
GHFRPSRVLWLRQ RI VRPH FRPSOH[ IXQFWLRQV
ZLWK UHVSHFW WR WKH F\FOLF JURXS RI RUGHU q

\rxvv�hi EHQ FKHLNK

G�hsduwhphqw gh Pdwk�hpdwltxhv/ Idfxow�h ghv Vflhqfhv/
834< Prqdvwlu/ Wxqlvld

+Uhfhlyhg= Ghfhpehu 44/ 4<<:,

Devwudfw

/HW i EH D IXQFWLRQ RI WKH FRPSOH[ YDULDEOH } DGPLWWLQJ D /DXUHQW H[SDQVLRQ LQ
DQ DQQXOXV L ZLWK FHQWHU LQ WKH RULJLQ� )RU DQ DUELWUDU\ SRVLWLYH LQWHJHU q� 5LFFL
V
WKHRUHP DVVHUWV WKDW WKH IXQFWLRQ i FDQ EH ZULWWHQ DV WKH VXP RI q IXQFWLRQV i^q>n`�
n @ 3> 4> � � � > q� 4� GHoQHG E\

i^q>n`+}, @
4

q

q�4[
c@3

h{s

�
�5l�nc

q

�
i

�
} h{s

�
5l�c

q

��
> } 5 L=

,Q WKLV SDSHU� ZH VKDOO HVWDEOLVK FHUWDLQ UHVXOWV WR GHULYH VRPH SURSHUWLHV DQG IRUPXODV

SHUWDLQLQJ WR i^q>n` IURP i RQHV DQG WR H[SUHVV VRPH LGHQWLWLHV RI i DV IXQFWLRQV RI WKH

FRPSRQHQWV i^q>n`� $V DQ LOOXVWUDWLRQ� ZH FRQVLGHU WKH IXQFWLRQ i+}, @ h{s+},� 7KH

FRPSRQHQWV RI WKLV IXQFWLRQ DUH WKH K\SHUEROLF IXQFWLRQV RI RUGHU q DQG n�WK NLQG� )RU

WKRVH IXQFWLRQV� ZH REWDLQ DOWHUQDWLYH SURRIV RI NQRZQ LGHQWLWLHV DQG RWKHU SURSHUWLHV

ZKLFK DUH EHOLHYHG WR EH QHZ�

Nh| zrugv dqg skudvhv= /DXUHQW H[SDQVLRQ� 5LFFL
V 7KHRUHP� K\SHUEROLF IXQF�

WLRQV�

DPV vxemhfw fodvvl�fdwlrq= ��(���

�� W?|hL_�U|�L?

Ohw q eh dq duelwudu| srvlwlyh lqwhjhu1 Ghqrwh e| $? @ h{s+ 2�Z
?
, wkh

frpsoh{ q0urrw ri xqlw|/ dqg e| LQ? @ i3> 4> = = = > q � 4j wkh vhw ri wkh
�uvw q lqwhjhuv1 Ohw +L, @  eh wkh vsdfh ri ixqfwlrqv ri wkh frpsoh{
yduldeoh } dgplwwlqj d Odxuhqw h{sdqvlrq lq dq dqqxoxv L zlwk fhqwhu lq
wkh ruljlq +lq sduwlfxodu/ krorprusklf lq d flufxodu qhljkerxukrrg L ri wkh
ruljlq,1 Ohw d?c&o+L, @ d?c&o> n 5 LQ?/ eh wkh yhfwruldo vxevsdfh ri >
gh�qhg e| wkh v|pphwu| surshuw|=

i 5 d?c&o +, i+$?}, @ $&
?i+},= +414,



. Ghfrpsrvlwlrq ri Vrph Frpsoh{ Ixqfwlrqv111 DPL Yro17/Qr15/4<<<

Wkh vxevsdfhv d2cfo dqg d2c�o dprxqw/ uhvshfwlyho|/ wr vxevsdfhv ri hyhq
ixqfwlrqv dqg rgg ixqfwlrqv1
Wkh iroorzlqj ghfrpsrvlwlrq lq gluhfw vxp krogv=

Wkhruhp 414 +fi1 ^49/ s1 76`,

 @
?3��
&'f

d?c&o= +415,

Lw iroorzv wkdw li q lv qrw d sulph qxpehu/ qdpho| q @ st/ +s> t, 5 LQ2/ dqg
s dqg t � 5/ zh kdyh

 @
R3��
o'f

dRcoo>

zkhuh

dRcoo @
^3��
�'f

d?cR�noo> u 5 LQR= +416,

Iurp +4=5,/ zh ghgxfh wkdw iru dq| ixqfwlrq i ehorqjlqj wr  wkhuh h{lvwv
d xqltxh vhtxhqfh

�
id?c&o

�
&MW�?

