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Abstract

In the present work there is constructed regularized two-layer difference schema
for one quasilinear parabolic equation with classical initial boundary conditions. Under
the certain assumptions prior estimations are obtained and the convergence of solution
of constructed regularized schema is investigated.

Key words and phrases: regularization, difference schema, quasilinear, parabolic
equation. Weighted Sobolev space, Bending of an orthotropic cusped plate.

AMS subject classification: 65M12

1. Introduction

The paper deals with theregularized two-layer difference schema for the
following quasilinear equation

ou 0 ou ou
5_% <k(x,t,u) %) —f<x,t,u,%> ) (11)

(x,t) e D={0<z<1,0<t <T}

with classical initial boundary conditions

w(0,1) = ¢1 (z), u(l,t) =2 (t), 0<t<T (1.2)

u(z,0) = up (x), 0<z<l1. (1.3)

The idea and methods of regularization of the difference schemas belong
to A.A Samarskii [2]. The regularized difference schemas for some certain
non-linear equations were investigated by the authors in different works
[1],3].

In the present work the regularized difference schema is constructed
for the problem (1.1)-(1.3).Under certain assumptions with respect to &
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and f a priori estimations are obtained and the convergence of solution of

constructed regularized schema is investigated .
ok of . _

ou? 3_p7p—
du

5% continuous with respect to their arguments and bounded for any z, ¢, u, p

from the range of definition. For construction of difference schema let’s con-
1

sider the grid along space and time variable t;, = {xl =1th, 1=0,1,..N = 5}7
Wr = {tj = j7-7j = 07 17 7K = [%]}7 Wh = w_h\{oﬂ 1}

Let us denote the points (x;,¢;), x; € W, (x; € wy), t; € wr, as
thT (thT)'

Let us denote the values of the grid function, given on ﬁhﬁ , in the

Suppose further, that k (x, ¢, u), f (z,t,u, p) have derivatives

point (z;,t;) as yf = y(x;,t;) = y and use the notations [2],[4]

=N vV
R v Y=y y—Y
v=y(@i,tj1), Y=y(@itj-1), ye= s T
vV =yl ty), y Y = y(@in, 1),
o =Y g V0 =y
X h/ ? x ]’L

Let us construct the difference schema corresponding to differential
problems (1.1)-(1.3)

Yt = (ayz)a + (L, 7, y, A(y)), (z,t) € Qn,rs (1.4)
y(O,t) = 301<t)7 y<17t) = 902<t)7 L€ wr, (1'5)
y(x,0) = y%x) = uo(x), 2z € wp, (1.6)

where a = a(z,t,y%), y* = 0.5(y +y 1), My) = yo = 0.5(y0 + ya)-
Further we shall use the following property of the coefficients of the
difference schema (4)-(6)
a) 0<ci<a<e, c1,dy=-const,
b)  a(x,t,u) — k(z,t,u) = 0.5hk (z,t,u) + O(h?),
¢)  ap =k (x,t,u)+O(h?),
d) oz, t,u, M) — fx, t,u,ul,) = O(h?).

If k(x,t,u), f(x,t,u,u,) and the solution of the problem (1.1)-(1.3)
u(z,t) are sufficiently differentiable with respect to x, ¢ and u(zx,t) then the
conditions a) —d) are sufficient, for (1.4)-(1.6) schema has the second order
precision approximation with respect to = and first order to t.

Besides we demand for schema (1.4) to be homogeneous. In [2] there
is indicated the way of calculation of the factors with the help of stencil
functionals.
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As it is known, the schemas of type (1.4) (explicit schemas) apply
some restrictions on the step of grid with respect to time, although im-
plicit schemas do not have this defect, but in our case we should operate
with non-linear values.

Our purpose is to conduct regularization so that on the high layer we
always have a constant operator. The advantages of such schema are obvi-
ous.

To do that let us consider the following operator oA as a regularization:

Ry = oAy = oyza, (1.7)

where 0 = const with indefinite parameter. Then regularized difference
schema which is equivalent to schema (1.4), will be written in the following
way

Yt = TRyt + (ayf)sc + 80(757 Y, /\<y))7 <x7 y) € Qh,T- (18)

It is easy to see, that the difference equation (1.8) approximates the
equation (1.1) with error O(7 4 h?).

