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:H SURSRVH D QHZ GLVFUHWL]DWLRQ RI DQ LQLWLDO YDOXH SUREOHP IRU GLnHUHQWLDO HTXD�

WLRQV RI WKH oUVW RUGHU LQ D %DQDFK VSDFH ZLWK D VWURQJO\ 3�SRVLWLYH RSHUDWRU FRHqFLHQW�

8VLQJ WKH VWURQJ SRVLWLYHQHVV ZH UHSUHVHQW WKH VROXWLRQ DV D 'XQIRUG�&DXFK\ LQWHJUDO

DORQJ D SDUDEROD LQ WKH ULJKW KDOI RI WKH FRPSOH[ SODQH� WKHQ WUDQVIRUP LW LQWR UHDO

LQWHJUDOV RYHU +�4>4, DQG oQDOO\ DSSO\ DQ H[SRQHQWLDOO\ FRQYHUJHQW 6LQF TXDGUDWXUH

IRUPXOD WR WKLV LQWHJUDO� 7KH LQWHJUDQG YDOXHV DUH WKH VROXWLRQV RI D oQLWH VHW RI HOOLS�

WLF SUREOHPV ZLWK FRPSOH[ FRHqFLHQWV� ZKLFK DUH LQGHSHQGHQW DQG PD\ EH VROYHG LQ

SDUDOOHO�

Nh| zrugv dqg skudvhv= HYROXWLRQ HTXDWLRQV� XQERXQGHG RSHUDWRU FRHqFLHQWV�

VWURQJO\ 3�SRVLWLYH RSHUDWRUV� TXDGUDWXUH UXOH�

DPV vxemhfw fodvvl�fdwlrq= ��-�����%��

�� W?|hL_�U|�L?

Zh frqvlghu wkh lqlwldo ydoxh sureohp

bx.Dx @ 3> w 5 +3> W `> x+3, @ xf> +414,

zkhuh x = Un $ H lv d yhfwru0ydoxhg ixqfwlrq/ D lv d vwurqjo| S0srvlwlyh
ghqvho| gh�qhg forvhg rshudwru zlwk wkh vshfwuxp o|lqj lq d sduderod �
dqg zlwk d grpdlq G+D, lq d Edqdfk vsdfh H1 Lq sduwlfxodu/ wkh htxdwlrq
+414, zlwk wkh Odsodfh rshudwru D @ �� lv wkh zhoo0nqrzq khdw htxdwlrq1
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Xvlqj wkh lpsurshu Gxqirug0 Fdxfk| lqwhjudo zh zloo vkrz wkdw rqh fdq
uhsuhvhqw wkh vroxwlrq ri +414, e|

x+w, @
4

5�l

]
K

h35|+} �D,3�xfg} +415,

Ghqrwlqj e| ax+}, wkh vroxwlrq ri wkh vwdwlrqdu| htxdwlrq

+} �D,ax+}, @ xf +416,

zh jhw

x+w, @
4

5�l

]
K

h35|ax+},g} +417,

Wkh nh| vwhsv wkdw doorz xv wr �qg dq dssur{lpdwh vroxwlrq ri +414, duh =

41 Fkrrvh Q srlqwv }�> }2> ===> }� rq wkh sduderod dqg �qg wkh vroxwlrqv
ax+}�, ri +416,1

51 Ilqg wkh dssur{lpdwlrq x� +w, iru wkh vroxwlrq ri +414, e|

x� +w, @
�[
�'�

��h
35�|ax+}�, +418,

zlwk dssursuldwh frh�flhqwv ��1

Wkh qh{w txhvwlrq lv krz wr fkrrvh }� dqg ��1 Wklv zloo eh glvfxvvhg
lq zkdw iroorzv1 Dq dqdorjrxv lghd iru htxdwlrq +414, zdv xvhg lq ^46`1
Wkh rshudwru D zdv dvvxphg wr eh vhoidgmrlqw dqg srvlwlyh gh�qlwh dqg wkh
lqwhjudwlrq lq +415, zdv shuiruphg dorqj d sdwk � @ �� @ i} @ �.�	 l� =
� � 3j zlwk @} lqfuhdvlqj iurp �4 wr 41 Xvlqj d sdudphwulf yduldeoh
wudqvirupdwlrq/ wkh frqwrxu lqwhjudo zdv wkhq wudqviruphg lqwr dq lqwhjudo
ryhu wkh �qlwh lqwhuydo ^3> 4` zlwk d vlqjxodu lqwhjudqg zklfk zdv wuhdwhg
e| wkh frpsrvlwh wudsh}rlgdo uxoh dqg wkh frpsrvlwh Vlpsvrq uxoh zlwk dq
dssursuldwho| fkrvhq sdudphwhu1 Wkh vlqjxodulw| ri kljkhu ghulydwlyhv ri wkh
lqwhjudqg kdv lpsolhg d udwkhu frpsoh{ dojrulwkp zlwk wkh frqyhujhqfh udwh
erxqghg e| 5 dqg 7 uhvshfwlyho|1 Rxu dojrulwkp suhvhqwhg ehorz srvvhvvhv
dq h{srqhqwldo huuru ghfd|1

2� +iThiti?|@|�L? Lu tL*�|�L?t Lu |�i �ht| Lh_ih _�gihi?�
|�@* i^�@|�L?t ��|� @ t|hL?}*) ��TLt�|��i LTih@|Lh UL�
i�U�i?|t

Lq rughu wr prwlydwh qh{w gh�qlwlrqv zh ehjlq zlwk wkh iroorzlqj h{dpsohv1

7;
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H{dpsoh 5141 Ohw xv frqvlghu wkh rqh0glphqvlrqdo rshudwruD = O�+3> 4, $
O�+3> 4, zlwk wkh grpdlq G+D, @ ixmx 5 K2

f
+3> 4,j lq wkh Vrerohy vsdfh

K2
f
+3> 4, gh�qhg e|

Dx @ �x�� ; x 5 G+D,=

Wkh hljhqydoxhv �& @ n2�2> n @ 4> 5> === ri D olh rq wkh uhdo d{lv lqvlgh
ri wkh sdwk

� @ i } @ �2 	 l�> � � 4> } @ 4	 l�2> m�m � 4=

Wkh Juhhq ixqfwlrq iru wkh sureohp

+}L �Dx, � x��+{, . }x+{, @ �i+{,> { 5 +3> 4,> x+3, @ x+4, @ 3

lv

J+{> �, @
4s

} vlq
s
}
i vlq s

}{ vlq
s
}+4� �,{ � �> vlq

s
}� vlq

s
}+4� {,{ � �>

l1h1 zh kdyh

x+{, @ +}L �D,3�i @

]
�

f

J+{> �,i+�,g�=

Ohw xv hvwlpdwh wkh Juhhq ixqfwlrq rq wkh sduderod } @ �2 	 l� @s
�e . �2+frv!	 l vlq!, iru m}m odujh hqrxjk/ zkhuh

frv! @
�s

�2 . 4
> vlq! @

4s
�2 . 4

=

Dfwxdoo|/ zh kdyh
s
} @ e

s
�e . �2+frv �

2
	 l vlq �

2
, @ d	 le zlwk

frv
!

5
@

t
�2 .

s
�e . �2

s
5 e

s
�e . �2

> vlq
!

