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Devwudfw

,Q WKH SUHVHQW DUWLFOH D SULRUL HQHUJHWLF HVWLPDWHV� DQDORJXH RI 6DLQW�9HQDQWV SULQ�

FLSOH LQ WKHRU\ RI HODVWLFLW\� IRU WKH VROXWLRQV RI 'LULFKOHW SUREOHP IRU VSHFLDO W\SH ��WK

RUGHU HOOLSWLF HTXDWLRQ ZLWK YDULDEOH FRHqFLHQWV DUH SURYHG� 2Q WKH EDVLV RI WKLV HVWL�

PDWHV DV\PSWRWLF EHKDYLRXU RI VROXWLRQV RI WKH FRUUHVSRQGLQJ ERXQGDU\ YDOXH SUREOHP

DUH VWXGLHG� XQGHU ZHDN DVVXPSWLRQV UHJDUGLQJ WKH VWUXFWXUH RI WKH ERXQGDU\ LQ WKH

QHLJKERXUKRRG RI LUUHJXODU ERXQGDU\ SRLQWV�

Nh| zrugv dqg skudvhv= $ SULRUL HVWLPDWHV� ��WK RUGHU HOOLSWLF HTXDWLRQV� DV\PS�

WRWLF EHKDYLRXU RI VROXWLRQV�

DPV vxemhfw fodvvl�fdwlrq= SULPDU\ ��%��� VHFRQGDU\ ��&��� ��-���

Wkh ehkdylrxu ri wkh vroxwlrq ri erxqgdu|0ydoxh sureohpv iru wkh htxdwlrq
ri hodvwlflw| wkhru| dqg iru kljk rughu hoolswlf gl�huhqwldo htxdwlrqv dqg
v|vwhpv lq wkh qhljkerxukrrg ri luuhjxodu erxqgdu| srlqwv dqg dw lq�qlw|
kdv ehhq vwxglhg lq d qxpehu ri sdshuv zlwk gl�huhqw phwkrgv +vhh iru h{0
dpsoh ^409` ru ^48054`,1 Dovr lq d qxpehu ri sdshuv zlwk gl�huhqw phwkrgv
dxwkruv mxvwli| wkh Vdlqw0Yhqdqw*v sulqflsoh iru gl�huhqw pdwhuldov dqg gr0
pdlqv +vhh iru h{dpsoh ^44047`,1 Lq wkh suhvhqw duwlfoh/ rq wkh edvlv ri wkh
phwkrgv ri ^:` dqg ^;` zh rewdlq dsulrul hqhujhwlf hvwlpdwhv +Dqdorjxh ri
Vdlqw0Yhqdqw*v Sulqflsoh lq wkh sodqh wkhru| ri hodvwlflw| ^44`, ri vroxwlrqv
iru rqh vshfldo w|sh 70wk rughu hoolswlf htxdwlrq zlwk yduldeoh frh�flhqwv1
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Odwhu zh vwxg| wkh fkdudfwhu ri vroxwlrq ri wklv htxdwlrq lq wkh qhljkerxu0
krrg ri luuhjxodu erxqgdu| srlqwv/ xqghu zhdn dvvxpswlrqv uhjduglqj wkh
vwuxfwxuh ri wkh erxqgdu| 1

Ohw wkh grpdlq  eh vlpso| frqqhfwhg/ erxqghg dqg vlwxdwhg lq wkh
kdoi0sodqh Un

2 @ i{ � +{�> {2, = {� A 3j dqg wkh lqwhuvhfwlrq V| ri  zlwk
wkh vwudljkw olqh {� @ w> 3 ? w ? W> W @ frqvw=> frqvlvw ri �qlwho| pdq|
lqwhuydov zkrvh hqgsrlqwv ehorqj wr C>C0 vx�flhqwo| vprrwk erxqgdu|
ri grpdlq > 1 Lq wkh  zh frqvlghu wkh erxqgdu|0ydoxh sureohp=

+dkq +{, xckq +{,,ckq @ i +{, > { 5 > i 5 F� +, > +4,

x mYl@ *�>
Cx

C�
mYl@ *2� +5,

Zkhuh wkh Juhhn lqglfhv � dqg � rq wkh ydoxh 4 dqg 5 dqg vxppdwlrq ryhu
wkh uhshdwhg lqglfhv iurp 4 wr 5 lv dvvxphg>

yck � Cy

C{k
> yckq � C2y

C{kC{q
>

dqg � 0 lv wkh gluhfwlrq ri h{whuqdo qrupdo wr wkh erxqgdu| C > dkqE%� 5
F� +, iru dq| �> � @ 4> 5 dqg

3 ? df @ frqvw= � dkq � df @ frqvw= ? 4=

Ohw $ eh dq rshq vhw lq wkh sodqh U2 dqg � d sduw ri fxuyhv ri lwv erxqg0
du|1 E| K2 +$> �, zh ghvljqdwh wkh Vrerohy vsdfh rewdlqhg e| frpsohwlqj
lq wkh qrup

nyn2 @
5
7]
/

�
mym2 . yckyck . yckqyckq

�
g{

6
8
�*2

wkh vhw ri ixqfwlrqv y+{, zklfk duh wzlfh frqwlqxrxvo| gl�huhqwldeoh lq $
dqg htxdo wr }hur lq d qhljkerxukrrg ri �=

Zh fdoo wkh ixqfwlrq x +{, wkh jhqhudolvhg vroxwlrq ri +4, lq  zlwk
erxqgdu| frqglwlrq x @ Cx@C� @ 3 rq wkh � 5 C li x 5 K2 +> �, dqg
vdwlv�hv wkh lqwhjudo lghqwlw|

