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,Q WKH SUHVHQW ZRUN WKHUH LV FRQVWUXFWHG UHJXODUL]HG WZR�OD\HU GLnHUHQFH VFKHPD

IRU RQH TXDVLOLQHDU SDUDEROLF HTXDWLRQ ZLWK FODVVLFDO LQLWLDO ERXQGDU\ FRQGLWLRQV� 8QGHU

WKH FHUWDLQ DVVXPSWLRQV SULRU HVWLPDWLRQV DUH REWDLQHG DQG WKH FRQYHUJHQFH RI VROXWLRQ

RI FRQVWUXFWHG UHJXODUL]HG VFKHPD LV LQYHVWLJDWHG�

Nh| zrugv dqg skudvhv= UHJXODUL]DWLRQ� GLnHUHQFH VFKHPD� TXDVLOLQHDU� SDUDEROLF

HTXDWLRQ� :HLJKWHG 6REROHY VSDFH� %HQGLQJ RI DQ RUWKRWURSLF FXVSHG SODWH�

DPV vxemhfw fodvvl�fdwlrq= ��0��

�� W?|hL_�U|�L?

Wkh sdshu ghdov zlwk wkhuhjxodul}hg wzr0od|hu gl�huhqfh vfkhpd iru wkh
iroorzlqj txdvlolqhdu htxdwlrq
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> +414,

+{> w, 5 G @ i3 ? { ? 4> 3 ? w � Wj

zlwk fodvvlfdo lqlwldo erxqgdu| frqglwlrqv

x +3> w, @ *� +{, > x +4> w, @ *2 +w, > 3 ? w � W +415,

x +{> 3, @ xf +{, > 3 ? { ? 4= +416,

Wkh lghd dqg phwkrgv ri uhjxodul}dwlrq ri wkh gl�huhqfh vfkhpdv ehorqj
wr D1D Vdpduvnll ^5`1 Wkh uhjxodul}hg gl�huhqfh vfkhpdv iru vrph fhuwdlq
qrq0olqhdu htxdwlrqv zhuh lqyhvwljdwhg e| wkh dxwkruv lq gl�huhqw zrunv
^4`/^6`1

Lq wkh suhvhqw zrun wkh uhjxodul}hg gl�huhqfh vfkhpd lv frqvwuxfwhg
iru wkh sureohp +414,0+416,=Xqghu fhuwdlq dvvxpswlrqv zlwk uhvshfw wr n
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dqg i d sulrul hvwlpdwlrqv duh rewdlqhg dqg wkh frqyhujhqfh ri vroxwlrq ri
frqvwuxfwhg uhjxodul}hg vfkhpd lv lqyhvwljdwhg 1

Vxssrvh ixuwkhu/ wkdw n +{> w> x,/ i +{> w> x> s, kdyh ghulydwlyhv Y&
Y� /

Ys
YR / s �

Y�
Y%

frqwlqxrxv zlwk uhvshfw wr wkhlu dujxphqwv dqg erxqghg iru dq| {/ w/ x/ s
iurp wkh udqjh ri gh�qlwlrq1 Iru frqvwuxfwlrq ri gl�huhqfh vfkhpd ohw*v frq0
vlghu wkh julg dorqj vsdfh dqg wlph yduldeoh $� @

�
{� @ lk> l @ 3> 4> ===Q @ �

�

�
/

$� @
�
w� @ m�> m @ 3> 4> ===>N @ ^A� `

�
/ $� @ $�qi3> 4j1

Ohw xv ghqrwh wkh srlqwv +{�> w�,/ {� 5 $�/ +{� 5 $�,/ w� 5 $� / dv

�c� +
�c� ,=

Ohw xv ghqrwh wkh ydoxhv ri wkh julg ixqfwlrq/ jlyhq rq 
�c� / lq wkh

srlqw +{�> w�, dv |
�
� @ |+{�> w�, � | dqg xvh wkh qrwdwlrqv ^5`/^7`

e| @ |+{�> w�n�,>
j

|@ |+{�> w�3�,> || @
e| � |

�
> || @

|�
j
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�
>

|E3�� @ |+{�3�> w�,> |En�� @ |+{�n�> w�,>

|% @
| � |E3��

k
> |% @

|En�� � |

k

Ohw xv frqvwuxfw wkh gl�huhqfh vfkhpd fruuhvsrqglqj wr gl�huhqwldo
sureohpv +414,0+416,