5
@

ts
�e . �2 � �2

s
5 e

s
�e . �2

>

d @

t
�2 .

s
�e . �2

s
5

> e @

ts
�e . �2 � �2
s
5

=

Wkh iroorzlqj hvwlpdwhv krog iru { � � dqg iru � odujh hqrxjk����vlq
s
}{ vlq

s
}+4� �,s

} vlq
s
}

���� @

@
^vlq2 d{. vlqk2 e{`

�

2 ^vlq2 d+4� �, . vlqk2 e+4� �,`
�

2

e

s
�e . �2^vlq2 d. vlqk2 e`

�

2

� f

�

7<
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zlwk dq devroxwh frqvwdqw f1 Wkh fdvh � � { fdq eh frqvlghuhg dqdor0
jrxvo|1 Wkh odvw hvwlpdwh lpsolhv wkdw n+}L�D,3�inu� � �

�n
s
�5�
ninu�;i 5

O�+3> 4,> ;} 55 F qb zkhuh K lv wkh grpdlq lqvlgh wkh sduderod1 Wkh
vdph hvwlpdwhv iru wkh Juhhq ixqfwlrq lpso| wkh dqdorjrxv hvwlpdwh lq wkh
qrup ri O"+3> 4,1

H{dpsoh 5151 Wklv h{dpsoh ghdov zlwk d gl�huhqwldo rshudwru zklfk
frqvlghuhg lq wkh Kloehuw vsdfh O2+3> 4, lv qrw v|pphwulf1

Ohw G+D, @ iy+{, 5 Z 2
"+3> 4,m = y+3 @ 3> y�+3, @ y�+4,,j eh wkh grpdlq

ri wkh rshudwru D gh�qhg e|

Dx � �x���+{,� x+{,> ;x 5 G+D,

Lw lv hdv| wr �qg wkdw wkh vshfwuxp ri D frqvlvwv ri wkh hljhqydoxhv �& @
+5n�,2 . 4> n @ 3> 4> 5> === zklfk duh hqyhorshg e| wkh sduderod � @ i} @
�. l� = � @ �2j= Hdfk hljhqydoxh fruuhvsrqgv wr rqh hljhqixqfwlrq dqg rqh
mrlqw ixqfwlrq1 Zh ghqrwh e| K wkh grpdlq lqvlgh ri wkh sduderod1 Wkh
vroxwlrq ri wkh sureohp +}L � D,x @ �i+{,> { 5 +3> 4, fdq eh uhsuhvhqwhg
e|

x+{, @
4s

} � 4+4� frv
s
} � 4,

�] %

f

^vlq+
s
} � 4+� � {,,�

� frv+
s
} � 4+4� {,, vlq+

s
} � 4�,`i+�,g��

�
] �

%

vlq+
s
} � 4{,� frv+

s
} � 4+4� �,,i+�,g�

�
=

Dqdorjrxvo| dv lq H{dpsoh 4 rqh fdq vkrz wkdw iru doo } 5 F = qb wkh
hvwlpdwh

n+L} �D,3�in" @ nxn" � Psm} � 4mnin"> ;i+{, 5 O"+3> 4,

krogv zlwk d srvlwlyh frqvwdqw P 1 Xvlqj wkh hvwlpdwh

s
m} � 4m � 4 .

sm}m
7

> ;} 5 Fqb
zh jhw

n+L} �D,3�inu"Efc��<u"Efc�� �
P�

4 .
sm}m =

H{dpsoh 5161 Ohw  eh d erxqghg grpdlq zlwk d Olsvfklw} erxqgdu| lq
U_> g @ 5> 6 dqg ohw

O+x, @ �
_[

�c�'�

C

C{�
+d��+{,

Cx

C{�
, .

_[
�'�

d�+{,
Cx

C{�
+514,

. df+{,x> { 5  � U_
f> g @ 5> 6
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eh d vwurqjo| hoolswlf gl�huhqwldo rshudwru/ l1h1 zh kdyh

_[
�c�'�

d��|�|� � f�

_[
�'�

|2� +515,

dqg dR^ @ d^R= Zh gh�qh wkh vhvtxlolqhdu irup d+x> y, e|

d+x> y, @

]
l
O+x,yg{

@ �
]
l
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Rc^

dR^
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C{R

Cy

C{^
g{.

]
l
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dR
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]
l
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@ �
]
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dR^
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C{R
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C{^
g{� 4

5

[
R

]
l
+
CdR
C{R

xy . dRx
Cy

C{R
,g{

.

]
l
df+{,xyg{.

4

5

]
l

[
R

dR
Cx

C{R
yg{ +516,

@ �
]
l

[
Rc^

dR^
Cx

C{R

Cy

C{^
g{�

]
l
+
4

5

[
R

CdR
C{R

� df,xyg{

.
4

5

]
l

[
R

dR+
Cx

C{R
y � x

Cy

C{R
,g{

iurp zkhuh
d+x> x, @ ?d+x> x, . @d+x> x, +517,

zlwk

?d+x> x, @

]
l

[
Rc^

dRc^
Cx

C{R

Cx

C{R
g{�

]
l
+
4

5

[
R

CdR
C{R

� df,mxm2g{> +518,

@d+x> x, @
4

5

]
l

[
R

dR+
Cx

C{R
x� x

Cx

C{R
,g{

Rqh jhwv iurp +515, ]
l

[
Rc^

Cx

C{R

Cx

C{^
g{ � f�mxm2�> +519,

zkhuh

mxm2� @
[
R

���� CxC{R

����
2

lv wkh vhpl0qrup ri wkh Vrerohy vsdfh K�+,1 Ohw n � n&eh wkh qrup ri wkh
Vrerohy vsdfh K&+,> n @ 3> 4> ===>Kf+, @ O2+, dqg ohw D eh wkh hgjh ri
wkh fxeh frqwdlqlqj wkh grpdlq / wkhq wkh Iulhgulfkv lqhtxdolw| lpsolhv
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mxm2� � f8 nxn2f> x 5 K�
f +,

zlwk f8 @ 4@+7D2,= Ghqrwlqj

f2 @ plq
%

m4
5

[
R

CdR
C{R

� dm

zh rewdlq iurp +518,

?d+x> x, � f�mxm2� � f2nxn2f= +51:,

Qrwh wkdw +51:, lv wkh zhoo nqrzq Jduglqjv lqhtxdolw|1 Ixuwkhu zh kdyh

m@p d+x> x,m � pd{
%cR

mdR+{,m
]
l
mxm

[
R

m Cx
C{R

mg{

� pd{
%cR

mdR+{,mnxnf
#]

l

#[
R

m Cx
C{R

m2g{
$$ �

2

�
s
gpd{

%cR
mdR+{,mnxnf

#[
R

]
l
m Cx
C{R

m2g{
$ �

2

@ f�nxnfmxm� +51;,

zlwk f� @
s
gpd{%cR mdR+{,m= Li wkh frh�flhqwv dR^> dR>

Y@R
Y%R

duh erxqghg lq
 wkhq lw lv hdv| wr vhh wkdw

md+x> y,m � fnxn�nyn�> +51<,

l1h1 wkh vhvtxlolqhdu irup d+x> y, lv erxqghg lq K� dqg gh�qhv d erxqghg
rshudwru D = K� $ K3�1Wklv rshudwru zlwk wkh grpdlq G+D, @ ix m x 5
K2+,_