]
l

dkq +{, xckq +{, yckq +{, g{ @

]
l

i +{, y +{, g{ +6,

iru hyhu| ixqfwlrq y 5 K2 +> C, =
Lw lv hdv| wr vhh wkdw wkh fodvvlfdo +vprwk lq , vroxwlrq ri + 4, lq

 vdwlvi|lqj wkh erxqgdu| frqglwlrqv x @ Cx@C� @ 3 rq � lv dovr wkh
jhqhudol}hg vroxwlrq/ li wkh erxqgdu| ri  lv vx�flhqwo| vprrwk1
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Wkhruhp 4 +dsulrul hqhujhwlf hvwlpdwh, Ohw d erxqghg grpdlq  eh
vlwxdwhg lq wkh kdoi0sodqh Un

2 > dqg ohw V| �  _ i{ = {� @ wj eh qrqhpsw|
iru hyhu| w 5 +3> W , > W @ frqvw= ? W W/ zkhuh A W _  @ i +{, @ 3 lq
A �  _ i{ = {� ? Wj = Ohw

Cdk� +{,

C{�
� 3 { 5 =

Wkhq/ iru wkh jhqhudol}hg vroxwlrq x +{, ri htxdwlrq +4, lq wkh uhjlrq A >
zlwk wkh erxqgdu| frqglwlrqv x @ Cx@C� @ 3 rq CA _ C +li lw h{lvwv,/
wkh iroorzlqj hvwlpdwhv duh ydolg=

U
lA

x2P +{�,� +{�> W> %, g{ � f�
U
lA

dkq +{, +xckq,
2�+{�> W> %, g{

� %3�
U
lA

Z +x, g{>

+7,

]
lA

xckxckp +{�, � +{�> W> %, g{ � f2

]
lA

dkq +{, +xckq,
2�+{�> W> %, g{> +8,

zkhuh f� dqg f2 duh vrph srvlwlyh frqvwdqwv dqg duh lqghshqghqw ri vroxwlrqv
dqg ri frh�flhqwv ri htxdwlrqv> % @ frqvw=> 3 ? % ? 4>

Z +x, @ dkq+{,xckq +{, xckq +{,

dqg wkh ixqfwlrq �+{�> W> %, lv d vroxwlrq ri wkh iroorzlqj Fdxfk| sureohp

�c%�%� +{�> W> %,� +4� %,� +{�,� +{�> W> %, @ 3 +9,

iru 3 ? {� ? W> dqg

�+W> W> %, @ 4>�c%� +W> W> %, @ 3= +:,

Wkh ixqfwlrq � +{�, 5 F� +, dqg vdwlv�hv wkh uhodwlrq iurp w 5 +3> W `

3 ? � +w, � � +w, � lqi
�M]

;?
=
]
7|

dkq +yckq,
2 g{2

������
]
7|

�
dk� +yck,

2 � d��yc��y
�
g{2

������
3�<@

> >

+;,
zkhuh C lv wkh vhw ri ixqfwlrqv y +{, zklfk duh wzlfh frqwlqxrxvo| gl�hu0
hqwldeoh lq wkh qhljerxukrrg ri V| dqg vxfk wkdw y @ yc� @ yc2 @ 3 rq
V| _ C>

46



DPL Yro17/Qr15/4<<< F1Fdvvlvd/ S1H1Ulffl/ L1Wdynkholg}h .

Wkh ixqfwlrqv P +w, dqg p +w, duh frqwlqxrxv lq +3> W ` dqg vdwlvi| wkh
uhodwlrqv=

3 ? P +w, � � +w, � lqi
�M]

;?
=
]
7|

dkq +yckq,
2 g{2

������
]
7|

y2g{2

������
3�<@

> > +<,

3 ? p +w, � �� +w, � lqi
�M]

;?
=
]
7|

dkq +yckq,
2 g{2

������
]
7|

yckyckg{2

������
3�<@

> = +43,

Surri1 Ohw xv frqvwuxfw ixqfwlrq # +{�> �, vr wkdw

# +{�> �, @

;?
=

�+{�> W> %, iru 3 ? � � {� � W> � @ frqvw= >

+{� � �,�c%� +�> W> %, . � +�> W> %, iru 3 � {� � �=

Vxevwlwxwlqj wkh ixqfwlrq y+{, @ x+{, +#+{�> �,� 4, 5 K2 +A > CA ,
lqwr wkh lqwhjudo lghqwlw| +6, iru A / zh rewdlq

3 @

]
lA

q
dkq +xckq,

2 +# � 4, . dkqxckqxck#cq . dkqxckqxcq#ck.

.dkqxckqx#ckqjg{ @

]
lA

dkq +xckq,
2 +# � 4, g{.

4

5

]
lA

dkq +xck,
2
cq #cqg{.

.
4

5

]
lA

dkq +xcq,
2
ck #ckg{.

]
lA

dkqxckqx#ckqg{ @

]
lA

dkq +xckq,
2 +# � 4, g{�

�
]
lA

dkq +xck,
2 #cqqg{� 4

5

]
lA

dkqck +xcq,
2 #ckg{.

]
lA

dkqxckqx#ckqg{= +44,

Lq wkh ghulydwlrq ri wkh odvw htxdolw| zh kdyh xvhg lqwhjudwlrq e| sduwv/
zklfk fdq hdvlo| eh mxvwl�hg li zh dssur{lpdwh x +{, e| ixqfwlrqv ri fodvv
F2

�
A

�
htxdo wr }hur lq wkh qhljkerxukrrg ri C_ CA / dqg xvh wkh idfw

wkdw #ck @ 3 iru {� @ W 1 Wdnlqj lqwr dffrxqw wkdw # lv lqghshqghqw ri {2/
dqg

d, Zkhq Cdk� +{, @C{� @ 3 zh �qg wkdw]
lA

dkq +xckq,
2 +# � 4, g{ @

]
lA .lB

�
dk� +xck,

2 � d��xc��x
�
#c��g{> +45,
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e,Zkhq Cdk� +{, @C{� � 3/ wkhq lq wkh htxdolw| +44, zh kdyh

3 @
U
lA

dkq +xckq,
2 +# � 4, g{� U

lA

dk� +xck,
2 #c��g{�

� U
lA

dk�c� +xck,
2 #c�g{.