/ id?c&o 5 d?c&o/ vxfk wkdw

i @
?3�[
&'f

id?c&o> +417,

dqg

id?c&o+}, @ �d?c&o+i,+}, @
4

q

?3�[
�'f

$3&�
? i+$�

?},> n 5 LQ?> +418,

zkhuh �d?c&o lv wkh surmhfwlrq rshudwru rq d?c&o dorqj zd?c&o @
?3��
�'f

��'&

d?c�o1

Wkh lghqwlw| +4=7, lv fdoohg wkh ghfrpsrvlwlrq ri wkh ixqfwlrq i zlwk uhvshfw
wr wkh f|folf jurxs i$&

?> n 5 LQ?j dqg wkh ixqfwlrqv id?c&o gh�qhg e| +4=8,
zloo eh uhihuuhg wr dv wkh frpsrqhqwv +zlwk uhvshfw wr wkh f|folf jurxs ri
rughu q, ri wkh ixqfwlrq i 1
Qrwlfh wkdw li i+}, @

S
"

6'f d6}6 / wkhq

id?c&o+}, @
"[

6'f

d?6n&}
?6n&= +419,

Vr/ iru wkh jhqhudol}hg k|shujhrphwulf ixqfwlrqv gh�qhg e| +vhh/ h1j1/ ^45/
s1 469/ Ht1 +4,`,=

RI^+}, @ RI^

3
Cd�> = = = > dR>

}
e�> = = = > e^>

4
D @

n"[
6'f

+d�,6 � � � +dR,6
+e�,6 � � � +e^,6 � }

6

p$
> +41:,
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zkhuh
� +d,6 lv wkh Srfkodpphu v|pero jlyhq e| +fi1 ^4/ s1 589/ Ht1

+914155,`,=

+d,6 @

�
4 li p @ 3>
d+d. 4, � � � +d.p� 4, li p @ 4> 5> 6> = = = >

+41;,

ru lq whupv ri Jdppd ixqfwlrqv=

+d,6 @
�+d.p,

�+d,
> d 9@ 3>�4>�5> = = = >

� s dqg t duh srvlwlyh lqwhjhuv ru 3 +lqwhusuhwlqj dq hpsw| surgxfw
dv 4,>

� } lv wkh frpsoh{ yduldeoh>
� wkh qxphudwru sdudphwhuv d� > l @ 4> = = = > s/ dqg wkh ghqrplqdwru

sdudphwhuv e� > m @ 4> = = = > t/ wdnh rq frpsoh{ ydoxhv/ surylghg wkdw e� 9@
3>�4>�5> = = = > m @ 4> = = = > t1
Zh kdyh +fi1 ^47/ s1 ;<3/ Ht1 +8,` ru ^4:/ s1 4<7/ Ht1 +45,`,=

�d?c&o

3
C} $ RI^+}, @ RI^

3
C d�> = = = > dR>

}
e�> = = = > e^>

4
D
4
D

@ +} $ !+q> n> d�> = = = > dR> e�> = = = > e^> },,>

+41<,

zlwk

!+q> n> d�> = = = > dR> e�> = = = > e^> }, @
+d�,& � � � +dR,&
+e�,& � � � +e^,& � }

&

n$

�?RI?^n?3�

3
C �+q> d� . n,> = = = >�+q> dR . n,>

5?

?E�3Rn^�?

�W+q> n . 4,> �+q> e� . n,> = = = >�+q> e^ . n,>

4
D >

zkhuh �+q> �, lv wkh vhw ri q sdudphwhuv=

�+q> �, �
�
�

q
>
�. 4

q
= = = >

�. q� 4

q

�
> q 5 LQW>

dqg �W+q> n . 4, @ �+q> n . 4, q iq
q
j1

Wkxv/ wkh surmhfwlrq rshudwru �d?c&o fdq eh wkrxjkw ri dv d surfhvv ri dxj0
phqwlqj wkh sdudphwhuv lq wkh RI^ ixqfwlrq rewdlqlqj lqvwhdg ?RI?^n?3�1
Pruhryhu/ wkhuh duh lq wkh olwhudwxuh qxphuhrxv surfhvvhv ri dxjphqwdwlrq
ri sdudphwhuv ri wkh RI^1 Zh flwh/ iru lqvwdqfh=
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. Ghfrpsrvlwlrq ri Vrph Frpsoh{ Ixqfwlrqv111 DPL Yro17/Qr15/4<<<

1 Wkh Odsodfh wudqvirup dqg lwv lqyhuvh +fi1 ^9/ Yro1L/ s1 54</ Ht1+4:,
dqg s1 5<:/ Ht1+4,`,>

1 Wkh Hxohu wudqvirup +fi1 ^48/ s1 437/ Ht1 +7,`,>
1 Wkh g*Degxo0Kdolp0Do0Vdohp wudqvirup +fi1 ^4/ s1 85/ Ht1 +516,`,>

1 Wkh Mdlq wudqvirup +fi1 ^44/ s1 4;/ Ht1 +516,`,>
1 Wkh Vulydvwdyd0Vlqjkdo wudqvirup +fi1 ^54/ s1 759/ Ht1 +417,`,>
1 Wkh Vulydvwdyd0Mrvkl wudqvirup +fi1 ^4</ s1 4</ Ht1 +516,`,>
1 Wkh Vulydvwdyd0Sdqgd wudqvirup +fi1 ^53/ s1 63</ Ht1 +41:,`,>

zklfk kdv qxphuhrxv dssolfdwlrqv lq wkh vshfldo ixqfwlrqv wkhru|1 Vr/ lw lv
vljql�fdqw wr vwxg| wkhvh surmhfwlrq rshudwruv1