�

K�+,j frqvlghuhg lq O2+, lv xqerxqghg1 Wkhq iru wkh qxphulfdo
udqjh id+x> x, @ � . l� ;x m nxnu2

@ 4j ri wklv rshudwru zh kdyh

� @ ?d+x> x, � f�mxm2� � f2

m�m @ m@d+x> x,m � f�mxm�> +5143,

iurp zkhuh

� A f�f8 � f2> mxm2� �
� . f2
f�

>

m�m ? f�

u
� . f2
f�

= +5144,
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Lw iroorzv iurp wkh �uvw dqg wkh odvw lqhtxdolwlhv wkdw wkh qxphulfdo udqjh
+dqg wkh vshfwuxp, ri D duh hqyhorshg e| wkh sduderod �2 @ n+�� �f, zlwk

n @
f2�
f�

@

s
gpd{%cR mdR+{,m

f�
>

�f @ �f2 @ �plq
%

m4
5

[
R

CdR
C{R

� dm> +5145,

l1h1 wkh sduderod lv frpsohwho| ghwhuplqhg e| wkh frh�flhqwv ri wkh gl�huhq0
wldo htxdwlrq1 Lw zdv suryhg lq ^8` wkdw D srvvhvvhv rqo| d glvfuhwh vshfwuxp1
Vxssrvlqj wkdw wkh vshfwuxp ri D olhv lq wkh uljkw kdoi0sodqh rqh fdq hdvlo|
vhh wkdw wkhuh h{lvwv d sduderod � @ i} @ �. l�m � @ d�2.e> j zlwk d> e A 3
hqyhorslqj wkh vshfwuxp ri D1 Dqdorjrxvo| wr ^:` rqh fdq suryh wkdw

n+} �D,3�n � P

4 .
sm}m > ;} 5 F qb +5146,

krogv zlwk d srvlwlyh frqvwdqw P 1
Qrwh wkdw wkh lqhtxdolw| f�f8 �f2 A 3 lv vx�flhqw wr jxdudqwhh wkdw wkh

vshfwuxp ri D olhv lq wkh uljkw kdoi0sodqh1 Wklv h{dpsoh jlyhv d prwlydwlrq
iru wkh iroorzlqj jhqhudol}dwlrq1 Ohw Y � K � Y W eh d wulsoh ri Kloehuw
vsdfhv dqg ohw d+�> �, eh d vhvtxlolqhdu irup rq Y 1 Zh ghqrwh e| fe wkh
frqvwdqw iurp wkh lpehgglqj lqhtxdolw| nxnf � fenxnT 1 Dvvxph wkdw
d+�> �, lv erxqghg/ l1h1

md+x> y,m � fnxnT nynT > x> y 5 Y= +5147,

Wkh erxqghgqhvv ri d+�> �, lpsolhv wkh zhoo0srvhgqhvv ri d erxqghg rshudwru
D = Y $ Y W wkurxjk wkh lghqwlw|

d+x> y, @T W? Dx> y AT > x> y 5 Y= +5148,

Rqh fdq uhvwulfw D wr d grpdlq G+D, 5 Y dqg frqvlghu wklv rshudwru
+shukdsv dv xqerxqghg, dfwlqj lq [1 Wkh dvvxpswlrqv

?d+x> x, � �fnxn2T � ��nxn2f ;x 5 [ +5149,

dqg

m@d+x> x,m � �nxnT nxnf +514:,

jxdudqwhh wkdw wkh qxphulfdo udqjh id+x> x,> ;x m nxnf @ 4j ri D +dqg
wkh vshfwuxp 	+D,, olhv lqvlgh ri d sduderod ghwhuplqhg e| wkh frqvwdqwv
�f> ��> �1 Dfwxdoo|/ li d+x> x, @ � . l� wkhq zh jhw

� @ ?h d+x> x, � �fQT � ��>

m�m @ m@p d+x> x,m � �
s

QT > +514;,
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zkhuh QT @ nxn2
T
1 Lw lpsolhv

� A �ff
32

e � ��> QT � 4

�f
+� . ��,>

m�m � �

u
� . ��
�f

= +514<,

Wkh �uvw dqg wkh odvw lqhtxdolwlhv phdq wkdw wkh sduderod �B @ i} @
� . l� = � @ Bf

V2
� � ��j hqyhorshv wkh qxphulfdo udqjh ri D 1 Lw lv hdv| wr

vhh wkdw xqghu wkh dvvxpswlrq ? 	+D, A 3 wkhuh h{lvwv dqrwkhu sduderod
�f @ i} @ +�> �, = � @ d�2 . �fj zlwk d> �f A 3 frqwdlqlqj wkh vshfwuxp ri
D1 Zh ghqrwh e| Kf wkh grpdlq lqvlgh ri wklv sduderod1 Qrz/ zh duh lq
wkh srvlwlrq wr jlyh wkh iroorzlqj jhqhudo gh�qlwlrq1

Gh�qlwlrq 5171 Zh vd| wkdw dq rshudwru D = H $ H lv vwurqjo|
S0srvlwlyh li lwv vshfwuxp 	+D, olhv lq wkh grpdlq Kf hqyhorshg e| wkh
sduderod �f dqg rq �f dqg rxwvlgh ri �f wkh hvwlpdwh

n+} �D,3�n.<. � P

4 .
sm}m +5153,

krogv wuxh zlwk d srvlwlyh frqvwdqw P +vhh ^:`,1

Qrwh/ wkdw wkhuh lv dqrwkhu lpsruwdqw fodvv ri rshudwruv lq wkh pdwk0
hpdwlfdo olwhudwxuh/ qdpho|/ wkh vwurqjo| srvlwlyh rshudwruv zklfk sod| d
vljql�fdqw uroh lq wkh wkhru| ri vhpljurxsv/ wkhru| ri wkh vwurqjo| hoolswlf
rshudwruv/ wkhru| ri �qlwh0hohphqw phwkrg dqg rwkhu �hogv1 Frqwudu| wr
vwurqjo| S0srvlwlyh rshudwruv wkhvh rshudwruv srvvhvv d vshfwuxp 	 sodfhg
lq d v|pphwulf +zlwk uhvshfw wr wkh srvlwlyh {0d{lv, dqjoh 5!> ! ? Z

2 zlwk
wkh yhuwh{ dw wkh ruljlq/ ?	 A 3 dqg kdylqj d uhvroyhqw vdwlvi|lqj

n+} �D,3�n � P

4 . m}m
rq wkh hgjhv dqg rxwvlgh ri wkh dqjoh1

Wkh vwurqjo| hoolswlf sduwldo gl�huhqwldo rshudwruv zlwk ?	 A 3 duh
lpsruwdqw h{dpsohv ri erwk wkh vwurqjo| S0srvlwlyh dqg vwurqjo| srvlwlyh
rshudwruv1 Fohduo|/ jrrg �qlwh0gl�huhqfh ru �qlwh0hohphqw dssur{lpdwlrqv
ri wkhvh sduwldo gl�huhqwldo rshudwruv kdyh wr srvvhvv wkh dqdorjrxv vshfwudo
surshuwlhv1