|| @ +d|%,% . *+w> {> |> �+|,,> +{> w, 5 
�c� > +417,

|+3> w, @ *�+w,> |+4> w, @ *2+w,> w 5 $� > +418,

|+{> 3, @ |f+{, @ xf+{,> { 5 $�> +419,

zkhuh d @ d+{> w> |W,/ |W @ 3=8+| . |E3��,/ �+|, @ |f
%
� 3=8+|% . |%,1

Ixuwkhu zh vkdoo xvh wkh iroorzlqj surshuw| ri wkh frh�flhqwv ri wkh
gl�huhqfh vfkhpd +7,0+9,

d, 3 ? f� � d ? f��> f�cf
�

� @ frqvw>

e, d+{> w> x,� n+{> w> x, @ 3=8kn�+{> w> x, .R+k2,>
f, d% @ n

�

+{> w> x, .R+k2,>

g, *+{> w> x> �+x,,� i+{> w> x> x�%, @ R+k2,=
Li n+{> w> x,> i+{> w> x> x

�

%, dqg wkh vroxwlrq ri wkh sureohp +414,0+416,
x+{> w, duh vx�flhqwo| gl�huhqwldeoh zlwk uhvshfw wr {> w dqg x+{> w, wkhq wkh
frqglwlrqv d,�g, duh vx�flhqw/ iru +417,0+419, vfkhpd kdv wkh vhfrqg rughu
suhflvlrq dssur{lpdwlrq zlwk uhvshfw wr { dqg �uvw rughu wr w1

Ehvlghv zh ghpdqg iru vfkhpd +417, wr eh krprjhqhrxv1 Lq ^5` wkhuh
lv lqglfdwhg wkh zd| ri fdofxodwlrq ri wkh idfwruv zlwk wkh khos ri vwhqflo
ixqfwlrqdov1
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Dv lw lv nqrzq/ wkh vfkhpdv ri w|sh +417, +h{solflw vfkhpdv, dsso|
vrph uhvwulfwlrqv rq wkh vwhs ri julg zlwk uhvshfw wr wlph/ dowkrxjk lp0
solflw vfkhpdv gr qrw kdyh wklv ghihfw/ exw lq rxu fdvh zh vkrxog rshudwh
zlwk qrq0olqhdu ydoxhv1

Rxu sxusrvh lv wr frqgxfw uhjxodul}dwlrq vr wkdw rq wkh kljk od|hu zh
dozd|v kdyh d frqvwdqw rshudwru1 Wkh dgydqwdjhv ri vxfk vfkhpd duh reyl0
rxv1

Wr gr wkdw ohw xv frqvlghu wkh iroorzlqj rshudwru �� dv d uhjxodul}dwlrq=

U| � ��| � �|%%> +41:,

zkhuh � @ frqvw zlwk lqgh�qlwh sdudphwhu1 Wkhq uhjxodul}hg gl�huhqfh
vfkhpd zklfk lv htxlydohqw wr vfkhpd +417,/ zloo eh zulwwhq lq wkh iroorzlqj
zd|

|| @ �U|| . +d|%,% .*+w> {> |> �+|,,> +{> |, 5 
�c� = +41;,

Lw lv hdv| wr vhh/ wkdw wkh gl�huhqfh htxdwlrq +41;, dssur{lpdwhv wkh
htxdwlrq +414, zlwk huuru R+� . k2,=

Mrlqlqj wkh erxqgdu| frqglwlrqv +418, dqg wkh lqlwldo frqglwlrq +419, wr
htxdwlrq +41;,/ zh vkdoo uhfhlyh ghvludeoh vfkhpd1

2� A�i _�gihi?Ui ThLM*i4 uLh |�i ihhLh

Ohw } @ | � x= Vxevwlwxwlqj | @ } . x lq +41;,/ +418,/ +419,/ dqg wdnlqj
lqwr dffrxqw +414,0+416,/ zh kdyh wkh iroorzlqj frqglwlrq iru wkh huuru }