Joining the boundary conditions (1.5) and the initial condition (1.6) to
equation (1.8), we shall receive desirable schema.

2.  The difference problem for the error

Let z = y — w. Substituting y = z + « in (1.8), (1.5), (1.6), and taking
into account (1.1)-(1.3), we have the following condition for the error z

2zt =TRz + (a(t,x,y")2z)s + Q(2) + ¥ in Q1 (2.1)
2(0,t) = z(1,t) =0, teQ,, (2.2)
z(x,0) =0, T € Wh, (2.3)

where Q(z) = (g2%)z + bz% +dz, g = %ug, b= %, d = g—i, and U is
an error of approximation of the solution for the problem (1.1)-(1.3). This
feature means, that the derivatives are taken in the some average values of

arguments u and A .

For some restrictions on the k&, f and u we have the following increment
of approximation ¥ = O(7 + h?).
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3. A Priori estimation for the problem (9)-(11)

Note, that from the a priori estimations for (2.1)-(2.3) the convergence of
the method (1.8), (1.5), (1.6) follows only with the following requirements:

0<c <a<dy, Algl,b,|d} <M = const. (3.1)

Let us multiply scalarly (2.1) on 2(aZz + 8z), where o + 3 =1, a and
8 are yet indefinite parameters, we shall have

2(aF+ B2, 2) = 2r(aF+02, Ra) + 20+ B2, (azg)s)+2(a+ 52 Q(2)+V).

(3.2)

As for our case zyg = zy = 0, using the well-known inequalities and
identities [2], [4] it is easy to get:

2(az 4 Bz, zt) HzQH t+(a—p0 )THZtHQ, (3.3)
2r(az + Bz, Rz) = —7'0'(”25“2)t —(a— ﬁ)TQO'HZt§’ 2 (3.4)
2(aZ + Bz, (azz)z) = —0.5a(a, (Z5+2z)?] +0.5a1%(a, 22,] —206(a, 22]. (3.5)

For illustration let us check up (3.4). Other equations, i.e. (3.3) and
(3.5) , can be proved analogously. So it is easy to observe

21(az + Bz, Rze) = 27(aZ + B2, 0252) = —2070(27, 23] — 2670 (27, 2| =
= —aro((zz + zz) + (27 — %), 28] — Br0((z7 + 2z) — (7 — =), zw| =

—(a+ B)70(z7 + 27), 2] — (o — B)70 (27 — 27), 23] =
= —o7(||z]*)e — (a = B)or?||z])”
Further, substituting (3.3)-(3.5) in (3.2) we obtain the energetical iden-
tity
(2l ®)e + (@ = B)7 l|2el|* =
= —o7(||2z]|*)¢ — (a — B)or?||2m])—0.5a(a, 25 + 2z)*|+

+0.5a7%(a, 225 — 28(a, 2%5] + K(2),

where
K(2) = 2(a% + 82,Q(2) + W),

Taking into account the definition of the difference derivative, we shall

have
I1211% + o712 *+(a = B)72 |2l > = 212 + o7l|zzl]?—  (3.6)

—7'3((a — B)o—0.5aa, th] 0.5ar(a, (zz + zm)Q] — 207(a, z%] + 7K (2).
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To obtain the a prior estimations, we have to impose some limitations
on alpha, 0 and o.
Let
a>p03, 1re. 0.b<a<l, 0<pB<05 (3.7)

and
0>05(1—=06) tamax, d.e. o>0.5(1-8) "¢, (3.8)

where
6Eé and 0 <6 <1.
«

Then from (3.6) it is easy to obtain
1212 + orllZ )12 < ll2l 2+orl|zll? - 267(a, 22 + 7K (). (3.9)
Let us pass on now to the estimation of the following expression 7K (z).
K(z) = 2(aZ + Bz, Q(2)) + 2(az + Bz, ¥) = 2a(Z, (92")x + 20(Z, bzg )+

120(2,d2) + 20(2, W) + 20(z, (92" )a +2(2, bzy) +2(2, d2) + 262, V).
Let’s estimate each addend of right part separately, using the condition
(3.1).
So we have
2(2,(92")e) = =2z, 92" = —(Zm, 9(2 + 2 V)] = (37, 92] — (7, 920V,
but