Lq wklv vhfwlrq zh vkrz wkdw wkh vroxwlrq ri +414, fdq eh uhsuhvhqwhg e|
+415, zlwk dq lqwhjudwlrq sduderod � @ i} @ +�> �, = � @ �d�2. e> �d A d> e ?
�fj frqwdlqlqj wkh vshfwudo sduderod �f @ i} @ +�> �, = � @ d�2 . �fj dqg
xqghu dvvxpswlrqv wkdw D lv d vwurqjo| S0srvlwlyh rshudwru dqg xf 5 G+D",
iru dq| � A �

2 +qr rwkhu lqirupdwlrq derxw wkh rshudwru lv qhfhvvdu|,1 Lq
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idfw/ diwhu sdudphwul}dwlrq wkh sdwk � dqg xvlqj wkh vwurqj S0srvlwlylw| ri
D zh kdyh

nx+w,n @ n 4

5�l

]
K
h35|+} �D,3�xfg}n

@ n 4

5�l

] f

"

h3E@#
2nKn�#�|+d�2 . e. l� �D,3�+5d� . l,g� xf

.
4

5�l

]
"

f
h3E�@#

2nK3�#�|+d�2 . e� l� �D,3�+5d� � l,g� xfn

� f

]
"

f
h3E@#

2nK�|

s
7d2�2 . 4

4 . ++d�2 . e,2 . �2,�*en"*2
nD"xfng�= +5154,

Lw lv hdv| wr vhh wkdw wklv lqwhjudo frqyhujhv iru doo w A 3 li � @ 3 dqg iru
w @ 3 surylghg wkdw � A �

2 1 Dqdorjrxvo| zh jhw iru wkh ghulydwlyh ri x

nx�+w,n @ n 4

5�l

]
K
�}h35|+} �D,3�xfg}n

@ n� 4

5�l

] f

"

+�d�2 . e. l�,h3E�@#
2nKn�#�|+d�2 . e. l� �D,3�+5d� . l,g� xf

.
4

5�l

]
"

f
+�d�2 . e� l�,h3E�@#

2nK3�#�|+d�2 . e� l� �D,3�+5d� � l,g� xfn

� f

]
"

f

s
+�d�2 . e,2 . �2h3E@#

2nK�|

s
7d2�2 . 4

4 . ++d�2 . e,2 . �2,�*en"*2
nD"xfng�=

+5155,
Wklv lqwhjudo frqyhujhv iru w A 3 dqg � @ 3 1 Wkh frqyhujhqfh ri wkhvh
lqwhjudov lpsolhv wkdw x+3, @ xf dqg pruhryhu

x�+w,.Dx+w, @
4

5�l

]
K
�}h35|+}�D,3�xfg}.D+

4

5�l

]
K
h35|+}�D,3�xfg},

@
4

5�l

]
K
�}h35|+} �D,3�xfg}.

@
4

5�l

]
K
}h35|+} �D,3�xfg} @ 3> +5156,

l1h1 +415, lv wkh vroxwlrq ri +414,1 Wkh sdudphwul}hg lqwhjudo +415, fdq eh
uhsuhvhqwhg lq dqrwkhu irup

x+w, @
4

5�l

]
"

3"

�I +�> w,g�> +5157,
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zkhuh

�I +�> w, @ h35|ax+},
g}

g�
@ h3E�@#

2nK3�#�|ax+�d�2 . e� l�,+5d� � l,> +5158,

dqg ax+}, zlwk } @ �d�2 . e� l� lv wkh vroxwlrq ri wkh vwdwlrqdu| htxdwlrq

+} �D,ax+}, @ xf= +5159,

D xqli|lqj qxphulfdo dojrulwkp xvlqj wkh uhsuhvhqwdwlrq +5157, dv zhoo dv
lwv dqdo|vlv zloo eh ghvfulehg lq wkh qh{w vhfwlrq zkhuh zh zloo frqvlghu wkh
fdvh xf 5 [=

�� +iThiti?|@|�L? Lu |�i tL*�|�L? Lu |�i �ht| Lh_ih i^�@�
|�L?t ��|� @? �?�|�@* u�?U|�L? uhL4 f

Ohw xv vkrz wkdw wkh vroxwlrq ri wkh sureohp +414, dqg lwv ghulydwlyhv fdq
eh uhsuhvhqwhg e| wkh irupxodv

x+w, @
4

5�l

]
K
h35|+} �D,3�xfg}> +614,

x�+w, @
4

5�l

]
K
}h35|+} �D,3�xfg}= +615,

dovr lq wkh fdvh {f 5 [ surylghg wkdw D srvvhvvhv d glvfuhwh vshfwuxp
frqvlvwlqj ri wkh hljhqydoxhv �� @ �� . l�� > m @ 4> 5> === zlwk ?�� A � zklfk
fruuhvsrqg wr wkh hljhqixqfwlrqv h� > m @ 4> 5> === ehlqj d edvlv ri [1 Lq wklv
fdvh wkhuh h{lvwv d elruwkrjrqdo v|vwhp i� > m @ 4> 5> === lq wkh gxdo vsdfh [W

vxfk wkdw ? h&> i� A@ �&c� / zkhuh ?>A ghqrwhv wkh gxdolw| uhodwlrq1 Rqh
fdq uhsuhvhqw

xf @
"[
�'�

��h� > �� @? xf> i� A +616,

zlwk

nxfn2 @
"[
�'�

m ? xf> i� A m2 +617,

l1h1

x+w, @
h3K|

5�l

"[
�'�

��h�L�c�+w,> +618,

zkhuh

L�c�+w, @

]
K
h3E53K�|+} � ��,

3�g}=
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Zh kdyh wr vkrz wkdw wkh lqwhjudov lq wkh odvw irupxod frqyhujh xqlirupo|
zlwk uhvshfw wr w1 Zh uhsuhvhqw � @ �n . �3 lq wkh sdudphwulf irup zlwk

�� @ i} @ �d�2 . e	 l�> � � 3j=
Wkhq

L�c�+w, @

]
Kn

h3E53K�|+} � ��,
3�g} .

]
K
3

h3E53K�|+} � ��,
3�g} +619,

@

] "

f
h3�@#

2|^in+�> w, . i3+�> w,`g�

@

] "

f
h3�@#

2|I +�> w,g�>

zkhuh

i�+�> w, @ 
h~�#| 5�d� 	 l

�d�2 . e� �� 	 l+� 
 ��,
>

I +�> w, @ ^in+�> w, . i3+�> w,`= +61:,

Lw lv hdv| wr vhh wkdw iru w A 3 rqh fdq dovr zulwh grzq

L�c�+w, @ �
] "

3"

h3E�@#
2n�#�| 5�d� . l

�d�2 . e� �� . l+� � ��,
g�= +61;,

Iru w @ 3 zh kdyh

L�c�+w, @ �
] "

f

5�d� . l

�d�2 . e. l� � ��

.