Lq wkh vhtxho/ zh sxusrvh wr hvwdeolvk vrph uxohv ri fdofxoxv wr idflolwdwh
wkh xvh ri wkh surmhfwlrq rshudwruv �d?c&o1 Pruh suhflvho|/ zh zloo hydoxdwh
wkh surmhfwlrq ri wkh surgxfw ri wzr ixqfwlrqv dqg/ xqghu fhuwdlqv frqgl0
wlrqv/ wkh surmhfwlrq ri wkh frpsrvlwh ri wzr ixqfwlrqv1 Zh zloo lqwurgxfh d
fodvv ri olqhdu pdsslqjv lq / fdoohg krprjhqhrxv/ wkdw frqwdlqv vrph xvxdo
rshudwruv1 Wkh frpsrvlwh ri wkh surmhfwlrq rshudwruv dqg d krprjhqhrxv
pdsslqj zloo eh ghwhuplqhg1 Wkh ghfrpsrvlwlrq ri d olqhdu pdsslqj lq 
dv d vxp ri q krprjhqhrxv pdsslqjv zloo eh vwdwhg dqg suryhg1 Wkhuh0
diwhu/ vrph rewdlqhg uhvxowv zloo eh xvhg wr ghulyh fhuwdlq surshuwlhv dqg
irupxodv shuwdlqlqj wr id?c&o iurp i rqhv e| d phuh phfkdqlfdo dssolfdwlrq
ri wkh surmhfwlrq rshudwruv dqg wr h{suhvv vrph lghqwlwlhv ri i xvlqj wkh
frpsrqhqwv id?c&o1 Wkhq/ dv dq dssolfdwlrq/ zh zloo frqvlghu wkh ixqfwlrq
i+}, @ h{s+},1 Wkh frpsrqhqwv ri wklv ixqfwlrq duh wkh k|shuerolf ixqf0
wlrqv ri rughu q dqg n0wk nlqg +vhh iru/ h1j1/ ^:/ s1 546/ Ht1 +;,`,1 Iru
wkrvh ixqfwlrqv/ zh rewdlq dowhuqdwlyh surriv ri nqrzq lghqwlwlhv dqg rwkhu
surshuwlhv zklfk duh eholhyhg wr eh qhz1

Lq wkh iruwkfrplqj sdshuv/ zh vkdoo h{soruh vrph h{solflw h{dpsohv lq
ghwdlo hvshfldoo| wkh Ehvvho ixqfwlrqv> Odjxhuuh sro|qrpldov> Erdv0Exfn
sro|qrpldov> Eudipdq sro|qrpldov> dqg Vulydvwdyd0Sdqgd sro|qrpldov wr
looxvwudwh sduwlfxodu srlqwv lq wkh jhqhudo wkhru|1 Ehvlghv/ zh vkdoo dsso|
vrph uhvxowv hvwdeolvkhg lq wklv sdshu wr vrph txhvwlrqv dulvlqj lq vshfldo
ixqfwlrqv wkhru| dqg lq kduprqlf dqdo|vlv1

2� �Tih@|�L?t �? l @?_ ThL�iU|�L? LTih@|Lht

Iurp wkh v|pphwu| surshuw| +4=4,/ rqh fdq hdvlo| vwdwh wkh iroorzlqj uh0
vxowv=

Sursrvlwlrq 514 Ohw +i> j, 5 d?c&o � d?c&�o/ wkhq

4= i � j 5 

d?c

�} �� ~
n . n�o

>
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5= i � j 5 

d?c

�} ��~
n � n�o

>

zkhuh wkh qrwdwlrq i �j dvvxphv wkh h{lvwhqfh ri wklv ixqfwlrq dqg bu/ u 5 LQ/
ghqrwhv wkh fodvv ri u prgxor q1