—~ - 1
|z, g2]] < EHZEHQ+EM |2]|2,as 20 =2y =0, M =max{M, M?},

1
(3 92 V)| < el Bl M 12 2 a5 20 = 2 =0,
g
i.e. )
22, (92")a)| < 2|2l + oM |J2]) % (3.10)
Similarly

2(2,b20) = (2,b2,) + (3, bzz) = —(Zr, b2] + (b7, 25),
|G b2| < el Bl P — M ||2] 2.
4e
(07, 2)] < & [z 2 M 2] 2 < ]| s] 24— M |7] 2
’ - 4e - 4e ’

74



On regularized difference schema for... AMI Vol.5, No.2, 2000

ie.
~ ~ 1 o

2|(2,b29)| < el|Zal]” + ellzl]” + - MIZ1* + 121 (3.11)

Further )
2|(2, d2)| < elf2l| "+ M ||2]|%, (3.12)

1
2|(2,(92")al < 2¢l|zal]*+5-M |12 ?, (3.13)
2(z,bz0) = (2,bzg) + (2,b23) = —(2z, bz| + (27, bz) = 0, (3.14)
T

2|(2,dz)| < 2M ||2||%, (3.15)

~ ~ 1
W) < |22+ N1l (3.16)

1
(2, W) <22 "+ (1] (3.17)

Substituting the estimation (3.10)-(3.17) in the expression for K(z), we
shall have

~ « —~ «Q —~
K (2)] < 20|22+ M ||2])* + ael |Z2]] "+ |2l "+ - M [|2]) *+

~ —~ 2
M |2l as 312+ 2 M |21 + 2 |2 2+ - 9] +
g 206
2036 ] 24 5 M || 21| 24280 | 21| 2 + 262 |22 + - |9

or

- e 1
|[K(2)| < BaelZ]]” + (o + 20)el |2+ My 2] "+ |12 * + o [19]],

(3.18)
where
My = 1.75aMe ' + 3(0.5Me" ! + 2 4 2M),
My = a(0.25: M 4 3¢).
Substituting (3.18) in (3.9) we get:
(1 —7My)||2]|% 4 7(0 — 3ae)||75])? < (3.19)

-
< (L 7My) 1212 + 7lo + (o + 28)s = 28ey[|23l]” + 5 2] %,
we shall choose such ¢ , that
20e = 28¢1 — (o + 20)e.
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Hence we have

208¢ B bcy B
© 22a+p8) 2a+3 246 wnere a (3.20)

It is easy to test, that if ¢ is selected from condition (3.8), then §—3as >
0, for any e selected by condition (3.20).
Thus we have

(1 —7M)||Z]|* + 7Ms||25])” < (1 + 7Mp) ||2]| * + 7Mal|2z]]* + 7M4 || V]| %,

here M3z =0 —3as, My= 0.5 1.
Let
12117 + 7 Mz ||z = || 2 7,

then
12117 — 70 ||2]1 2 < |2l 7 4+ 7 Mo ||2)| ? + 7 My || 9] %

Strengthening this inequality , we have
121, = My ||2)* — 7% My Ms||25])* <

< NlellF + My 2] + 72 Mo Ms||2)* + 7 M || 9|2

or
—~12 ~12 2 2 2
127 — 7Mu|Zl7 < M2l +7Mo |l2]l7 + 7 Mo || V)7,
l.e.
(1 =M |27 < U+ 7M) |27 +7Ma || 2] %,
Let
T<T70< M’
then ) i v
12 + T Mo 2 4 2
<tz — % v
1917 < gy el + a1
or
12 2
12117 < (1+7e) |27 +7es||@]|?, (3.21)
where
oy = (M + Mo) My

v, 3= ————————.
(1 —T()Ml) 3 (1 —T()Ml)

From inequality (3.21) there follows

Theorem 3.1. The difference problem (1.8), (1.5), (1.6) with 7 < 7
and condition (3.8) is stable with respect to the initial condition and right
part.
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Theorem 3.2. In the previous assumptions solution y of the problem
(1.8), (1.5), (1.6) converges to the solution u of the problem (1.1)-(1.3) with

the rate of O(1 + h?).
It is easy to show, that the aboven reasonings are valid for the multidi-

mensional quasilinear equation of parabolic type.
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