] "

f

5�d� � l

�d�2 . e� l� � ��

g�

@ 5l

] "

f

5�d�2 � e. ��

+�d�2 . e. l� � ��,+�d�2 . e� l� � ��,
g�> +61<,

zklfk phdqv wkdw wkh lqwhjudo +619, frqyhujhv dovr lq wklv fdvh1 Zh vhh iurp
+619,/+61<, wkdw hdfk ri lqwhjudov +619, frqyhujhv xqlirupo| zlwk uhvshfw wr
w 5 +3>4, dqg wkhuh h{lvwv d �qlwh rqh

vxs
�

mL�c�+w,m �
] "

f
h3�@#

2|

� m5�d� . lm
m�d�2 . e. l� � �nm

.
m5�d� � lm

m�d�2 . e� l� � �3m
�
g�>

iru w A 3 zkhuh �n> �3 ghqrwh wkh qhduhvw hljhqydoxhv wr �n dqg �3
uhvshfwlyho|1 Lw iroorzv iurp +618, wkdw

nx+w,n2 @ h3K|

7�2

[
�

��
2L2�c� � f2h3K|

[
�

��
2 @ f2h3K|nxfn2 +6143,

8:
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zlwk f2 @ �
eZ2

vxs� L
2
�c� = Lq rughu wr vkrz wkdw wkh ixqfwlrq +614, vdwlv�hv wkh

gl�huhqwldo htxdwlrq zh frqvlghu wkh lqwhjudo +615, lq wkh irup

x�+w, @ � 4

5�l

[
�

��h�L
E��
�c� +w, +6144,

zlwk

L
E��
�c� +w, @

]
K
}h35|+} � ��,

3�g}

@

]
Kn

}h35|+} � ��,
3�g} .

]
K
3

}h35|+} � ��,
3�g}

@

] "

f
h3E@#

2nK�|I�+�> w,g�>

I�+�> w, @ �+�d�2 . e. l�,h3�#| 5�d� . l

d�2 . e� �� . l+� � ��,

. +�d�2 . e� l�,h�#|
5�d� � l

d�2 . e� �� � l+� . ��,
=

Dqdorjrxvo| dv deryh rqh fdq vhh wkdw wkh lqwhjudo L
E��
�c� +w, frqyhujhv xql0

irupo| iru doo w A 31 Wkhuhiruh/ wkh ixqfwlrq +614, vdwlv�hv wkh lqlwldo frq0
glwlrq x+3, @ xf dqg wkh gl�huhqwldo htxdwlrq

x�+w, .Dx+w, @ � 4

5�l

]
K
}h35|+} �D,3�xfg}

.
4

5�l

]
K
}h35|+} �D,3�xfg} @ 3=

Wkxv/ zh kdyh suryhg wkh iroorzlqj uhvxow1

Wkhruhp 6141 Ohw � eh dq lqwhjudwlrq sduderod frqwdlqlqj wkh vshfwudo
sduderod �f ri wkh rshudwru D1 Wkhq wkh vroxwlrq ri sureohp +414, fdq eh
uhsuhvhqwhg e| wkh lqwhjudo +415,1

e� �L4T�|@|�L?@* @*}Lh�|�4 @?_ @?@*)t�t

Iroorzlqj ^47`/ zh frqvwuxfw d txdgudwxuh uxoh iru wkh lqwhjudo lq +5157, e|
xvlqj wkh Vlqf dssur{lpdwlrq rq +�4>4,1 Iru 4 � s � 4/ zh lqwurgxfh
wkh idplo| KR+G_, ri doo yhfwru0ydoxhg ixqfwlrqv/ zklfk duh dqdo|wlf lq wkh
lq�qlwh vwuls G_/

G_ @ i} 5 F = �4 ? ?x ? 4> m@xm ? j> +714,

8;
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vxfk wkdw li G_+�, lv gh�qhg iru 3 ? � ? 4 e|

G_+�, @ i} 5 F = m?xm ? 4@�> m@xm ? +4� �,j +715,

wkhq iru hdfk I 5 KR+G_, wkhuh krogv nInORE(_� ? 4 zlwk

nInORE(_� @

;?
=

olp
"<f

+
U

Y(_E"�

nI+},nRmg}m,�*R li 4 � s ? 4>

olp
"<f

vxs5M(_E"�
nI+},n li s @ 4=

+716,

Ohw

V+n> k,+{, @
vlq ^�+{� nk,@k`

�+{� nk,@k
+717,

eh wkh n0wk Vlqf ixqfwlrq zlwk vwhs vl}h k/ hydoxdwhg lq {1 Jlyhq I 5
KR+G_,> k A 3 dqg srvlwlyh lqwhjhu Q / ohw xv xvh wkh qrwdwlrqv

L+I, @

]
5

I+{,g{> W� +I > k, @ k

�[
&'3�

I+nk,>

W +I > k, @ k
"[

&'3"
I+nk,>

F+I > k, @
"[

&'3"
I+nk,V+n> k,>

�� +I > k, @ L+I,� W� +I > k,> �+I > k, @ L+I,� W +I > k,=

Dsso|lqj wkh txdgudwxuh uxoh W� zlwk wkh yhfwru0ydoxhg ixqfwlrq

I +�> w, @ +5�d� � l,*+�,ax+�, +718,

zkhuh

*+�, @ h3|�E#�> #+�, @ �d�2 . e� l�> +719,

zh rewdlq iru lqwhjudo +5157,

x+w, @ W +w,xf � h{s+�wD,xf � x� +w, @

@ W� +w,xf � h{s� +�wD,xf @ k

�[
&'3�

I +nk> w,= +71:,

Wklv txdgudwxuh uxoh doorzv wr lqwurgxfh wkh iroorzlqj dojrulwkp iru wkh
vroxwlrq ri sureohp +414, dw d jlyhq wlph ydoxh w1

Dojrulwkp 7141 Sdudooho vroylqj ri sureohp +414,1

8<
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41 Jlyhq d> �f/ fkrrvh n A 4> �d @ @
& > g @ +4� �I

&
, &
2@ > Q dqg ghwhuplqh

}R> �R +s @ �Q> = = = > Q, e| }R @ @
& +sk,

2 . e � lsk> �R @ 5sk � l/ zkhuh

k @ �

t
2Z_&
@ +Q . 4,32*� dqg e @ �f � &3�

e@ 1

51 Vroyh wkh htxdwlrqv +}R �D,ax+}, @ xf> s @ �Q> = = = > Q +qrwh wkdw lw
fdq eh grqh lq sdudooho,1

61 Ilqg wkh dssur{lpdwlrq x� iru wkh vroxwlrq ri +414, lq wkh irup

x� +w, @ k

�[
�'3�

��h
35�|ax+}�,= +71;,

Uhpdun 7151 Wkh deryh dojrulwkp srvvhvvhv wzr vhtxhqwldo ohyhov ri
sdudooholvp= �uvw/ rqh fdq frpsxwh doo ax+}R, dw Vwhs 5 lq sdudooho dqg/ vhf0
rqg/ hdfk rshudwru h{srqhqw dw gl�huhqw wlph ydoxhv +w�> w2> = = = > w� ,,1

Dgdswlqj wkh lghdv ri ^47` rqh fdq suryh wkh iroorzlqj dssur{lpdwlrq
uhvxowv iru ixqfwlrqv iurp K�+G_,1

Ohppd 7161 Iru dq| yhfwru0ydoxhg ixqfwlrq i 5 K�+G_,/ wkhuh krogv

�+i> k, @
l

5

]
5

+
i+� � lg3,h3ZE_n�1�*�

vlq ^�+� � lg,@k`
� i+� . lg3,h3ZE_3�1�*�

vlq ^�+� . g,@k`

,
g� +71<,

zklfk |lhogv wkh hvwlpdwh

n�+i> k,n � h3Z_*�

5 vlqk +�g@k,
ninO�E(_�= +7143,

Li lq dgglwlrq/ i vdwlv�hv rq U wkh frqglwlrq

ni+{,n ? fh3k%
2

> �> f A 3> +7144,

wkhq

n�� +i> k,n � f
s
�

�
h{s+�5�g@k,s

�+4� h{s+�5�g@k,,
.

