupo| rq `3> o^/ l1h1/

"[
?'�

m�?
� mm\?+{2,m ? .4> +5163,

Ixuwkhu/ iurp +5157,

mz>| +{2> w,m @

�����
"[
?'�

[?+{2,
s

�?

�
e?� frv+

s
�?w,� e?2 vlq+

s
�?w,

������
�

�����
"[
?'�

[?+{2,
s

�?e
?
� frv+

s
�?w,

�����
.

�����
"[
?'�

[?+{2,
s

�?e
?
2 vlq+

s
�?w,

�����
�

"[
?'�

���[?+{2,
s

�?e
?
�

���. "[
?'�

���[?+{2,
s

�?e
?
2

��� = +5164,

Dffruglqj wr Sursrvlwlrq 519/ doo ri �? duh srvlwlyh1 Wkhuhiruh/ zh fdq �qg
�f vxfk wkdw �f � plq

�$�$"
i��j/ dqg e| yluwxh ri +5148,/ +515;,0+5163,/ zh

rewdlq

"[
?'�

���[?+{2,
s

�?e
?
2

��� @
4s
j+{2,

"[
?'�

����\?s�?
4

�?
�?
�

����
� 4s

�f

4s
j+{2,

"[
?'�

m\?mm�?
� m ? 4>

"[
?'�

���[?+{2,
s

�?e
?
�

��� @
4s
j+{2,

"[
?'�

����\?s�?
4

�?
s
�?

�?
2

����
� 4

�f

4s
j+{2,

"[
?'�

m\?mm�?
2 m ? 4=

Khqfh/ wkh vhulhv lq +5164, duh frqyhujhqw1 Wkxv/ +5157, lv frqyhujhqw de0
vroxwho| dqg xqlirupo| rq `3> o^1 Vlploduo|/ zh jhw wkh devroxwh dqg xqlirup
frqyhujhqfh ri +5158, rq `3> o^1 �

Ohw xv qrz gl�huhqwldwh irupdoo| +5153, l0wlphv dqg frqvlghu wkh iroorz0
lqj h{suhvvlrqv

z
E��
%2 +{2> w, @

"S
?'�

[
E��
? +{2,

�
e?� vlq+

s
�?w, . e?2 frv+

s
�?w,

�
>

l @ 4> 5> 6> 7>
+5=65�,
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+G+{2,z>%2%2 +{2> w,,
E�3��
%2 @

"S
?'�

+G+{2,[
��
?+{2,,

E�3�� �e?� vlq+s�?w,

.e?2 frv+
s
�?w,

�
> l @ 4> 5

+5=66�,

Wkhruhp 51; Wkh vhulhv +5=65�, +l @ 4> ===> 7, duh frqyhujhqw devroxwho|
dqg xqlirupo| rq `3> o^1 Wkh vhulhv +5=66�, +l @ 4> 5, duh frqyhujhqw devr0
oxwho| dqg xqlirupo| rq ^3> o`1

Surri1 Reylrxvo|/ lq ylhz ri +5143,/ diwhu lqwhjudwlrq ri +514<,/ zh jhw

[ �
?+{2, @ �?

,]
f

U�+{2> �,[?+�,g�> +5167,

zkhuh

U�+{2> �, @

;AAAAAAA?
AAAAAAA=

�

,]
%2

G3�+�,g�> 3 � � � {2>

�
%2]
1

�G3�+�,g� . �

,]
1

G3�+�,g�> {2 � � � o>

dqg
U�+{2> �, 5 F+^3> o`� ^3> o`,> +5168,

ehfdxvh ri 3 � � ? 5> 3 � � ? 4=
Vxevwlwxwlqj +5167, lqwr +5=65�,/ zh rewdlq

z�%2+{2> w, @
"[

?'�

�?

,]
f

U�+{2> �,[?+�,g�
�
e?� vlq+

s
�?w, . e?2 frv+

s
�?w,

�
@

@

,]
f

U�+{2> �,

% "[
?'�

[?+�,�?