U
lA

d��xc��x#c��g{

+46,

dqg U
lA

dkq +xckq,
2 +# � 4, g{ @

U
lA

dk�c� +xck,
2 #c�g{.

.
U

lA .lB

+dk� +xck,
2 � d��xc��x,#c��g{=

+47,

E| wkh jhqhudo wkhru| ri ruglqdu| gl�huhqwldo htxdwlrqv lw lv hdv| wr
vkrz +vhh iru h{dpsoh ^55`, li �0 lv d vroxwlrq ri Fdxfk| sureohp +90:,
wkhq #c� � 3= Wkhuhiruh/ vlqfh dk�c� � 3> wkh �uvw phpehu ri wkh uljkw vlgh
htxdolw| +47, lv qrqsrvlwlyh/ dqg

]
lA

dkq +xckq,
2 +# � 4, g{ �

]
lA .lB

S +x,#c��g{= +48,

Ohw xv hvwlpdwh wklv lqwhjudo +45, ru +48,1 Zh sxw S +y, � d�� +yc�,
2 .

d2� +yc2,
2 � d��yc��y>Z +y, � dkq +yckq,

2 =

Ohw x? eh d vhtxhqfh ri ixqfwlrqv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq
A / zklfk duh htxdo wr }hur lq wkh qhljerxukrrg ri wkh vhw C _ CA /
frqyhujlqj wr x +{, lq wkh qrup dv q $ 4 1 Lw lv hdv| wr vhh wkdw

]
lA .lB

S +x,#c��g{ @

]
lA .lB

S +x?,#c��g{. %?>

zkhuh %? $ 3 dv q $ 4= Iurp wkh gh�qlwlrq ri wkh ixqfwlrq � +w, dqg wkh
htxdwlrq iru � +{�> W> %, / lw iroorzv wkdw

�����
U

lA .lB

S +x?, �c%�%�g{

����� �
AU
B

�c%�%� +{�> W> %,

�����
U

7%�

S +x?, g{2

����� g{� �

�
AU
B

�c%�%� +{�> W> %, +� +{�,,
3� U

7%�

H +x?, g{2g{� @

@ +4� %,
U

lA .lB

Z +x?,� +{�> W> %, g{=

+49,

48
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Ohwwlqj q lq wklv lqhtxdolw| jr wr 4/ zh rewdlq�������
]

lA .lB

S +x, �c%�%�g{

�������
� +4� %,

]
lA .lB

Z +x?, � +{%> W> %, g{=

Iurp wklv dqg +48, zh frqfoxgh wkdw

]
lA

dkq +xckq,
2 # +{�> �, g{ �

]
lB

dkq +xckq,
2 # +{�> �, g{.

.

]
lA .lB

Z +x, � +{�> W> %, g{ �
]
lA

Z +x, g{.+4� %,

]
lA .lB

Z +x, � +{�> W> %, g{

dqg/ frqvhtxhqwo|/

%

]
lA .lB

Z +x, � +{�> W> %, g{ �
]
lA

Z +x, g{= +4:,

Ohwwlqj � $ 3/ zh rewdlq sduw ri lqhtxdolw| +7,

]
lA

Z +x, � +{�> W> %, g{ � 4

%

]
lA

Z +x, g{=

Wkh uhpdlqlqj lqhtxdolwlhv iru ixqfwlrqv x? iroorz lpphgldwho| iurp wkh
gh�qlwlrqv ri P dqg p1 Ixuwkhu/ sdvvlqj wr wkh olplw dv q $ 4> zh rewdlq
wkh ghvluhg lqhtxdolwlhv iru x= Wkh wkhruhp lv suryhg1 �

Uhpdun 4 Wklv uhvxow lv dovr wuxh/ zkhq {� @ 3 wkh erxqgdu| ri gr0
pdlq  kdv dq luuhjxodu srlqw +iru h{dpsoh= fxvs ru fruqhu,1

Uhpdun 5 Iru ixqfwlrq � +{�> W> %, lw lv shuplvvleoh wr wdnh d frqwlqx0
rxvo| gl�huhqwldeoh ixqfwlrq � +{�> W> %, zlwk d slhfhzlvh frqwlqxrxv vhfrqg
ghulydwlyh/ vdwlvi|lqj wkh lqlwldo frqglwlrqv +:, dqg wkh lqhtxdolwlhv

m�c%�%� +{�> W> %,m � +4� %,� +{�, � +{�> W> %, > �+{�> W> %, A 3> +4;,

�c%� +{�> W> %, ? 3 iru 3 ? {� ? W=

Wkhruhp 5 +Dqdorjxhv ri Vdlqw0Yhqdqw*v sulqflsohv,1 Xqghu frqglwlrqv
ri wkhruhp 4 iru dq| 3 ? wf ? w� � W wkh iroorzlqj hvwlpdwhv duh ydolg=]

l|f

dkq +{, +xckq,
2 g{ � f +� +wf> w�,,

3�
]
l|�

dkq +{, +xckq,
2 g{> +4<,
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zkhuh f lv vrph srvlwlyh frqvwdqw dqg ixqfwlrq �+{�> w�, vdwlv�hv/ iru wf �
{� � w�/ wkh ruglqdu| gl�huhqwldo htxdwlrq

�c%�%� +{�> w�,� � +{�, � +{�> w�, @ 3 +53,

dqg frqglwlrqv
�+w�> w�, @ 4>�c%� +w�> w�, @ 3= +54,

zkhuh � +{�, lv dq| frqwlqxrxv ixqfwlrq vdwlvi|lqj +;,1 +vhh �j1 4,

Ilj14

Surri1 Ohw xv frqvwuxfw ixqfwlrq # +{�, dvvxplqj wkdw

# +{�, @

;?
=

�+{�> W , iruwf � {� � w�>

+{� � wf,�c%� +wf> w�, . � +wf> w�, iru3 � {� � wf=

Vxevwlwxwlqj wkh ixqfwlrq y +{, @ x +{, +# +{�,� 4, 5 K2 +|�> C|�,
lqwr wkh lqwhjudo lghqwlw| +6, iru A / zh rewdlq

3 @

]
l|�

q
dkq +xckq,

2 +# � 4, . dkqxckqxck#cq . dkqxckqxcq#ck.