}| @ �U}| . +d+w> {> |W,}%,% .T+}, . � lq 
�c� > +514,

}+3> w, @ }+4> w, @ 3> w 5 
� > +515,

}+{> 3, @ 3> { 5 $�> +516,

zkhuh T+}, @ +j}W,% . e}f
%
. g}/ j @ Y@

Y�
x%/ e @ Y)

Yb
/ g @ Y)

Y�
/ dqg � lv

dq huuru ri dssur{lpdwlrq ri wkh vroxwlrq iru wkh sureohp +414,0+416,1 Wklv
ihdwxuh phdqv/ wkdw wkh ghulydwlyhv duh wdnhq lq wkh vrph dyhudjh ydoxhv ri
dujxphqwv x dqg � 1

Iru vrph uhvwulfwlrqv rq wkh n/ i dqg x zh kdyh wkh iroorzlqj lqfuhphqw
ri dssur{lpdwlrq � @ R+� . k2,1
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�� � �h�Lh� it|�4@|�L? uLh |�i ThLM*i4 Eb��E���

Qrwh/ wkdw iurp wkh d sulrul hvwlpdwlrqv iru +514,0+516, wkh frqyhujhqfh ri
wkh phwkrg +41;,/ +418,/ +419, iroorzv rqo| zlwk wkh iroorzlqj uhtxluhphqwv=

3 ? f� � d � f��> imjm > mem > mgmj �P @ frqvw= +614,

Ohw xv pxowlso| vfdoduo| +514, rq 5+�e} . �},> zkhuh � . � @ 4/ � dqg
� duh |hw lqgh�qlwh sdudphwhuv/ zh vkdoo kdyh

5+�e}.�}> }|, @ 5�+�e}.�}>U}|,.5+�e}.�}> +d}%,%,.5+�e}.�}>T+},.�,=
+615,

Dv iru rxu fdvh }f @ }� @ 3/ xvlqj wkh zhoo0nqrzq lqhtxdolwlhv dqg
lghqwlwlhv ^5`/ ^7` lw lv hdv| wr jhw=

5+�e} . �}> }|, @ +
��}2��,| . +�� �,� n}|n

2> +616,

5�+�e} . �}>U}|, @ ���+mm}%m`
2,| � +�� �,�2�mm}|%m`

2> +617,

5 +�e} . �}> +d}%,%, @ �3=8�+d> +e}%.}%,
2`.3=8��2+d> }2%|`�5�+d> }2%`= +618,

Iru looxvwudwlrq ohw xv fkhfn xs +617,1 Rwkhu htxdwlrqv/ l1h1 +616, dqg
+618, / fdq eh suryhg dqdorjrxvo|1 Vr lw lv hdv| wr revhuyh

5�+�e} . �}>U}|, @ 5�+�e} . �}> �}|%%, @ �5���+e}%> }|%`� 5���+}%> }|%` @

@ ����++e}% . }%, . +e}% � }%,> }|%`� ���++e}% . }%,� +e}% � }%,> }|%` @

@ �+� . �,��+e}% . }%,> }|%`� +�� �,��+e}% � }%,> }|%` @

@ ���+mm}%m`
2,| � +�� �,��2mm}|%m`

2=

Ixuwkhu/ vxevwlwxwlqj +616,0+618, lq +615, zh rewdlq wkh hqhujhwlfdo lghq0
wlw|

+n}n 2,| . +� � �,� n}|n
2 @

@ ���+mm}%m`
2,| � +� � �,��2mm}|%m`

2�3=8�+d> e}% . }%,
2`.

.3=8��2+d> }2%|`� 5�+d> }2%` .N+},>

zkhuh
N+}, @ 5+�e} . �}>T+}, .�,=

Wdnlqj lqwr dffrxqw wkh gh�qlwlrq ri wkh gl�huhqfh ghulydwlyh/ zh vkdoo
kdyh

ne}n 2 . �� mme}%m`2.+� � �,�2 n}|n
2 @ n}n 2 . �� mm}%m`

2� +619,

���++�� �,��3=8�d> }2%|`� 3=8��+d> +e}% . }%,
2`� 5��+d> }2%` . �N+},=
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Wr rewdlq wkh d sulru hvwlpdwlrqv/ zh kdyh wr lpsrvh vrph olplwdwlrqv
rq doskd/ � dqg �1