h{s^��+Q . 4,2k2`

�k+Q . 4,

�
=

+7145,

Surri1 Ohw H+i> k, eh gh�qhg dv iroorzv

H+i> k,+}, @ i+},� F+i> k,+},=

Dqdorjrxvo| wr ^47` +vhh Wkhruhp 61415, rqh fdq jhw

H+i> k,+}, @ i+},�F+i> k,+},

@
vlq +�}@k,

5�l

]
5

�
i+� � lg3,

+� � } � lg, vlq ^�+� � lg,@k`

� i+� . lg3,

+� � } . lg, vlq ^�+� . lg,@k`

�
g� +7146,
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dqg xsrq uhsodflqj } e| { zh kdyh

�+i> k, @

]
5

H+i> k,+{,g{= +7147,

Diwhu lqwhufkdqjlqj wkh rughu ri lqwhjudwlrq dqg xvlqj wkh lghqwlwlhv

4

5�l

]
5

vlq +�{@k,

	+� � {,� lg
g{ @

l

5
h3ZE_��1�*�> +7148,

zh rewdlq +71<,1 Xvlqj wkh hvwlpdwh +vhh ^47`/ s1466, vlqk +�g@k, �
m vlq ^�+� 	 lg,@k`m � frvk +�g@k,> wkh dvvxpswlrq i 5 K�+G_, dqg wkh
lghqwlw| +71<,/ zh rewdlq wkh ghvluhg erxqg +7143,1 Wkh dvvxpswlrq +7144,
qrz lpsolhv

n�� +i> k,n � n�+i> k,n. k
[
�&�:�

ni+nk,n

� h{s+��g@k,

5 vlqk +�g@k,
ninO�E(_� . f k

[
�&�:�

h{s^��+nk,2`= +7149,

Iru wkh odvw vxp zh xvh wkh vlpsoh hvwlpdwh

[
�&�:�

h3kE&��
2

@ 5
"[

&'�n�

h3kE&��
2 �

� 5

] "

�n�
h3k�

2%2g{ @
5s
�k

] "
I
k�E�n��

h3%
2

g{ @ +714:,

@

s
�s
�k

huif+
s
�k+Q . 4,, @

@

s
�s
�k

h3E�n��2k�2#+
4

5
>
4

5
> +Q . 4,2�k2,> +714;,

zkhuh #+�2 >
�
2 > +Q.4,2�k2, lv wkh Zklwwhfnhu*v ixqfwlrq zlwk wkh dv|ps0

wrwlfv ^6`

#+
4

5
>
4

5
> {2, @

�[
?'f

+�4,?
�
4

5

�
?

{3E2?n�� .R+m{m32�3�,= +714<,

Wklv |lhogv [
�&�:�

h3kE&��
2 �

s
�

�k2+Q . 4,
h3kE�n��2�2 = +7153,
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Lw iroorzv iurp +7144, wkdw

ninO�E(_� � 5f

] "

3"
h3k%

2

g{ @
5fs
�

s
� +7154,

zklfk wrjhwkhu zlwk +7149, dqg +7153, lpsolhv

n�� +i> k,n � f
s
�

�
h{s+��g@k,s
� vlqk +�g@k,

.
h{s^��+Q . 4,2k2`

�k+Q . 4,

�
>

zklfk frpsohwhv wkh surri1
Wkhruhp 7171 Fkrrvh n A 4> �d @ d@n> k @ �

s
5�gn@++Q . 4,2d,> e @

e+n, @ �f � +n � 4,@+7d, dqg wkh lqwhjudwlrq sduderod �KE&� @ i} @ �d�2 .
e+n,� l� = � 5 +�4>4,j/ wkhq wkhuh krogv

nx+w,� x� +w,n � n+h{s+�wD,� h{s� +�wD,,xfn �

� Pf
s
�

%
5
s
nh{s^�v+Q . 4,2*�`s

dw+4� h{s+�v+Q . 4,2*�,,
.

nh{s^�wv+Q . 4,2*�`

w+Q . 4,�*�
�
s
5�gnd2

&
nxfn>
+7155,

zkhuh

v @ �
s

+5�g,2d@n>

f @ P�h
|d@_2*&n_3Ko> g @ +4� 4s

n
,
n

5d
> +7156,

P� @ pd{
5M(_

m5@&} � lm
4 .

sm@&}2 . e� l}m
dqg P lv wkh frqvwdqw iurp wkh lqhtxdolw| ri wkh vwurqj S0srvlwlyhqhvv1

Surri1 Iluvw/ zh qrwh wkdw rqh fdq fkrrvh dv lqwhjudwlrq sdwk dq|
sduderod

�K @ i} @
d

n
�2 . e. l� = � 5 +�4>4,> n A 4> e ? �fj> +7157,

zklfk frqwdlqv wkh vshfwudo sduderod

�f @ i} @ d�2 . �f . l� = � 5 +�4>4,j= +7158,

Lq rughu wr dsso| Ohppd 71 wr wkh txdgudwxuh uxoh x� zh kdyh wr surylgh
wkdw wkh lqwhjudqg I +�> w, fdq eh dqdo|wlfdoo| h{whqghg lq d vwulsG_ durxqg
wkh uhdo d{lv �1 Lw lv hdv| wr vhh wkdw lw lv vx�flhqw wkdw wkhuh h{lvwv g A 3
vxfk wkdw iru m�m ? g wkh ixqfwlrq +wudqviruphg uhvroyhqw,

U+� . l�> D, @ ^#+� . l�,L �D`3�> � 5 +�4>4,> m�m ? g +7159,
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kdv d erxqghg qrup nUnf<f 1 Gxh wr wkh vwurqj S0srvlwlylw| ri D/ wkh
odwwhu fdq eh hdvlo| yhul�hg li wkh sduderod vhw

�K+�, @ i} @
d

n
+� . l�,2 . e. l+� . l�, = � 5 +�4>4,> m�m ? gj +715:,

@ i} @
d

n
�2 . e.

n

7d
� d

n
+� .

n

5d
,2 . l�+4 .

5d

n
�,> � 5 +�4>4,> m�m ? gj

grhv qrw lqwhuvhfw �f1 Zh uhsuhvhqw sduderodh iurp wkh vhw �K+�, lq wkh
irup � @ d��2 . e� zlwk

d� @ d

�
n . 7d� .