.dkqxckqx#ckqjg{ @

]
l|�

dkq +xckq,
2 +# � 4, g{.

4

5

]
l|�

dkq +xck,
2
cq #cqg{.

4:
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.
4

5

]
l|�

dkq +xcq,
2
ck #ckg{.

]
l|�

dkqxckqx#ckqg{ @

]
l|�

dkq +xckq,
2 +# � 4, g{�

�
]
l|�

dk� +xck,
2 #c��g{�

]
l|�

dk�c� +xck,
2 #c�g{.

]
l|�

d��xc��x#c��g{=

E| gh�qlwlrq #c�� @ 3 zkhq 3 � {� � wf/ dqg wkhuhiruh

]
l|�

dkq +xckq,
2 +# � 4, g{ �

]
l|�

.l|f

S +x,#c��g{= +55,

Ohw x? eh d vhtxhqfh ri ixqfwlrqv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq
A / zklfk duh htxdo wr }hur lq wkh qhljerxukrrg ri wkh vhw C _ CA /
frqyhujlqj wr x +{, lq wkh qrup dv q $ 4 1 Lw lv hdv| wr vhh wkdw

]
l|�

.l|f

S +x,#c��g{ @

]
l|�

.l|f

S +x?,#c��g{. %?> +56,

zkhuh %? $ 3 dv q $ 4= Iurp wkh gh�qlwlrq ri wkh ixqfwlrq � +w, dqg wkh
htxdwlrq iru � +{�> w�, / lw iroorzv wkdw

�������
]

l|�
.l|f

S +x?,�c%�%�g{

�������
�

|�]
|f

�c%�%� +{�> w�,

�������
]
7%�

S +x?, g{2

�������
g{� � +57,

�
|�]

|f

�c%�%� +{�> w�, +� +{�,,
3�

]
7%�

Z +x?, g{2g{� @

]
l|�

.l|f

Z +x?,� +{�> w�, g{=

Ohwwlqj q lq wklv lqhtxdolw| jr wr 4/ zh rewdlq

�������
]

l|�
.l|f

S +x,�c%�%�g{

�������
�

]
l|�

.l|f

Z +x, � +{�> w�, g{=

Iurp wkh odvw lqhtxdolw| dqg lqhtxdolw| +55, zh kdyh

]
l|�

Z +x,#g{ @

]
l|f

Z +x,#g{.

]
l|�

.l|f

Z +x, � +{�> w�, g{ �

4;
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�
]
l|�

Z +x, g{.

]
l|�

.l|f

Z +x,� +{�> w�, g{

ru ]
l|f

dkq +xckq,
2�g{ �

]
l|�

dkq +xckq,
2 g{= +58,

Lw lv hdv| wr vkrz wkdw �c%� ? 3 dqg zh kdyh hvwlpdwh +4<,1 Wkh wkhruhp
lv suryhg1 �

Wkhruhp 6 Vxssrvh wkdw wkh dvvxpswlrqv ri Wkhruhp4 duh ixo�oohg1
Wkhq wkh ixqfwlrq x +{, lv frqwlqxrxv lq A > dqg

mx +{,m2 � 6

%
+� +{�> W> %,,

3�P +{,3�*ep +{,3�*2
]
lA

Z +x, g{> { 5 A >

+59,
zkhuh wkh ixqfwlrqv �>P dqg p duh gh�qhg lq wkh Wkhruhp4= Pruhryhu/ lw
lv dvvxphg wkdw P +{, dqg p +{, duh qrqlqfuhdvlqj ixqfwlrqv frqwlqxrxvo|
gl�huhqwldeoh iru 3 ? {� � W=

Surri1 Vlqfh/ e| gh�qlwlrq/ x +{, ehorqjv wr K2 +> �, >zkhuh � @ C_
CAc wkhuh h{lvwv d vhtxhqfh ri ixqfwlrqv x? vxfk wkdw x? $ x dv q $ 4 lq
wkh qrup dqg x? @ 3 lq d qhljkerxukrrg ri �1 Zh gh�qh wkh ixqfwlrqv x?
rxwvlgh wkh vhw A e| dvvljqlqj wkh ydoxh }hur1 Ohw o A 3 eh d vx�flhqwo|
odujh frqvwdqw vxfk wkdw A 5 T @ i{ = 3 ? {� ? W> m{2m ? oj = Li zh vhw x @
3 rxwvlgh A / lw lv hdv| wr vhh wkdw x 5 K2 +T> CT _ i{ = 3 ? {� ? Wj, dqg/
wkhuhiruh/ dffruglqj wr Vrerohy*v lpehgglqj wkhruhp / x +{, lv frqwlqxrxv lq
T 1 Zh gh�qh ixqfwlrqv ��>PB> dqg pB lq vxfk d zd| wkdw �B @ �>PB @
P> dqg pB @ p iru {� A �> Wkhvh ixqfwlrqv duh erxqghg/ prqrwrqh/ dqg
frqwlqxrxvo| gl�huhqwldeoh zlwk uhvshfw wr {�iru 3 ? {� � W > Zh hvwlpdwh
wkh ixqfwlrq

x2? +{,�B +{�> W> %,P
�*e
B +{�,p

�*2
B +{�, � x2? +{,*B +{�, =

Zh qrwh wkdw iru d fhuwdlq � @ � +q, wkh ixqfwlrq x? +{, lv htxdo wr }hur
lq j� Khqfh zh pd| zulwh

x2? +{,*B +{�, @

%�]
f

C

C{�

�
x2?*B

�
g{� @

%�]
f

5x?x?c�*Bg{� .