Xvlqj wkhvh surshuwlhv dqg wkh ghfrpsrvlwlrq +4=7,/ zh ghgxfh wkh iroorzlqj

Fruroodu| 515 42 Ohw +i> j, 5 / zh kdyh

�d?c&o+i � j, @
[

ono�
&E?�

�d?coo+i, ��d?co�o+j,= +514,

52 Ohw +i> j, 5 � d?c^o/ t 5 LQW

?1
1 Li wkhuh h{lvw �t 5 LQW

? vxfk wkdw t�t � 4+q,/ wkhq

�d?c&o+i � j, @ �d?c& �̂o+i, � j= +515,

1 Li q @ st dqg n @ tu/ wkhq

�dR^c^oo+i � j, @ �dRcoo+i, � j= +516,

Wr suryh +5=6, lw lv vx�flhqw wr uhpdun wkdw wkh lghqwlw| +4=6, lpsolhv

�dRcoo @
[

roER�

�dR^cro=

Vrph xvhixo uxohv duh jlyhq e| wkh iroorzlqj

Fruroodu| 516 42 Li I @
To

�'� i�/ i� 5 / wkhq

Id?c&o+}, @
[

��n�2nuuun�o&E?�

o\
�'�

�d?c��o +i�, = +517,

52 Li I +}, @ i+�},/ � 5 F dqg i 5 / wkhq

Id?c&o+}, @ id?c&o+�},= +518,

62 Li I +}, @ i+}^,/ i 5  dqg t 5 LQW/ wkhq

IdR^c�^o+}, @ idRc�o+}
^,> c 5 LQR= +519,

72 Li I +}, @ i
�
�
5

�
/ i 5 / wkhq

Id?c&o+}, @ id?c?3&o

�
4

}

�
= +51:,
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82 Li wkh ixqfwlrq i vdwlv�hv wkh ixqfwlrqdo uhodwlrq=

i+} . }�, @
o[

R'�

kR+},jR+}
�,> u 5 LQW> +51;,

zkhuh wkh ixqfwlrqv kR dqg jR/ s @ 4> 5> = = = > u/ ehorqj wr / wkhq

�d?c&o+i,+} . }�, @
o[

R'�

[
rnr�

&E?�

�d?crokR+}, �d?cr�ojR+}
�,= +51<,

Surri1
42 Wkh uhlwhudwlrq ri +5=4, ohdgv wr +5=7,1
52 Vlqfh wkh ixqfwlrq }�$�}/ � 5 F/ ehorqjv wr d?c�o/ wkh lghqwlw| +5=8,
dulvhv iurp +5=5,1
62 Li zh sxw j+}, @ }^ lq +5=6,/ zh rewdlq +5=9,1
72 Wkh ixqfwlrq }�$�

5
ehorqjv wr d?c?3�o1 Vlqfh zh kdyh +q� 4,+q� 4, �

4+q,/ wkh lghqwlw| +5=5, |lhogv wkh irupxod +5=:,1
82 Iurp +5=;,/ zh ohduq

i
�
+} . }�,�

�
@

o[
R'�

kR+}�,jR+}
��,=

Li zh dsso| wkh surmhfwlrq rshudwru �d?c&o wr wkh wzr phpehuv ri wklv lghq0
wlw|/ frqvlghuhg dv ixqfwlrqv ri wkh yduldeoh �/ dqg zh xvh +5=8, dqg +5=4,
zh rewdlq

�d?c&o+i,
�
+} . }�,�

�
@

o[
R'�

[
rnr�

&E?�

�d?crokR+}�, �d?cr�ojR+}
��,>

zklfk/ iru � @ 4/ dprxqwv wr +5=<,1

�� OL4L}i?iL�t 4@TT�?}t

Wr pdnh hdvlhu wkh xvh ri wkh surmhfwlrq rshudwruv/ zh lqwurgxfh wkh iro0
orzlqj qrwlrq =

Gh�qlwlrq 614 Ohw * eh d olqhdu pdsslqj lq / * lv fdoohg krprjhqhrxv
ri ghjuhh c/ c 5 LQ?/ li dqg rqo| li *+d?c&o, � 

d?c

�} �� ~
n . co

iru doo n 5 LQ?1

Dv h{dpsohv ri krprjhqhrxv pdsslqjv zh phqwlrq =
41 Iru hdfk k 5 LQ?/ �d?c�o lv krprjhqhrxv ri ghjuhh 31
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51 Wkh vfdolqj rshudwru Vk/ � 5 FW/ gh�qhg e|

+Vk i, +}, @ i+�},

lv krprjhqhrxv ri ghjuhh 31

61 Wkh q0wudqvodwlrq rshudwru ?�1/ � 5 F/ gh�qhg e|

+?�1 i, +}, @
4

q

?3�[
&'f

i+} . $&
? �, @ �d?cfo +��$i+} . �,,

lv krprjhqhrxv ri ghjuhh 31

71 Wkh ghulydwlyh rshudwru G5 @ _
_5

lv krprjhqhrxv ri ghjuhh +q� 4,1

81 Iru hdfk j 5 d?c�o/ wkh pdsslqj i�$ji lv krprjhqhrxv ri ghjuhh c1

Qrwlfh wkdw wkh frpsrvlwh ri wzr krprjhqhrxv pdsslqjv ri ghjuhh uhvshf0
wlyho| c dqg c� lv krprjhqhrxv ri ghjuhh +c. c�,1