Ohw

� A �> �=h= 3=8 ? � ? 4> 3 ? � � 3=8 +61:,

dqg

� � 3=8+4� �,3�d4@ > l=h= � � 3=8+4� �,3�f��> +61;,

zkhuh

� �
�

�
dqg 3 ? � ? 4=

Wkhq iurp +619, lw lv hdv| wr rewdlq

ne}n 2 . �� mme}%m`2 �n}n 2.�� mm}%m`
2 � 5��+d> }2%` . �N+},= +61<,

Ohw xv sdvv rq qrz wr wkh hvwlpdwlrq ri wkh iroorzlqj h{suhvvlrq �N+},=

N+}, @ 5+�e} . �}>T+},, . 5+�e} . �}>�, @ 5�+e}> +j}W,% . 5�+e}> e}f
%
,.

.5�+e}> g}, . 5�+e}>�, . 5�+}> +j}W,% . 5�+}> e}f
%
, . 5�+}> g}, . 5�+}>�,=

Ohw*v hvwlpdwh hdfk dgghqg ri uljkw sduw vhsdudwho|/ xvlqj wkh frqglwlrq
+614,1

Vr zh kdyh

5+e}> +j}W,%, @ �5+e}%> j}W` @ �+e}%> j+} . }E3��,` @ �+e}%> j}`� +e}%> j}E3��`>
exw

m+e}%> j}`m � %mme}%m`2. 4

7%
P n}n 2> dv }f @ }� @ 3> P @ pd{iP>P2j>

���+e}%> j}E3��`
��� � %mme}%m`2. 4

7%
P n}n 2> dv }f @ }� @ 3>

l1h1

5 m+e}> +j}W,%,m � 5%mme}%m`2 . 4

5%
P n}n 2= +6143,

Vlploduo|

5+e}> e}J
%
, @ +e}> e}%, . +e}> e}%, @ �+e}%> e}` . +ee}> }%,>

m+e}%> e}`m � %mme}%m`2.
4

7%
P n}n 2>

m+ee}> }%,m � % n}%n
2.

4

7%
P ne}n 2 � %mm}%m`

2.
4

7%
P ne}n 2>
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l1h1

5
���+e}> e}f

%
,
��� � %mme}%m`2 . %mm}%m`

2 .
4

7%
P+ne}n 2 . n}n 2,= +6144,

Ixuwkhu

5 m+e}> g},m � % ne}n 2.
4

%
P n}n 2> +6145,

5 m+}> +j}W,%m � 5%mm}%m`
2.

4

5%
P n}n 2> +6146,

5+}> e}f
%
, @ +}> e}%, . +}> e}%, @ �+}%> e}` . +}%> e}, @ 3> +6147,

5 m+}> g},m � 5P n}n 2> +6148,

m+e}>�,m � % ne}n 2.
4

7%
n�n > +6149,

m+}>�,m � % n}n 2.
4

7%
n�n = +614:,

Vxevwlwxwlqj wkh hvwlpdwlrq +6143,0+614:, lq wkh h{suhvvlrq iru N+},/ zh
vkdoo kdyh

mN+},m � 5�%mme}%m`2.
�

5%
P n}n 2 . �%mme}%m`2.�%mm}%m`2.

�

7%
P ne}n 2.

.
�

7%
P n}n 2.�% ne}n 2.

�

%
P n}n 2 . 5�% ne}n 2.

5�

7%
n�n.

.5�%mm}%m`
2.

�

5%
P n}n 2.5�P n}n 2 . 5�% n}n 2 .

5�

7%
n�n 2

ru

mN+},m � 6�%mme}%m`2 . +�. 5�,%mm}%m`
2.P� n}n

2.P2 ne}n 2 .
4

5%
n�n 2>

+614;,
zkhuh

P� � 4=:8�P%3� . �+3=8P%3� . 5%. 5P,>

P2 � �+3=58%3�P . 6%,=

Vxevwlwxwlqj +614;, lq +61<, zh jhw=

+4� �P�, ne}n 2 . �+� � 6�%,mme}%m`2 � +614<,

� +4 . �P
2
, n}n 2 . � ^� . +�. 5�,% � 5�f

�
`mm}%m`

2 .
�

5%
n�n 2>

zh vkdoo fkrrvh vxfk % / wkdw

5�% @ 5�f� � +�. 5�,%=
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Khqfh zh kdyh