%�]
f

x2?*Bc�g{�=

Vlqfh *Bc� � 3 /

4<
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x2? +{,*B +{�, �
A]
f

�
x?c�

�2
p

�

2

B �Bg{� .

A]
f

+x?,
2p

�

2

B P
�

2

B �Bg{�=

Lw lv hdv| wr vhh wkdw

�
x?c�

�2
@

%2]
3,

C

C{2

�
x?c�

�2
g{2>

A]
f

�
x?c�

�2
p

�

2

B �Bg{� �
A]
f

,]
3,

��5x?c�2x?c���p �

2

B �Bg{2g{� �

�
]
lA

�
x?c�2

�2
�Bg{.

]
lA

�
x?c�

�2
pB�Bg{=

Dqdorjlfdoo| zh rewdlq

A]
f

+x?,
2p

�

2

B P
�

2

B �Bg{� .

A]
f

%2]
3,

C

C{2

�
x2?

�
p

�

2

B P
�

2

B �Bg{2g{� �

�
]
lA

+x?,
2PB�Bg{.

]
lA

�
x?c2

�2
pB�Bg{=

Iurp wkhvh lqhtxdolwlhv lw iroorzv wkdw

x2? +{,*B +{�, �
]
lA

x2?PB�Bg{.

]
lA

�
x?ck

�2
pB�Bg{.

]
lA

�
x?c�2

�2
�Bg{=

Wkxv/ iru { 5 A >

x2? +{,*B +{�, �
]

lA .lB

x2?P�g{.

]
lA .lB

x?ckx?ckp�g{.

]
lA .lB

Z +x?, �g{.

.

]
lB

x2?PB�Bg{.

]
lB

x?ckx?ckpB�Bg{.

]
lB

Z +x?,�Bg{=

Xvlqj wkh gh�qlwlrq ri P +{�, dqg p +{�,/ zh rewdlq
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x2? +{,*B +{�, � 6

]
lA .lB

Z +x?, �g{.

]
lB

x?ckx?ck�BpBg{.

.

]
lB

x2?�BPBg{.

]
lB

Z +x?, �Bg{=

Zh sdvv wr wkh olplw dv q $ 41 Iru dq| �{hg { 5 A dqg � ? {�/ zh
�qg wkdw

x2 +{,*B +{�, � 6

]
lA .lB

Z +x,�g{.

]
lB

xckxck�BpBg{. +5:,

.

]
lB

x2�BPBg{.

]
lB

Z +x, �Bg{=

Vlqfh/ e| gh�qlwlrq/ 3 ? �B � �> 3 ? pB � p> 3 ? PB � P>

]
lB

xckxck�BpBg{.

]
lB

x2�BPBg{.

]
lB

Z +x,�Bg{ �

�
]
lB

xckxck�pg{.

]
lB

x2�Pg{.

]
lB

Z +x, �g{=

E| ylwuxh ri +708,/ wkh uljkw0kdqg vlgh ri wklv lqhtxdolw| whqgv wr 3 dv
� $ 3= Khqfh/ sdvvlqj wr wkh olplw lq +5:, dqg xvlqj +7, dqg +8, zh rewdlq

x2 +{,* +{�, � 6%3�
]
lB

Z +x, g{=

Wkh wkhruhp lv suryhg1 �

Wkhruhp 7 Li x +{, lv d jhqhudol}hg vroxwlrq ri htxdwlrq +4, lq A zlwk
erxqgdu| frqglwlrqv x @ Cx@C� @ 3 rq wkh C_CA dqg i +{, @ 3 lq A /
wkhq iru hyhu| wf dqg w� 5 +3> W , wkh iroorzlqj hvwlpdwh krogv=

pd{
l|f

mxm2 � s +wf, m�+wf> w�,m3�
]
l|�

dkq +{, +xckq,
2 g{> +5;,

zkhuh �+wf> w�, lv d vroxwlrq ri sureohp +53054,1

s +wf, @ df

�
4 . vxs

f$%�$|f

+P +{�,,
3� . vxs

f$%�$|f

+p +{�,,
3�

�
> +5<,
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zkhuh df lv d frqvwdqw ri hoolswlflw| dqg ixqfwlrqv P dqg p duh gh�qhg e|
uhodwlrqv +<, dqg +43,1

Surri1 x 5 K2 +A > C _ CA , dqg wkhuh h{lvwv vrph vhtxhqfh ix�j
zlwk wzr frqglwlrqv

m, x� +{, @ 3> li { @5 |� >

mm,x� +{, $ x +{, >zkhq l $ 4=
Wkhuhiruh zh zulwh

x2� +{, @

%�]
f

5x�x�c�g{� �
|f]
f

x2� g{� .

|f]
f

�
x�c�

�2
g{�> +63,

�
x�c� +{,

�2
@

%2]
3"

C

C{2

�
x�c�

�2
g{2 �

"]
3"

�
x�c�

�2
g{2 .

%2]
3"

�
x�c�2

�2
g{2= +64,

Khqfh
|f]
f

�
x�c�

�2
g{� �

]
l|f

�
x�c�

�2
g{.

]
l|f

�
x�c�2

�2
g{>

dqg
|f]
f

x2� g{� �
]
l|f

x2� g{ .

]
l|f

�
x�c2

�2
g{>

Wkhvh wzr lqhtxdolwlhv dqg uhodwlrqv +63064, doorz xv wr zulwh

x2� +{, �
]
l|f

x2� g{.

]
l|f

x�ckx�ckg{.