Rwkhu fkdudfwhul}dwlrqv ri wkh krprjhqhrxv pdsslqjv duh jlyhq e| wkh
iroorzlqj

Wkhruhp 615 Ohw * eh d olqhdu pdsslqj lq  dqg c 5 LQ?/ wkh iroorzlqj
vwdwhphqwv duh htxlydohqw =

+l, * lv krprjhqhrxv ri ghjuhh c1

+ll, �
d?c

�} �� ~
n . co

� * @ * � �d?c&o iru doo n 5 LQ?1

+lll, V/? � * @ $�
? * � V/? 1

Surri1 +l, @, +ll, = Ohw n 5 LQ?1 Iru hdfk i 5 / zh kdyh

i @ id?c&o . izd?c&o> zkhuh
�
id?c&o> i

z

d?c&o

�
5 d?c&o � z

d?c&o=

Wkh surshuw| +l, lpsolhv�
*
�
id?c&o

�
> *

�
izd?c&o

��
5 

d?c

�} �� ~
n . co

� z

d?c

�} �� ~
n . co

=

Vr �
d?c

�} �� ~
n . co

� * +i, @ *
�
id?c&o

�
@ * � �d?c&o+i,

dqg +ll, krogv1

Wr suryh +ll, @, +lll,/ lw lv vx�flhqw wr revhuyh wkdw

V/? @
?3�[
&'f

$&
?�d?c&o=
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+lll, @, +l,= Ohw i 5 d?c&o1 Zh kdyh iurp wkh uhodwlrq +lll, dqg wkh
v|pphwu| surshuw| +4=4,/

V/? +*+i,, @ $�
? * � V/?+i, @ $&n�

? * +i,=

Vr *+i, 5 
d?c

�} �� ~
n . co

dqg +l, krogv1

Qrz/ zh vwdwh dq xvhixoo uhvxow=

Fruroodu| 616 Ohw * eh d krprjhqhrxv pdsslqj ri ghjuhh c dqg ohw
u 5 LQ vxfk wkdw uc � 3+q,1 Li i lv dq hljhqyhfwru ri * dvvrfldwhg zlwk wkh
hljhqydoxh � wkhq wkh frpsrqhqwv id?c&o> n 5 LQ?/ ri i duh hljhqyhfwruv ri
*o dvvrfldwhg zlwk wkh hljhqydoxh �o1

Surri1 Wkh pdsslqj *o lv krprjhqhrxv ri ghjuhh 3 vlqfh uc � 3+q,1 Vr/
dffruglqj wr Wkhruhp 614/ lw frppxwdwhv zlwk �d?c&o iru doo n 5 LQ?1 Wkhq
zh kdyh=

*o+id?c&o, @ *o ��d?c&o+i, @ �d?c&o � *o+i, @ �d?c&o+�
oi, @ �oid?c&o>

zklfk �qlvkv wkh surri1

Fruroodu| 617 Ohw i eh d ixqfwlrq lq  vxfk wkdw

i+{. |, @
o[

R'�

kR+{,jR+|,> u 5 LQW> +614,

zkhuh wkh ixqfwlrqv kR hw jR/ s @ 4> 5> = = = > u/ ehorqj wr / wkhq

?�+�d?cfo+i,+{, @
o[

R'�

�d?cfo+kR,+{,�d?cfo+jR,+|,= +615,

Surri1 Iurp +6=4, dqg wkh gh�qlwlrq ri wkh q0wudqvodwlrq rshudwru/ zh
ghgxfh

?�++i,+{, @
o[

R'�

+kR,+{,�d?cfo+jR,+|,=

Li zh dsso| wkh surmhfwlrq rshudwru �d?c&o wr wkh wzr phpehuv ri wkh odvw
lghqwlw|/ frqvlghuhg dv ixqfwlrqv ri wkh yduldeoh {/ zh rewdlq +6=5,1
Qrwlfh wkdw +6=5, pd| dovr eh ghgxfhg iurp +5=<,1

Qh{w/ zh xvh wkh krprjhqhrxv pdsslqjv wr ghfrpsrvh O+,/ wkh yhfwru
vsdfh ri olqhdu pdsslqjv iurp  lqwr 1 Gh�qh wkh pdsslqj=

� = O+, �$ O+,
* �$ �+*, @ V/? � * � V7/? =

6:
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Lw iroorzv lpphgldwho| iurp Wkhruhp 614/ wkdw wkh vxevsdfh +O+,,d?c�o ri
krprjhqhrxv pdsslqjv ri ghjuhh c fdq eh gh�qhg e| wkh surshuw|=

* 5 +O+,,d?c�o +, �+*, @ $�
? *= +616,

Wkh iroorzlqj ghfrpsrvlwlrq lq gluhfw vxp krogv=

Wkhruhp 618

O+, @
?3��
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d> e>

4
D � fI2

3
C �>

�{
d> e>

4
D

@ �IH

3
C �

�+d. e� 4,> ��+d. e,> ��+d. e. 4,>
�2.