�
e?� vlq+

s
�?w, . e?2 frv+

s
�?w,

�&
g�> +5169,

vlqfh +5158, lv devroxwho| dqg xqlirupo| frqyhujhqw rq `3> o^ dqg lq ylhz
ri +5168, dqg[?+{2, 5 F+^3> o`, zh frqfoxgh wkdw wkh fruuhvsrqglqj lqwhjudo
lq +5169, lv devroxwho| frqyhujhqw rq `3> o^1 Vlploduo|/ zh fdq suryh wkh
frqyhujhqfh ri wkh vhulhv +5=652,> +5=65�,> +5=65e,> rq `3> o^ dqg +5=66�, +l @
4> 5, rq ^3> o`1 �
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Diwhu vxevwlwxwlqj +5145, lqwr +5154, zh kdyh

z+{2> w, @

,]
f

N+{2> �,

% "[
?'�

�?[?+�,
�
e?� vlq+

s
�?w, . e?2 frv+

s
�?w,

�&
g�=

+516:,

Vlqfh wkh lqwhjudqg vhulhv lv frqyhujhqw devroxwho| dqg xqlirupo| rq
`3> o^/ [?+�, 5 F+^3> o`, dqg N+{2> �, 5 F+^3> o` � ^3> o`,/ zh rewdlq wkdw wkh
uljkw kdqg vlgh ri +516:, lv frqyhujhqw devroxwho| dqg xqlirupo| rq ^3> o`1

Wkxv/ +5153, lv wkh vroxwlrq ri wkh Sureohp 44 lq wkh fdvh t+{2> w, � 31

Qrz/ ohw xv frqvlghu Sureohp 44 zkhq t+{2> w, 9� 3> *� @ 3> dqg ohw
^I
}
+�> w, 5 O2+3> o,1 Wkhq t+{2> w, fdq eh uhsuhvhqwhg dv frqyhujhqw vhulhv lq

O2+3> o,=

t+{2> w, @
"[

?'�

j+{2,[?+{2,t?+w,> t?+w, =@

,]
f

t+{2> w,[?+{2,g{2=

Ixuwkhu/ zh orrn iru wkh vroxwlrq lq wkh irup

z+{2> w, @
"[

?'�

z?+{2> w,>

zkhuh z?+{2> w, lv d vroxwlrq ri wkh Sureohp 44 zlwk t+{2> w, uhsodfhg e|
j+{2,[?+{2,t?+w,1 Qrz/ zh zloo orrn iru z e| wkh phwkrg ri vhsdudwlrq ri
yduldeohv

z?+{2> w, @ [?+{2,W�?+w,>

zkhuh

W ���?+w, . �?W�?+w, @ t?+w,

dqg [?+{2, vdwlv�hv +5145,1

Wkhuhiruh/ z+{2> w, fdq eh h{suhvvhg dv iroorzv

z+{2> w, @
"[

?'�

4s
�?

[?

|]
f

vlq+
s
�?+w� �,,t?+�,g�= +516;,

Qrz/ vlploduo| wr wkh surriv ri Wkhruhpv 51< dqg 5143/ li wkh iroorzlqj
frqglwlrqv duh ixo�oohg

�+{2> w, =@
4s
j+{2,

#
G+{2,

�
t+{2> w,

j+{2,

�
c%2%2

$
c%2%2

5 F^3> o`>
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�s
j
+3> w, @ �G+{2,

#
�+{2> w,s
j+{2,

$
c%2%2

������
%2'fn

@

#
�+{2> w,s
j+{2,

$
c%2

������
%2',

+516<,

@

3
C�G+{2,

#
� +{2> w,s
j+{2,

$
c%2%2

4
D

c%2

������
%2',

3

@ 3>

+iru wklv/ h1j1/ lw lv vx�flhqw wkdw tE��+�> w, @ R+{
��
2 , {2 $ 3n> �� A :�m� 2k

� /

tE��+�> w, @ R++o � {2,
B�, {2 $ o3> �� A : � m � 2q

� / m @ 3> ;, zh kdyh wkh
devroxwh dqg xqlirup frqyhujhqfh ri wkh vhulhv +516;, dqg

+G+{2,zc%2%2+{2> w,,
E��
%2

@
"[
?'�

+G+{2,[
��

?,
E��+{2,W�?+w,> l @ 3> 4>

rq ^3> o`/ dqg wkh devroxwh dqg xqlirup frqyhujhqfh ri wkh vhulhv

zE��
%2
+{2> w, @

"[
?'�

[E��
? +{2,W�?+w,> l @ 4> ===> 7>

z
E��
| +{2> w, @

"[
?'�

[?+{2,W
E��
�? +w,> l @ 4> 5>

rq `3> o^1

Uhpdun 51< Vroxwlrq ri wkh Sureohp 44 lq fdvh t+{2> w,/ *� 9 �3 fdq eh
h{suhvvhg dv iroorzv

z+{2> w, @
"[
?'�

z?+{2> w,>

zkhuh
z?+{2> w, @ [?+{2,+W�?+w, . W?+w,,=

Uhpdun 5143 Vlploduo|/ zh fdq vroyh wkh iroorzlqj lqlwldo erxqgdu| ydoxh
sureohpv zklfk fruuhvsrqg wr wkh Sureohpv 40:/ </ 431