]
l|f

+x�c2,
2 g{=

Qrz xvlqj uhodwlrqv +;043,/ zh kdyh

x2� +{, � df vxs
f$%�$|f

+P +{�,,
3�

]
l|f

x2�P +{�, g{. +65,

df vxs
f$%�$|f

+p +{�,,
3�

]
l|f

x�ckx�ckp +{�, g{.df

]
l|f

Z +x, g{ � s +wf,

]
l|f

Z +x, g{=

Khqfh/ sdvvlqj wr wkh olplw lq +65, zkhq l $ 4 dqg xvlqj +7, dqg +8,
zh rewdlq lqhtxdolw| +5;,1

Wkh wkhruhp lv suryhg1 �
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Ohppd 4 Li  lv d erxqghg grpdlq lq Un
2 1 Wkhq iru � +w, zh pd|

wdnh dq| frqwlqxrxv ixqfwlrq iru zklfk

3 ? � +w, � 5�2

^o +w,`2
D +w, > 3 ? w � W= +66,

zkhuh o +w, ghqrwhv wkh ohqjwk ri juhdwhvw ri wkh lqwhuydov frqvwlwxwlqj V|>

D +w, �
plq

7|c kcq'�c2
idkq +{,j

pd{
7|c k'�c2

idk� +{,j =

Zh kdyh dovr

3 ? p +w, � 5�2

^o +w,`2
DW +w, >

dqg

3 ? P +w, � +7=:6,e

^o +w,`e
DW +w, >

zkhuh

DW +w, � plq
7|c kcq'�c2

idkq +{,j =

Surri1 Iurp wkh yduldwlrqdo wkhru|/ lw lv nqrzq +^<`, wkdw li y +{�> {2,
lv wzlfh frqwlqxlrxvo| gl�huhqwldeoh dqg y @ yc� @ yc2 @ 3 rq V| _ C> wkhq

]
7|

+yc�,
2 g{2 � +�� +w,,

3�
]
7|

+yc�2,
2 g{2

]
7|

+yc2,
2 g{2 � +�2 +w,,

3�
]
7|

+yc22,
2 g{2> +67,

]
7|

+y,2 g{2 � +�� +w,,
3�

]
7|

+yc22,
2 g{2>

zkhuh �� +w, @ �2 +o +w,,32 > �2 +w, @ 7�2 +o +w,,32 > �� +w, @ +7> :6,e +o +w,,3e =
Ehvlghv/ zh nqrz wkdw iru hyhu| d> e dqg f A 3 wkh iroorzlqj hqhtxdolw|
krogv

def � %fd2 . %3�fe2 iruhyhu|> % A 3=

Wkhuhiruh iurp +;,/ zh rewdlq
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������
]
7|

�
dk� +yck,

2 � d��yc��y
�
g{2

������ �
]
7|

d�� +yc�,
2 g{2 .

]
7|

d�2 +yc2,
2 g{2.

.
%

5

]
7|

d��y
2g{2 .

4

5%

]
7|

d��
�
yc��

�2
g{2 �

+68,

� pd{
7|

idk� +{,j
]
7|

�
+yc�,

2 . +yc2,
2 .

4

5%
x2 .

%

5
+yc��,

2

�
g{2 �

� pd{
7|

idk� +{,j
;?
=
4

5
+�� +w,,

3�
]
7|

+yc�2,
2 g{2 . +�2 +w,,

3�
]
7|

+yc22,
2 g{2.

.
4

5%
+�� +w,,

3�
]
7|

+yc22,
2 g{2 .

%

5

]
7|

+yc��,
2 g{2

<@
> >

zkhuh % A 3= Zh fkrrvh % @ +7> :6,2 ^o +w,`3�1 Wkhq lw lv hdv| wr vhh wkdw zh
pd| wdnh � +w, dq| frqwlqxrxv ixqfwlrq iru zklfk

3 ? � +w, � 5�2 +o +w,,32
�
pd{
7|

idk� +{,j
�3��

plq
7|

idkq +{,j
�
>

zkhq 3 ? w � W=

+69,

Ohw xv qrz hvwlpdwh � +w, =Zh kdyh

U
7|

+y,2 g{2 � +�� +w,,
3� U

7|

+yc22,
2 g{2 �

� +�� +w,,
3�

�
plq
7|

idkq +{,j
�3� U

7|

H +x, g{2>

Wkhuhiruh/

� +w, � +7> :6,e +o +w,,3e
�
plq
7|

idkq +{,j
�

dqg iru P +w, zh pd| wdnh dq| frqwlqxrxv ixqfwlrq/ vdwlvi|lqj

3 ? P +w, � +7> :6,e +o +w,,3e
�
plq
7|

idkq +{,j
�
> iru 3 ? w � W= +6:,
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Zh hvwlpdwh �� +w, = Dffruglqj wr +67,/

U
7|

k
+yc�,

2 . +yc2,
2
l
g{2 �

� �
2 +�� +w,,

3� U
7|

5 +yc�2,
2 g{2 . +�2 +w,,

3� U
7|

+yc22,
2 g{2 �

� pd{
7|

q
�
2 +�� +w,,

3� > +�2 +w,,
3�

r�
plq
7|

idkq +{,j
�3� U

7|

H +x, g{2>

Wkhuhiruh/ iru p +w, zh pd| wdnh dq| frqwlqxrxv ixqfwlrq vxfk wkdw

3 ? p +w, � 5�2 +o +w,,32
�
plq
7|

idkq +{,j
�
> 3 ? w � W= +6;,
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H[DPSOHV=

D, Ohw wkh uhjlrq  olh lq d qhljkerxukrrg ri wkh ruljlq dqg lqvlgh wkh
dqjoh i{ = m{2m ? D{�@5>D @ frqvw=j +vhh �j1 5, dqg dkq +{, @ frqvw iru
dq| � dqg �=Wkhq dffruglqj wr +66, zh pd| sxw � +w, @ 5�2 +Dw,32 = Lw lv
hdv| wr yhuli| wkdw lq wklv fdvh wkh sureohp +9,/ +:, lv vroyhg e| wkh ixqfwlrq