7d2

n
�2
�3�

> e� @ e.
n

7d
� d

n

�
� .

n

5d

�2

= +715;,

Qrz/ lw lv hdv| wr vhh wkdw li zh fkrrvh

� @

�
4s
n
� 4

�
n

5d
� �g> e @ e+n, @ �f � n � 4

7d
+715<,

wkhq

�KE&�+�g, @ i} @
d

n
�2 . e.

n � 4

7d
. l

�s
n
= � 5 +�4>4,j

@ i} @ �d�2W . �f . l�W = �W � �s
n
5 +�4>4,j � �f= +7163,

Iurp +715;,/ rqh fdq vhh wkdw d� $ 3> e� $ 3 prqrwrqlfdoo| zlwk uhvshfw
wr � dv � $ 4/ l1h1 wkh sduderodh iurp �K+�, pryh dzd| iurp wkh vshfwudo
sduderod �f prqrwrqlfdoo|1 Wklv phdqv wkdw wkh sduderodh vhw �K+�, iru
e @ e+n,> m�m ? g olhv rxwvlgh ri wkh vshfwudo sduderod �f/ l1h1 zh fdq h{whqg
wkh lqwhjudqg lqwr wkh vwuls +714, zlwk g jlyhq e| +715<,1 Qrwh/ wkdw wkh
fkrlfh � @ g @ +4�4@

s
n, &2@ vhohfwv iurp wkh idplo| �KE&�+�, wkh sduwlfxodu

sduderod

�KE&�+g, @ i} @ d�2@n . en . l�+5� 4@
s
n, = � 5 +�4>4,j

@ i} @ dn�
2
W . en . l�W = �W � �+5� 4@

s
n, 5 +�4>4,j +7164,

zlwk

dn @
d

n+5� 4@
s
n,2

> en @ e� 6n � 7
s
n . 4

7d
>

zklfk iru m�m � g lv wkh prvw uhprwh iurp wkh vshfwudo sduderod �f= Gxh wr
wkh vwurqj S0srvlwlylw| ri D wkhuh krogv iru } @ � . l� 5 G_

nI +}> w,n � P
m+5@&} � l,m h{s^�w+@&}

2 . e� l},`

4 .
sm@&}2 . e� l}m nxfn @
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@ P
m5@&} � lmh{si�w^@& +�

2 � �2, . e. �`j
4 .

sm@&}2 . e� l}m 5 K�+G_,> ;w A 3= +7165,

Zh dovr kdyh
nI +�> w,n ? fh3k#

2

> � 5 U +7166,

zlwk

� @ w
d

n
> f @ P�h

|d@_2*&n_3Ko> P� @ pd{
5M(_

m5@&} � lm
4 .

sm@&}2 . e� l}m = +7167,

Xvlqj Ohppd 71 zlwk � @ w@& lq +7145, zh jhw

n�� +I> k,n � Pf
s
�

%
5
s
nh{s+�5�g@k,s

dw+4� h{s+�5�g@k,,
.

nh{s^�+Q . 4,2k2 @& w`

dwk+Q . 4,

&
=

+7168,
Htxdol}lqj wkh h{srqhqwv e| vhwwlqj �5�g@k @ �+Q .4,2k2d@n/ zh rewdlq

k @
�

u
5�gn

d
+Q . 4,32*�= +7169,

Vxevwlwxwlrq ri wklv ydoxh lqwr +7168, ohdgv wr wkh hvwlpdwh

n�� +I> k,n � Pf
s
�

%
5
s
nh3rE�n��2*�

s
dw+4� h3rE�n��2*�,

.
nh3|rE�n��2*�

w+Q . 4,�*�
�
s
5�gnd2

&
nxfn>
+716:,

zklfk frpsohwhv rxu surri1
Uhpdun 7181 Fkrrvlqj n vxfk wkdw

4 ?
s
n ?

4

5
.

u
4

7
. d�f

zh jhw wkdw g ? �f@5 dqg

�d

n
�2 . � . e A 3 ;} 5 ^�g> g`>

l1h1 wkh frqvwdqw f lq +7167, whqgv h{srqhqwldoo| wr 3 zkhq w $ 41
Uhpdun 7191 Wkh wkhruhp 717 jxdudqwhhv wkh h{srqhqwldo frqyhujhqfh

ri wkh dojrulwkp surylghg wkdw w A 31 Iru w @ 3 zh kdyh wr frpsxwh wkh
lqwhjudov

L�c�+3, @

]
K
+} � ��,

3�g}

@ 5l

]
"

f
I+�> ��,g�> +716;,

97



. H{srqhqwldoo| frqyhujhqw sdudooho111 DPL Yro19 Qr14/ 5334

zkhuh

I+�> ��, @
5�d�2 � e. ��

+�d�2 . e. l� � ��,+�d�2 . e� l� � ��,
= +716<,

Wkh dojrulwkp iru wklv lqwhjudo uhdgv dv iroorzv

L
E��
�c� +3, @ 5lk

�[
R'3�

5�d+sk,2 � e. ��
+�d+sk,2 . e. lsk� ��,+�d+sk,2 . e� lsk� ��,

@

@ 5lk

5
7 �4

+e� ��,
.

�[
R'�

5�d+sk,2 � e. ��
+�d+sk,2 . e. lsk� ��,+�d+sk,2 . e� lsk� ��,

6
8 =

+7173,
Wkh huuru lv jlyhq e|

L�c�+3,� L
E��
�c� +3, @

E�n���]
f

I+�> ��,g��

�k

;?
=4

5
I+3> ��, .

�[
R'�

I+sk> ��, .
4

5
I+Q . 4> ��,

<@
>. kI+Q . 4> ��,.

.

"]
E�n���

I+�> ��,g� @ Wu� +��,.kI+Q.4> ��,.

"]
E�n���

I+�> ��,g�= +7174,

zkhuh

Wu� +��, @

E�n���]
f

I+�> ��,g��

�k

;?
=4

5
I+3> ��, .

�[
R'�

I+sk> ��, .
4

5
I+Q . 4> ��,

<@
>

vwd|v iru wkh huuru ri wkh wudsh}rlgdo uxoh1 Wkhq zh jhw

k mI+Q . 4> ��,m � kP
4����d ^+Q . 4,k`2 . e� l+Q . 4,k� �3

��� � F+Q.4,3e*�>

�������
"]

E�n���

I+�> ��,g�

������� � P

"]
�

T
2Z_&
@

E�n���*�

g�

m�d�2 . e� l� . �
3

m �
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� P

"]
�

T
2Z_&
@

E�n���*�

g�

�d�2
@ F+Q . 4,3�*�>

mWu� +��,m � f
�[
R'f

�������
ERn���]
R�

I+�> ��,g� � k ^I+sk> ��, .I++s. 4,k> ��,`

������� �

� f
�[
R'f

�������
ERn���]
R�

�
I+�> ��,� 4

5
^I+sk> ��, . I++s. 4,k> ��,`

�
g�

������� �

� f
�[
R'f

�������
ERn���]
R�

5
97

#]
R�

+v� �,
g2I+v> ��,

gv2
gv.

#]
ERn���

+v� �,
g2I+v> ��,

gv2
gv

6
:8
������� �

� Fk2 @ F�+Q . 4,3e*�= +7175,

Wkxv/ zh kdyh iru w @ 3���L�c�+��,� L
E��
�c� +��,

��� � F+Q . 4,3�*�= +7176,

Zh qrz wxuq wr glvfuhwl}dwlrq lq erwk vsdfh dqg wlph1 Ohw ax��+}�, eh
wkh vroxwlrq ri wkh glvfuhwh sureohp