Sureohp 45 Ohw 3 � �> � ? 4= Ilqg

z+�> w, 5 Fe+`3> o^, _ F�+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ z>2 +3> w, @ z+o> w, @ z>2 +o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+^3> o`,

*�+3, @ *��+{2,m%2'fn @ *�+o, @ *��+{2, @ 3> l @ 4> 5=
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Sureohp 46 Ohw 3 � �> � ? 4= Ilqg

z+�> w, 5 Fe+`3> o^, _ F�+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ z>2 +3> w, @ z>2 +o> w, @ T2+o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+^3> o`,

*�+3, @ *��+{2,m%2'fn @ *��+o, @
��G+{2,*

��

� +{2,
�
� m%2',

3

@ 3> l @ 4> 5=

Sureohp 47 Ohw 3 � �>? 4> 3 � � ? 5= Ilqg

z+�> w, 5 Fe+`3> o^, _F�+^3> o^, _F+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ z>2 +3> w, @ z+o> w, @ P2+o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+^3> o^, _ F+^3> o`,>

*�+3, @ *��+{2,m%2'fn @ *�+o, @
��G+{2,*

��

� +{2,
� m%2',

3

@ 3> l @ 4> 5=

Sureohp 48 Ohw 3 � � ? 4> � � 3= Ilqg

z+�> w, 5 Fe+`3> o^, _ F�+^3> o^,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ z>2 +3> w, @ P>2 +o> w, @ T2+o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+^3> o^,>

*�+3, @ *��+{2,m%2'fn @
��G+{2,*

��

� +{2,
� m%2',

3

@
��G+{2,*

��

� +{2,
�
� m%2',

3

@ 3> l @ 4> 5=
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Sureohp 49 Ohw 3 � �> � ? 4= Ilqg

z+�> w, 5 Fe+`3> o^, _ F�+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z>2 +3> w, @ T2+3> w, @ z+o> w, @ z>2 +o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+^3> o`,>

*��+{2,m%2'fn @
��G+{2,*

��

� +{2,
�
� m%2'fn @ *�+o, @ *��+o, @ 3> l @ 4> 5=

Sureohp 4: Ohw 3 � � ? 4> 3 � � ? 5= Ilqg

z+�> w, 5 Fe+`3> o^, _F�+^3> o^, _F+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z>2 +3> w, @ T2+3> w, @ z+o> w, @ P2+o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+^3> o^, _ F+^3> o`,>

*��+{2,m%2'fn @
��G+{2,*

��

� +{2,
�
� m%2'fn @ *�+o,

@
��G+{2,*

��

� +{2,
� m%2',

3

@ 3> l @ 4> 5=

Sureohp 4; Ohw 3 � � ? 5> 3 � � ? 4= Ilqg

z+�> w, 5 Fe+`3> o^, _F�+`3> o`, _F+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ P2+3> w, @ z+o> w, @ z>2 +o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+`3> o`, _ F+^3> o`,>

*�+3, @
��G+{2,*

��

� +{2,
� m%2'fn @ *�+o, @ *��+o, @ 3> l @ 4> 5=

7:
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Sureohp 4< Ohw 3 � �> � ? 5= Ilqg

z+�> w, 5 Fe+`3> o^, _F+^3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

z+3> w, @ P2+3> w, @ z+o> w, @ P2+o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F+^3> o`,>

*�+3, @
��G+{2,*

��

� +{2,
� m%2'fn @ *�+o,

@
��G+{2,*

��

� +{2,
� m%2',

3

@ 3> l @ 4> 5=

Sureohp 53 Ohw � � 3> 3 ? � ? 4= Ilqg

z+�> w, 5 Fe+`3> o^, _ F�+`3> o`,>

vdwlvi|lqj htxdwlrq +514,/ wkh EFv

P2+3> w, @ T2+3> w, @ z+o> w, @ z>2 +o> w, @ 3>

dqg LFv +515,/ zkhuh

*�+{2, 5 Fe+`3> o^, _ F�+`3> o`,>

��G+{2,*
��

� +{2,
�

@
��G+{2,*

��

� +{2,
�
� m%2'fn

@ *�+o, @ *��+o, @ 3> l @ 4> 5=

Lq doo wkhvh fdvhv zh jhw lqwhjudo htxdwlrqv zlwk v|pphwulf nhuqhov1
Zh fdq dyrlg wkh uhvwulfwlrqv +516<, rq t+{2> w, li zh frqvlghu kduprqlf

yleudwlrq1 Lq wklv fdvh

z+{2> w, @ h�/ |zf+{2,> t+{2> w, @ h�/ |tf+{2,>

zkhuh $ @ frqvw lv dq rvfloodwlrq iuhtxhqf|/ tf+{2, 5 F+^3> o`, lv d jlyhq
ixqfwlrq1 Qrz/ iru zf+{2, iurp +514,/ +4144, zh jhw wkh iroorzlqj sureohp�

G+{2,z
��

f+{2,
�
��

@ tf+{2, . 5$2�k+{2,zf+{2,>

zf+3, @ P2+3, @ z�+o, @ T2+o, @ 3> 3 � � ? 5> 3 � � ? 4>

zf+{2, 5 Fe+`3> o^, _F+^3> o`, _ F�+`3> o`,=

7;
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Wklv sureohp lv htxlydohqw wr wkh lqwhjudo htxdwlrq

zf+{2,� $2
,]

f

N+{2> �, j+�,zf+�,g� @ I +{2,> +5173,

zkhuh

I +{2, =@

,]
f

N+{2> �, tf+�,g�=

Lqwurgxflqj d qhz xqnqrzq ixqfwlrq

z�+{2, @ zf+{2,
s

j+{2,

zh fdq uhgxfh +5173, wr wkh iroorzlqj lqwhjudo htxdwlrq

z�+{2,� $2
,]

f

U+{2> �,z�+�,g� @ I +{2,
s

j+{2, +5174,

zlwk U+{2> �, jlyhq e| +5148,1 Li $2 9@ �?/ wkh xqltxh vroxwlrq ri +5174, fdq
eh zulwwhq dv iroorzv +vhh/ h1j1/ ^9`/ Wkhruhp [YLLL/ s1473,

z�+{2, @ I +{2,
s

j+{2,

.$2
"[
?'�

5
7 4

�? � $2

,]
f

I +�,
s
j+{2, \?+�,g�

6
8\?+{2,>+5175,

zkhuh wkh vhulhv lq wkh uljkw kdqg vlgh ri +5175, lv devroxwho| dqg xqlirupo|
frqyhujhqw rq ^3> o`1

� � ��tTi_ ,*@t|�U �*@|i�6*��_ W?|ih@U|�L? �hLM*i4

Ohw xv frqvlghu wkh sureohp ri wkh lqwhudfwlrq ri d sodwh zkrvh yduldeoh
�h{xudo uljlglw| lv jlyhq e| wkh htxdwlrq +416, dqg ri d �rz ri wkh �xlg1

Ohw wkh �rz ri wkh �xlg eh lqghshqghqw ri {�/ sdudooho wr wkh sodqh
3{2{�/ l1h1 y� � 3/ dqg jhqhudwlqj ehqglqj ri wkh sodwh1 Ohw dw lq�qlw|/

y2+{2> {�> w, @ R+4,> y�+{2> {�> w, $ y�"+w,> +614,

s+{2> {�> w, $ s"+w,> zkhq m{m $ 4> +615,

zkhuh y =@ +y2> y�, lv d yhorflw| yhfwru ri wkh �xlg/ s+{2> {�> w, lv d suhvvxuh/
dqg y�"+w,> s"+w, duh jlyhq ixqfwlrqv1

7<
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Ixuwkhu/ li wkh sodwh lv wklq/ zh fdq dvvxph wkdw=

� wkh �xlg rffxslhv wkh zkroh vsdfh U� exw wkh plggoh sodqh  ri wkh
sodwh/ l1h1/ s @ U�q1

� wudqvplvvlrq frqglwlrqv iru y�+{2> {�> w, kdv wkh iroorzlqj irup +vhh
^4`/ ^5`/ ^;`/ ^46`,

y�+{2> 3> w, @
Cz+{2> w,

Cw
> {2 5 ^3> o`> w � 3= +616,

Iru dq lghdo �xlg zh kdyh +vhh h1j1/ ^5`/ s1:> ^8`,

�s
�� @ �s��� =

Wkhuhiruh/ wkh wudqvplvvlrq frqglwlrq iru s kdv wkh iroorzlqj irup

�s+{2>
En�

k +{2,> w, . s+{2>
E3�

k +{2,> w, @ t+{2> w,> {2 5 ^3> o`= +617,

Lq fdvh ri wkh srwhqwldo prwlrq ri wkh �rz wkhuh h{lvwv d frpsoh{ ixqf0
wlrq � @ # . l* vxfk wkdw