Se{
2

d> e> �2d>
�
2+d. 4,> �2e>

�
2+e. 4,> �2+d. e� 4,> �2+d. e,>

4
D >

+fi1^48/ s1439`,>

� fI�

3
C �>

{
9f>

4
D � fI�

3
C �>

$�{
9f>

4
D � fI�

3
C�>

$2
�{

9f>

4
D

@ 2I.

3
C 6f� �

e > 6f.
�
e >

+ eb,
�{�

9f> 5f> 5f. �
� > 5f.

2
� > 7f� �

� > 7f> 7f.
�
� >

4
D >

+fi1^43/ s14846`,1
Iurp +9=6,/ zh vhh wkdw lw lv srvvleoh wr h{suhvv wklv surgxfw dv wkh qwk0rughu
flufxodqw ghwhuplqdqw1

Uhpdun 5 Wkh irupxod +9=7, fdq eh xvhg wr ghulyh vrph lghqwlwlhv/
vdwlv�hg e| wkh frpsrqhqwv ri i 1 Iru lqvwdqfh=

41 Iurp wkh hohphqwdu| lghqwlw| i+{D, � j+{D, @ +i � j,+{D,/ zh ghulyh
+5=4,1

51 Li wkh ixqfwlrq i vdwlv�hv wkh ixqfwlrqdo uhodwlrq i+{, i+|, @ i+{.|,/
wkhq

�d?c&o+i,+{. |, @
[

ono�
&E?�

�d?coo+i,+{, � �d?co�o+j,+|,= +918,

.� �? �**�t|h@|�L?G A�i Bi?ih@*�3i_ O)TihML*�U 6�?U�
|�L?t

Lq wklv vhfwlrq/ zh looxvwudwh wkh deryh surfhvv dqg uhvxowv e| wuhdwlqj wkh
ixqfwlrq i+}, @ h{s+},1 Ghqrwh e| k?c& wkh frpsrqhqwv zlwk uhvshfw wr

7:
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wkh f|folf jurxs ri rughu q ri wkh ixqfwlrq i 1 Dffruglqj wr +4=8,/ zh kdyh

k?c&+}, @
4

q

?3�[
�'f

h{s

�
�5l�nc

q

�
h{s

�
} h{s

�
5l�c

q

��
> +:14,

zklfk zloo eh uhihuuhg wr dv wkh k|shuerolf ixqfwlrq ri rughu q dqg n0wk
nlqg1 Wkh wzr k|shuerolf ixqfwlrqv ri rughu q @ 5 duh wkxv k2cf+}, @ frvk }
dqg k2c�+}, @ vlqk }1
Pdq| dxwkruv ghdow zlwk wkh vwxg| ri wkhvh ixqfwlrqv1 D odujh eleolrjudsk|
pd| eh frqvxowhg lq ^46`1 Zh jdwkhu ehorz vrph surshuwlhv shuwdlqlqj wr
wkh ixqfwlrqv jlyhq e| +:=4,1 Wkhuhdiwhu/ zh suryh wkhp e| xvh ri vrph
uhvxowv hvwdeolvkhg lq wklv sdshu1 Uhfdoo �uvw/

S41 k?c&+$
6
? }, @ $&6

? k?c&+},> +fi1 ^:` s1547 Ht1+44,,>

S51 h{s+$6
? }, @

?3�[
&'f

$&6
? k?c&+},> +fi1 ^:` s1547 Ht1+43,,>

S61 k?c&+}, @
"[

6'f

}?6n&

+qp. n,$
> +fi1 ^:` s1546 Ht1+;,,>

S71
gok?c&
g}o

@ k
?c

�} �� ~
n � u

> +fi1 ^:` s1547 Ht1+45,,>

S81 k?c&+}, @
4

5l�

]
�

w?3&3�

w? � 4
h{s+}w, gw>

zkhuh F lv d vlpsoh forvhg fxuyh hqflufolqj wkh xqlw flufoh rqfh lq wkh srvlwlyh
vhqvh/ +fi1 ^:` s1546 Ht1+<,,>

S91

] n"

f
h3r|k?c&+w,gw @

v?3&3�

v? � 4
> ?v A 4> +fi1 ^:` s1547 Ht1+48,,>

S:1 k?c&+{. |, @
?3�[
�'f

k?c�+{,k?c �&3�
+|,> +fi1 ^:` s1547 Ht1+46,,>

S;1
4

q

?3�[
o'f

k?cf+{. $o
?|, @ k?cf+{,k?cf+|,> +fi1 ^49` s17; Ht1+719,,>
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S<1
?3�[
&'f