� +{�> W> %, @
4

v� . v2

�
v2

�{�
W

�r�
. v�

�{�
W

�3r2
�
>

Ilj15

zkhuh v�cv2 @ frqvw= A 3> dqg v� dqg �v2 duh wkh urrwv ri wkh htxdwlrq
v +v� 4, @ 5�2 +4� %,D32=

Exw zh pd| sxw P +{�, @ +7=:6,e +D{�,
3e dqg p +{�, @ 5�2 +D{�,

32 =
Wkxv/ e| Wkhruhp 6/ iru vxfk d uhjlrq  zh kdyh

mx +{,m2 � ff m{�m2nr2

]
l|�

dkq +{, +xckq,
2 g{

zkhuh wkh frqvwdqw ff ghshqgv rqo| rq D dqg %/ ff0 lv d srvlwlyh frqvwdqw
dqg w� A {�1

E, Ohw wkh uhjlrq  olh lq d qhljkerxukrrg ri wkh ruljlq dqg lqvlgh wkh
fxvs
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�
{ = m{2m � �

5
s
n
{&n��

�
n . +n . 4,{&�

�3�*2�
n @ frqvw= A 3=

Lw lv hdv| wr vhh wkdw o +{�, � �n3�{&n�� +vhh �j16,1 Dffruglqj wr +49, zh

pd| sxw � +{�, @ 5n{
32E&n��
�

�
n . +n . 4, {&�

�
= Lw lv qrw gl�fxow wr yhuli|

wkdw iru W @ 4 dqg % @ 4@5 wkh ixqfwlrq

�

�
{�> 4>

4

5

�
@

4

5

k
h{s

�
{3&
� � 4

�
. h{s

�
4� {3&

�

�l

vdwlv�hv wkh lqlwldo frqglwlrqv +:, dqg wkh lqhtxdolwlhv +47, iru 3 ? {� �
4> % @ �

2 =

Ilj16

Dffruglqj wr Ohppd 4 zh pd| wdnh

P +{�, @ f�{
3eE&n��
� > dqg p +{�, @ f2{

32E&n��
� >

zkhuh f�> f2 @ frqvw= A 3 Wkhuhiruh/ lq wkh fdvh xqghu frqvlghudwlrq

mx +{,m2 � f h{s
q
�{3&

�

r
{
2E&n��
�

]
l|�

dkq +{, +xckq,
2 g{>

zkhuh wkh frqvwdqw f ghshqgv rqo| rq n dqg w� A {�1
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F, Ohw wkh uhjlrq  olh lq d qhljkerukrrg ri wkh ruljlq dqg lqvlgh wkh
grpdlq

A 5
q
{ = m{2m ? �

5
vlq{�

r

+vhh �j1 7, zkhq W � �

5
1 Wkhq zh pd| wdnh �+w, @

5

vlq2w
dqg wkhuhiruh vhh

^55`
�+{�> W , @ f�+W ,fwj{� . f2+W ,+4� {�fwj{�,>

zkhuh f�+W , @
4

vlq2W
dqg f2+W , @

�
�fwjW .

W

vlq2W

�
=

Ilj17

Wkxv e| hvwlpdwh +4<, zh kdyh]
l|f

Z +x,g{ � fwjwfvlq
2w�

]
l|�

Z +x,g{

zkhuh f @ frqvw1
Wkhuhiruh/ lq wkh fdvh xqghu frqvlghudwlrq

mx+{,m2 � f
vlq�{�
frv{�

]
l%�

Z +x,g{>

khuh f lv lqghshqghqw ri { dqg ri vroxwlrq x+{,1
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Dfnqrzohgjhphqw

Wklv duwlfoh zdv zuwwhq wkdqnv wr wkh F1Q1U1 judqw ~ Lwdo| zklfk doorzhg wkh
dxwkruv wr fduu| rxw mrlqw uhvhdufk zrun1

Uhihuhqfhv

41 Nrqgudw*hy Y1D1 Erxqgdu| ydoxh sureohpv iru hoolswlf htxdwlrqv lq grpdlqv
zlwk frqlfdo ru fruqhu srlqwv1 Wuxg| prvnry1 pdw1 revkfk1/ 49 +4<9:,/
53<05<5> Hqjolvk wudqvo1 lq Wudqv1 Prvfrz pdwk1 vrf1/ 49 +4<9:,1

51 Pd}*|d Y1J1/ Sreruufkl V1Y1 Gl�huhqwldeoh ixqfwlrqv rq edg grpdlqv1 Zruog
Vflhqwl�f/ 4<<:1

61 Nrqgudw*hy Y1D1/ Rohlqln R1D1 Erxqgdu| ydoxh sureohpv iru wkh v|vwhp ri
hodvwlflw| wkhru| lq xqerxqghg grpdlqv1 Nruq*v lqhtxdolwlhv1 Xvshnkl Pdw1
Qdxn/ 76 +4<;;,/ qr 8/ 880<;> Hqjolvk wudqvo1 lq Uxvvldq Pdwk1 vxuyh|v/ 76
+4<;;,/ qr 8/ 98044<1

71 Yrurylfk L1L1 Irupxodwlrq ri wkh erxqgdu| ydoxh sureohpv ri hodvwlflw| wkh0
ru| lq wkh fdvh ri dq lq�qlwh hqhuj| lqwhjudo/ dqg edvlf surshuwlhv ri krpr0
jhqhrxv vroxwlrqv1+Uxvvldq, Phfkdqlfv ri gh�uphg erglhv dqg vwuxfwxuhv/
%Pdvklqrvwurhqlh%/ Prvfrz/ 4<:8/ 445045;1