+}� �D��,ax��+}�, @ S��xf

zlwk d glvfuhwl}dwlrq D�� iru D dqg d surmhfwlrq rshudwru S�� vr wkdw

nax��+}�,� ax+}�,n � fk&�nxfn

krogv xqlirupo| lq }1 Wkh ixoo| glvfuhwh dssur{lpdwlrq iru wkh vroxwlrq ri
+414, lv wkhq gh�qhg e|

x�c��+w, @ k

2�3�[
�'3�

��ax��+}�,h
35�| +7177,

dqg / vlqfh wkh huuruv duh dgglwlyh/ wklv zloo jlyh d frpsohwh huuru hvwlpdwh

nx+w,� x�c��+w,n � f+�� +I> k, . k&�,nxfn>

zkhuh �� +I> k, ghfd|v iru w A 3 zlwk wkh rughu R+h3S�
�*2

,1
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D� ��4ih�U@* i @4T*it

H{dpsoh 8141 Ohw xv frqvlghu wkh iroorzlqj sureohp

Cx

Cw
@

C2x

C{2
> x+3> w, @ x+4> w, @ 3> x+{> 3, @ vlq�{

zlwk wkh h{dfw vroxwlrq x+{> w, @ h3Z
2| vlq�{1 Wkh qxphulfdo vroxwlrq zdv

frpsxwhg lq dffrugdqfh zlwk Dojrulwkp +d @ 4> e @ 4> n @ 5, zkhuh wkh
vwhs 5 zdv shuiruphg xvlqj h{solflw irupxodv1 Wkh huuru %� @ %� +{> w, @
x+{> w,� x� +{> w, iru { @ 3=8 dv d ixqfwlrq ri Q lv jlyhq e| Wdeoh 4 dqg lv
lq d jrrg djuhhphqw zlwk wkh hvwlpdwh +7155,1

w %�S %�2 %Se %�2H
3 91478;h034 615646h034 41:759h034 414456h034
315 71:557h035 416<77h035 41;;47h036 41443;h037
317 ;17<:;h037 516<3<h037 61<749h039 617793h03;
319 8158;;h037 5134<9h038 514976h03: 41894<h043
31; 414435h037 41<<44h039 51974:h03< 916;39h047
413 4143<7h038 81;<85h03; 513343h044 6198<7h049

w %2DS %D�2 %�f2e
3 :1;437h035 81::38h035 716;:3h035
315 419493h039 5137;3h03< 617979h047
317 71;9:9h044 61<877h049 61594;h058
319 6194::h049 81794<h056 6173:6h069
31; ;1;845h053 71<667h063 517839h07:
413 5165<3h057 8146<:h06; 613;:5h08;

Wdeoh 314= Wkh huuru ri wkh Dojrulwkp 814

Wkh qh{w wdeoh suhvhqwv wkh huuru ri Dojrulwkp dw { @ 3=8> w @ 3 dqg
wkh h{shulphqwdo frqyhujhqfh udwh zlwk uhvshfw wr Q34 lqglfdwlqj wkh rughu
� � 4@61

Q %� ��
537; 31366<4 3169<
73<9 313597; 31689

Wdeoh 315= Wkh frqyhujhqfh udwh dw w @ 31

9:



DPL Yro19 Qr14/ 5334 Y1 O1 Pdndury/ L1 S1 Jdyulo|xn .

Dfnqrzohgjphqwv1 Wkh dxwkruv duh judwhixo wr P1E|vwu|wvn| iru
khosixo glvfxvvlrqv rq wklv vxemhfw1

Uhihuhqfhv

41 Djprq V1 Rq wkh hljhqixqfwlrqv dqg rq wkh hljhqydoxhv ri jhqhudo hoolswlf

erxqgdu| ydoxh sureohpv1 Frppxqlfdwlrqv rq Sxuh dqg Dssolhg Pdwkh0

pdwlfv1 [Y+4<95, 44<047:1

51 Dvk|udo|hy D1/ Vrerohyvnll S1H1Zhoo0Srvhgqhvv ri Sduderolf Gl�huhqfh Htxd0

wlrqv1 Elunk�dxvhu Yhuodj/ 4<<71

61 Edwhpdq K1/ Hugho|l D1 Kljkhu wudqvfhqghqwdo ixqfwlrqv1 Pf Judz0Kloo

Errn Frpsdq|/Lqf1 Yro14/ 4<861

71 Ehuqdugl F1/ Pdgd| \1 Dssur{lpdwlrqv vshfwudohv gh sureohphv dx{ olplwhv

hoolswltxhv1 Vsulqjhu0Yhuodj/ 4<<51

81 Fduohpdq W1 Xehu glh dv|pswrwlvfkh Yhuwhloxqj ghu Hljhqzhuwh sduwlhoohu

Gl�huhqwldojohlfkxqjhq1 Ehu1 ghu dfkv1 Dndg Zlvv1 Ohls}lj/ Pdwk10Qdw1No1

+4<69,/ 44<04651

91 Flduohw S1J1/ Olrqv M1O1 Kdqgerrn ri Qxphulfdo Dqdo|vlv1 Yro14/ Qruwk0

Kroodqg/ Dpvwhugdp/ 4<<31

:1 Jdyulo|xn L1S1 Vwurqjo| S0srvlwlyh rshudwruv dqg h{solflw uhsuhvhqwdwlrq ri

wkh vroxwlrqv ri lqlwldo ydoxh sureohpv iru vhfrqg rughu gl�huhqwldo htxdwlrqv

lq Edqdfk vsdfh1 Mrxuq1 ri Pdwk1 Dqdo|vlv dqg Dsso1 569+4<<<,/ 65:067<1

;1 Jrogvwhlq M1D1 Vhpljurxsv ri Olqhdu Rshudwruv dqg Dssolfdwlrqv1 R{irug

Xqlyhuvlw| Suhvv/ Foduhqgrq Suhvv/ R{irug/ Qhz \run/ 4<;81

<1 Jruedfkxn Y1L1/ Jruedfkxn P1O1 Erxqgdu| Sureohpv iru Gl�huhqwldo Rs0

hudwru Htxdwlrqv1 Qdxnryd Gxpnd/ Nlhy/ 4<;7 +lq uxvvldq,1

431 Nuhvv U1 Olqhdu Lqwhjudo Htxdwlrqv1 Ehuolq hw do1 Vsulqjhu0Yhuodj/ 4<;<1

441 Nuhlq V1J1 Olqhdu gl�huhqwldo rshudwruv lq Edqdfk vsdfhv1 WDPV/ Qhz

\run/ 5<+4<:4,1

451 Sd}| D1 Vhpljurxsv ri Olqhdu Rshudwruv dqg Dssolfdwlrqv wr Sduwldo Gl�hu0

hqfh Htxdwlrqv1 Vsulqjhu0Yhuodj/ Ehuolq hw do/ 4<;61

9;
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461 Vkhhq G1/ Vordq L1K1/ Wkrphh Y1 D sdudooho phwkrg iru wlph0glvfuhwl}dwlrq ri

sduderolf sureohpv edvhg rq frqwrxu lqwhjudo uhsuhvhqwdwlrq dqg txdgudwxuh1

Pdwkhpdwlfv ri Frpsxwdwlrq/ yro19</ Qr1 55</ ss14::04<81

471 Vwhqjhu I1Qxphulfdo phwkrgv edvhg rq Vlqf dqg dqdo|wlf ixqfwlrqv1 Vsulqjhu0

Yhuodj/ 4<<61

481 V}hjr J1 Ruwkrjrqdo Sro|qrpldov1 DPV/ Qhz \run/ 4<8<1

491 Wkrphh Y1 Ilqlwh Gl�huhqfh Phwkrgv iru Olqhdu Sduderolf Htxdwlrqv1 Kdqg0

errn ri Qxphulfdo Dqdo|vlv/ Dpvwhugdp/ Qruwk0Kroodqg/ 4<<3/ Yro14

9<