C*+{2> {�> w,

C{2
@

C#+{2> {�> w,

C{�
@ y2+{2> {�> w,>

C*+{2> {�> w,

C{�
@ �C#+{2> {�> w,

C{2
@ y�+{2> {�> w,=

+618,

Wkh suhvvxuh lv jlyhq e| wkh irupxod

s+{2> {�> w, @ �s
�
y2
"

5
.

s"
�s

.
C*"
Cw

� C*

Cw
� 4

5
+y22 . y2�,

�
= +619,

Lq fdvh xqghu frqvlghudwlrq z+{2> w, lv jlyhq e| wkh htxdwlrq +514,1

Wdnlqj lqwr dffrxqw wudqvplvvlrq frqglwlrq +617,/ zh kdyh

�
{k2 +o � {2,

qz>22 +{2> w,
�
>22@ �5k+{2,�

r

Gf
z>|| +{2> w, +61:,

.

�s

�
{2>

En�

k +{2,> w

�
. s

�
{2>

E3�

k +{2,> w

�
Gf

=

Iru �>2 +{2> {�> w, @ �y� . ly2/ lq ylhz ri +616, dqg +614,/ zh jhw wkh
iroorzlqj h{suhvvlrq +vhh ^44`,
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�>2@ � 4

�l
s

+{2 . l{�,+{2 . l{� � o,

�
,U
f

s
E12n�%��E12n�%�3,�

E123%2�3�%�
z>| +�2> w,g�2

.y�"
{2 . l{� � o@5s

+{2 . l{�,+{2 . l{� � o,
= +61;,

Ohw

z+{2> w, @ h�/|zf+{2,> t+{2> w, @ h�/|tf+{2,> +61<,

s+{2> {�> w, @ h�/|sf+{2> {�,>

x2+{2> {�> w, @ h�/|xf2+{2> {�,> x�+{2> {�> w, @ h�/|xf�+{2> {�,>
+6143,

zkhuh $ @ frqvw A 3> y2 @ x2c| +y� @ x�c|,= Ixuwkhu/

*+{2> {�> w, @ lh�/|*f+{2> {�,> #+{2> {�> w, @ lh�/|#f+{2> {�,>

y2+{2> {�> w, @ lh�/|yf2+{2> {�,> y�+{2> {�> w, @ lh�/|yf�+{2> {�,>

s"+w, @ h�/|sf
"
> y�"+w, @ lh�/|yf�"> sf

"
> yf�" @ frqvw=

Iurp +61;, zh kdyh h{suhvvlrq iru y�1 E| phdqv ri wkh odwwhu/ lq ylhz
ri +618,/ zh fdq fdofxodwh * zklfk zh kdyh wr vxevwlwxwh lq +619,1 Wkhq
vxevwlwxwlqj wkh rewdlqhg h{suhvvlrq ri s+{2> {�> w, lq +617,/ e| yluwxh ri
+61<,/ zh jhw wkh iroorzlqj h{suhvvlrq iru tf+{2,

tf+{2, @
$2�s

�

,]
f

zf+�,

En�

� E%2�]
3

En�

� E%2�

s
u+�> {�,s
u+{2> {�,

+6144,

�+{2 � �,frv^+!+�> {�,� !+{2> {�,,@5` . {�vlq^+!+�> {�,� !+{2> {�,,@5`

+� � {2,2 . {2�
g{�g�

�$2�s

En�

� E%2�]
3

En�

� E%2�

�
+{2 � o@5,frv

!+{2> {�,

5
. {�vlq

!+{2> {�,

5

�
yf�"g{�s
u+{2> {�,

>
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zkhuh !+{2> {�, lv gh�qhg hlwkhu e|

frv!+{2> {�, @ +{22 � {2� � o{2,@u+{2> {�,

ru e|

vlq!+{2> {�, @ +5{2 � o,{�@u+{2> {�,

dqg

u+{2> {�, @
t
+{22 � {2� � o{2,2 . ++5{2 � o,{�,2=

Wdnlqj lqwr dffrxqw +61<,/ +6143,/ +6144,/ iurp +61:, diwhu lqwhjudwlqj
irxu wlphv zlwk uhvshfw wr {2 zh jhw wkh iroorzlqj uhodwlrq

zf+{2, � 5�r$2

%2]
%f2

k+�,N+{2> �,zf+�,g� @

%2]
%f2
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