mk?c&+{,m2 @
4

q

?3�[
r'f

h{s^5{ frv
5�v

q
`> +fi1 ^;` s15<6 Ht1+618,,>

Ohw I+}, wkh q� q flufxodqw pdwul{

I +}, @

3
EEC

k?cf+}, k?c?3�+}, � � � k?c�+},
k?c�+}, k?cf+}, � � � k?c2+},

111
111

1 1 1
111

k?c?3�+}, k?c?3�+}, � � � k?cf+},

4
FFD >

zh kdyh

S431 ghw I +}, @ 4> +fi1 ^:` s1547 Ht1+47,,>

S441 I +}, � I +}�, @ I +} . }�,> +fi1 ^55` s19;< Ht1+;,,=

Surri1
1 Wr suryh S4> S5> dqg S6/ lw lv vx�flhqw wr xvh/ uhvshfwlyho|/ wkh

lghqwlwlhv +4=4,> +4=7,> dqg +4=9,1

1 Wkh ghulydwlyh rshudwru
go

g}o
lv krprjhqhrxv ri ghjuhh

b} �� ~
q� u1 Vr/

dffruglqj wr Wkhruhp 614/ zh kdyh

�
d?c

�} �� ~
n � uo

� go

g}o
@

go

g}o
� �d?c&o=

Wkhq

go

g}o
+k?c&, @

go

g}o
��d?c&o+i, @ �

d?c

�} �� ~
n � uo

� go

g}o
+i, @ �

d?c

�} �� ~
n � uo

+i, @ k
d?c

�} �� ~
n � uo

>

dqg S7 krogv1
1 Li zh sxw i+}, @ h5 lq wkh lqwhjudo uhsuhvhqwdwlrq +7=4,/ zh rewdlq

S81
1 Wkh lqwhjudo uhsuhvhqwdwlrq

I +}, @
4

v� }
@

] n"

f
h3r| h5|gw> ?v Am } m>

vdwlv�hv wkh frqglwlrqv ri wkh sursrvlwlrq +7=6,1 Vr/ xvlqj +7=:, dqg +7=7,/
zh rewdlq

v?3&3�}&

v? � }?
@

] n"

f
h3r|k?c&+}w,gw>

zklfk/ iru } @ 4/ frphv wr S91
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1 Wkh surshuwlhv S:> S;> S<> S43> dqg S44 pd| eh ghgxfhg/
uhvshfwlyho|/ iurp +5=<,> +6=5,> +8=5,> +7=6,> dqg S:1

Qh{w/ zh hvwdeolvk rwkhu surshuwlhv zklfk duh eholhyhg wr eh qhz iru wkh
ixqfwlrqv k?c&
41 D fxuyh/ lq LU?/ dvvrfldwhg zlwk wkh ixqfwlrq i+}, @ h{s+},1
Ohw �? eh wkh pdsslqj=

�? = LU �$ LU?

{ �$ �?+{, @

#
k?c&+{,

$
&MW�?

=

Ghqrwh wkh udqjh ri �? e| �?1 �2 lv wkh k|shuerod ri htxdwlrq= {2f�{2� @ 41
Iurp S43/ zh ghgxfh wkdw �? olhv rq wkh k|shuvxuidfh ri htxdwlrq=���������

{f {?3� � � � {�

{� {f
1 1 1 {2

111
1 1 1

1 1 1
111

{?3� {?32 � � � {f

���������
@ 4=

Qrz/ gh�qh wkh rshudwlrq � lq LU? dv iroorz=
Ohw +[> \> ], 5 +LU?,�/zlwk

[ @ +{�,�MW�? > \ @ +|�,�MW�? > dqg ] @ +}�,�MW�? =

Zh vd| ] @ [ � \ li dqg rqo| li

}o @
[

�n&oE?�

{� |&=

Iurp S:/ zh ghgxfh wkh uhodwlrq �?+{,��?+|, @ �?+{.|, 1 Wklv lpsolhv
wkdw +�?> �, dqg +LU>., duh wzr lvrprusklf jurxsv vlqfh �? lv d rqh0wr0rqh
pdsslqj iurp LU wr �?1 Vr �? lv d rqh glphqvlrqdo pdqlirog htxlsshg zlwk
d jurxs vwuxfwxuh1
51 D vhulhv ri jhqhudol}hg k|shuerolf ixqfwlrqv1
Ohw xv frqvlghu wkh ixqfwlrq }�$ h{s +h{s+},, zklfk pd| eh h{suhvvhg e|

"[
6'f

h65

p$
@ h{s +k?cf+},,

?3�\
&'�

h{s +k?c&+},, = +:15,

Wkh dfwlrq ri wkh surmhfwlrq rshudwruv �d?c&o rq erwk vlghv ri wklv lghqwlw|
dqg xvh ri wkh uxoh +5=7, jlyh ulvh wr wkh uhodwlrq

"[
6'f

k?c&+p},

p$
@ h{s +k?cf+},, �

[
��n2�2nuuunE?3���?3�&E?�
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Iru q @ 5/ wklv lghqwlw| vshfldol}hv wr +fi1 ^</ s1 75/ Ht1 +417:4,`,=

"[
6'f

frvk+p},

p$
@ h{s +frvk+},, � frvk +vlqk+},, >

"[
6'�

vlqk+p},

p$
@ h{s +frvk+},, � vlqk +vlqk+},, =

Zh frqfoxgh e| uhpdunlqj wkdw wkh deryh phwkrg/ xvhg lq wklv vhfwlrq/
ri ghulydwlrq ri wkh surshuwlhv ri wkh ixqfwlrqv k?c& zrxog dsso| pxwdwlv
pxwdqglv wr wkh ixqfwlrq

}�$ h{s +� }, > � 5 F>

zkrvh frpsrqhqwv duh

�& Ik?