% @
5�f�

5+5�. �,
@

�f�

5�. �
@

�f�

5 . �
> zkhuh � @

�

�
= +6153,

Lw lv hdv| wr whvw/ wkdw li � lv vhohfwhg iurp frqglwlrq +61;,/ wkhq ��6�% A
3> iru dq| % vhohfwhg e| frqglwlrq +6153,=

Wkxv zh kdyh

+4� �P�, ne}n 2 . �P�mme}%m`2 � +4 . �P2, n}n
2 . �P�mm}%m`

2 . �Pe n�n
2>

khuh P� � � � 6�%> Pe @ 3=8%3�=
Ohw

n}n 2 . �P� n}%n
2 @ n}n 2

U >

wkhq

ne}n 2

U
� �P� ne}n 2 � n}n 2

U
. �P2 n}n

2 . �Pe n�n
2=

Vwuhqjwkhqlqj wklv lqhtxdolw| / zh kdyh

ne}n
U

2 � �P� ne}n 2 � �2P�P�mme}%m`2 �

� n}n 2

U . �P2 n}n
2 . �2P2P�mm}%m`

2 . �Pe n�n
2

ru

ne}n2
U
� �P� ne}n2U � n}n2

U
. �P2 n}n

2

U
. �Pe n�n

2
>

l1h1

+4� �P�, ne}n2U � +4 . �P2, n}n
2

U
. �Pe n�n

2=

Ohw

� � �f ?
4

P�

>

wkhq

ne}n2
U
�

4 . �P2

+4� �P�,
n}n2

U
. �

Pe

+4� �P�,
n�n2

ru

ne}n2
U
� +4 . �f2, n}n

2

U
. �f� n�n

2> +6154,

zkhuh

f2 @
+P� .P2,

+4� �fP�,
> f� @

Pe

+4� �fP�,
=

Iurp lqhtxdolw| +6154, wkhuh iroorzv
Wkhruhp 6141 Wkh gl�huhqfh sureohp +41;,/ +418,/ +419, zlwk � � �f

dqg frqglwlrq +61;, lv vwdeoh zlwk uhvshfw wr wkh lqlwldo frqglwlrq dqg uljkw
sduw1
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Wkhruhp 6151 Lq wkh suhylrxv dvvxpswlrqv vroxwlrq | ri wkh sureohp
+41;,/ +418,/ +419, frqyhujhv wr wkh vroxwlrq x ri wkh sureohp +414,0+416, zlwk
wkh udwh ri R+� . k2,=

Lw lv hdv| wr vkrz/ wkdw wkh deryhq uhdvrqlqjv duh ydolg iru wkh pxowlgl0
phqvlrqdo txdvlolqhdu htxdwlrq ri sduderolf w|sh1

Uhihuhqfhv

41 Jrugh}ldql G1 Rq wkh uhjxodul}dwlrq ri qrq0olqhdu gl�huhqfh vfkhpdv1 Vhp1

ri YLDP1 Devwudfwv ri sdshuv 5+4<:3,/ 6806: +lq uxvvldq,1

51 Vdpduvnll D1D1 Rq wkh uhjxodul}dwlrq ri wkh gl�huhqfh vfkhpdv1 M1F1P1 dqg

P1Sk1 :/4+4<9:,/950<6 +lq uxvvldq,

61 Vdpduvnll D1D1/ Rq frqyhujhqfh dqg h{dfwlwxgh ri krprjhqrxv gl�huhqfh

vfkhpdv iru rqh0 dqg pxowlglphqvlrqdo sduderolf htxdwlrqv1 M1F1P1 dqg

P1Sk1 5/7/ 4<95/ 9360966 +lq uxvvldq,

71 Vkdsdwdyd D1/ Rq wkh uhjxodul}dwlrq ri wkh gl�huhqfh vfkhpdv iru rqh qrq0

olqhdu htxdwlrq1 Welolvl/ Wkh prghuq sureohpv ri Pdwk1Sk|v1/ y14+4<;:,/

7490756 +lq uxvvldq,

::