81 Qd}dury V1D1/ Sodphqhyvnll E1D1 Hoolswlfdo Sureohpv lq wkh Grpdlq zlwk
qrq0vprrwk Erxqgdu|1+Uxvvldq, %Qdxnd%/ Prvfrz/ 4<<41

91 Od{ S1G1 D Skudjphq0Olqghori wkhruhp lq kduprqlf dqdo|vlv dqg lwv dssol0
fdwlrq wr vrph txhvwlrqv lq wkh wkhru| ri hoolswlf htxdwlrqv1 Frpp1 Sxuh )
Dsso1 Pdwk1/ 43 +4<8:,/ 69406;<1

:1 Rohlqln R1D1/ Lrvli*|dq J1D1/ Wdynkholg}h L1Q1 Rq wkh ehkdylru ri vroxwlrqv
ri wkh htxdwlrqv ri sodqh hodvwlflw| wkhru| lq wkh qhljkerukrrg ri luuhjxodu
erxqgdu| srlqwv dqg dw lq�qlw|1 Hqjolvk wudqvo1 lq Dphu1 Pdwk1 Vrf1
Wudqvo1 +5,/ 459 +4<;8,/ 780931

;1 Wdynkholg}h L1Q1 Dq dqdorjxh ri Vdlqw0Yhqdqw*v sulqflsoh iru d sro|kduprqlf
htxdwlrq dqg lwv dssolfdwlrqv1 Pdwhpdw1 Veruqln1/ 44;+493, +4<;5,/ qr 5/
5690584> Hqjolvk wudqvo1 lq Pdwk1 XVVU Veruqln/ 79 +4<;6,/ qr 5/ 56:05861

<1 Froodw} Orwdu1 Hljhqzhuwdxijdehq plw whfkqlvfkhq dqzhqgxqjhq1 5qg hg1/
Dndghplvfkh Yhuodj/ Jhhvw ) Sruwlj/ Ohls}lj/ 4<961

431 Wdynkholg}h L1Q1 Wkh dv|pswrwlf ehkdylru ri vrph sureohp ri wkh elkduprqlf
htxdwlrq rq wkh kdoi0vsdfh dqg xqltxhqhvv wkhruhpv1 Surfhhglqj ri L1Yhnxd
lqvwlwxwh ri dssolhg pdwkhpdwlfv/ 7: +4<<5,/ 48904981

441 Nqrzohv M1N1 Rq Vdlqw0Yhqdqw*v sulqflsoh lq wkh wzr0glphqvlrqdo olqhdu
wkhru| ri hodvwlflw|1 Dufk1 Udwlrqdo Phfk1 dqg Dqdo1/ 54 +4<99,/ qr 4/
40551

451 Wrxslq U1D1 Vdlqw0Yhqdqw*v sulqflsoh1 Dufk1 Udwlrqdo Phfk1 dqg Dqdo1 4;
+4<98,/ qr 4/ ;60<91

5<



DPL Yro17/Qr15/4<<< F1Fdvvlvd/ S1H1Ulffl/ L1Wdynkholg}h .

461 Ilfkhud J1 Uhpdunv rq Vdlqw0Yhqdqw*v sulqflsoh1 Uhqglfrqwl gl Pdwkhpdw0
lfd/ +5, 45 +4<:<,/ Vhul YL/ 4;405331

471 Ilfkhud J1 Lo sulqflslrl gl Vdlqw0Yhqdqw= lqwxl}lrqh ghoo*lqjhjqhuh h uljruh
gho pdwwhpdwlfr1 Uhqglfrqwl gl Pdwkhpdwlfd/ +4, 43 +4<::,/ Vhul YL/ 40571

481 Mdldql J1 Ehqglqj ri dq ruwkrwurslf fxvshg sodwh1 Suhsulqw <;2561 Xqlyhu0
vlwdw Srwvgdp Lqvwlwxw ixu pdwkhpdwln1 Srvwidfk 934886 47748 srwvgdp1

491 Yhnxd L1Q1 Qhz phwkrgv ri vroylqj ri hoolswlf htxdwlrqv1 %RJL]%/ Prvfrz0
Ohqlqjudg/ 4<7;1

4:1 Vrerohy V1O1 Vrph dssolfdwlrqv ri ixqfwlrqdo dqdo|vlv dqg pdwkhpdwlfdo
Sk|vlfv1 OJX suhvv/ Ohqlqjudg/ 4<6:/ 4<831 Hqjolvk wudqvo1 lq Wudqvod0
wlrq ri pdwkhpdwlfdo prqrjudskv / yro1<31

4;1 Gdo Pdvr J1/ Jduurql D1 Qhz uhvxowv rq wkh dv|pswrwlf ehkdylru ri Glulfkohw
sureohpv lq shuirudwhg grpdlqv1 Pdwk1 prg1 phwk Dsso1 Vfl1/ 6 +4<<7,/
6:6073:1

4<1 Gdo Pdvr J1/ Pdoxvd D1 Dssur{lpdwlrq ri uhod{hg Glulfkohw sureohpv e|
erxqgdu| ydoxh sureohpv lq shuirudwhg grpdlqv1 Surf1 Ur|1 Vrf1 Hglq0
exujk/ 458D +4<<8,/ <<04471

531 Ehuv O1/ Mrkq I1/ Vfkhfkwhu P1 Sduwldo Gl�huhqwldo Htxdwlrq1 Lqwhuvflhqfh/
4<97/ uhsulqw/ Dphu1 pdwk vrf1/ Surylghqfh/ U1L1/ 4<:71

541 Djprq V1 Grxjolv/ Qluhxehuj1 Hvwlpdwhv ri Vroxwlrqv ri Hoolswlf Htxdwlrqv
Qhdu wkh Erxqgdu|1+Uxvvldq, Prvfrz/ 4<951

551 Ndpnh H1 Gl�huhqwldo Johlfkxqjhq O�rvxqjphwkrghq xqg O�rvxqjhq1 Ohls}lj/
4<8<1
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