?c&> n @ 3> 4> 5> = = = > q� 4>

zkhuh wkh ixqfwlrqv Ik
?c& duh gh�qhg e|

Ik
?c&+}, @

"[
6'f

�6 }?6n&

+qp. n,$
>

dqg fdoohg wkh �0k|shuerolf ixqfwlrqv ri rughu q dqg n0wk nlqg vwxglhg
e| Xqjdu +fi1 ^56`,1 Wkhvh ixqfwlrqv fdq eh h{suhvvhg e| wkh jhqhudol}hg
k|shujhrphwulf ixqfwlrq R�^ gh�qhg e| wkh vhulhv +fi1^8/ s1 4;6`,=

R�^

5
7 +��> D�,> = = = > +�R> DR,>

}
+��> E�,> = = = > +�^> E^,>

6
8 @

n"[
6'f

TR
�'� �+�� .D�p,T^
�'� �+�� .E�p,

� }
6

p$
> +:17,

zkhuh wkh sdudphwhuv

�� > l @ 4> = = = > s> dqg �� > m @ 4> = = = > t>

duh frpsoh{ qxpehuv/ dqg wkh dvvrfldwhg frh�flhqwv

D� > l @ 4> = = = > s dqg E� > m @ 4> = = = > t>

duh srvlwlyh uhdo qxpehuv vxfk wkdw

� =@ 4 .

^[
�'�

E� �
R[

�'�

D� A 3>

surylghg wkdw qr }hurv dsshdu lq wkh ghqrplqdwru ri +:=7,1
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Lq idfw/ zh kdyh +fi1 ^4;/ s1 546/ Ht1 +4:,`,

Ik
?c& +}, @ }& ���

5
7 +4> 4,>

�}?

+n . 4> q,>

6
8 =

Iru � @ 4/ zh kdyh wkh ixqfwlrqv +:=4,1
Iru � @ �4/ zh kdyh wkh jhqhudol}hg wuljrqrphwulf ixqfwlrqv ri rughu q dqg
wkh n0wk nlqg +fi1 ^:/ s1 548/ Ht1 +4;,`,1 Lq wklv fdvh/ erwk wkh lghqwlwlhv
+8=5, dqg +9=6, duh uhgxfhg/ iru q @ 5 dqg } 5 LU/ wr wkh idprxv irupxod

frv2 } . vlq2 } @ 4=

Uhihuhqfhv

41 Degxo0Kdolp Q1/ Do0Vdohp Z1D1 Grxeoh Hxohu wudqvirupdwlrqv ri fhuwdlq
k|shujhrphwulf ixqfwlrqv1 Gxnh Pdwk1 M1/ 63 +4<96,/ 840951

51 Deudprzlw} P1/ Vwhjxq L1D1 %Kdqgerrn ri Pdwkhpdwlfdo Ixqfwlrqv%1 Qd0
wlrqdo Exuhdx ri Vwdqgdugv/ Zdvklqjwrq/ G1F1/ 4<971

61 Exufkqdoo M1O1 Gl�huhqwldo htxdwlrqv dvvrfldwhg zlwk k|shujhrphwulf ixqf0
wlrqv1 Txduw1 M1 Pdwk1 R{irug Vhu1/ 46 +4<75,/ <304391

71 Frxudqw U1/ Kloehuw G1 %Phwkrgv ri pdwkhpdwlfdo sk|vlfv%1 Yro1LL1 Sduwldo
gl��huhqwldo Htxdwlrqv1 Lqwhuvflhqfh Sxeolvkhuv1 Zloh| ) vrqv1 Qhz \run/
4<941

81 Hug�ho|l D1/ Pdjqxv Z1/ Rehukhwwlqjhu I1/ Wulfrpl I1J1 %Kljkhu wudqvfhqgdo
ixqfwlrqv%1 Yrov1 L dqg LL1 Pf Judz0Kloo Qhz \run/ 4<861

91 Hug�ho|l D1/ Pdjqxv Z1/ Rehukhwwlqjhu I1/ Wulfrpl I1J1 Wdeohv ri Lqwhjudov
Wudqvirupv1 Yrov1 L dqg LL1 Pf Judz0Kloo Qhz \run/ 4<871

:1 Hug�ho|l D1/ Pdjqxv Z1/ Rehukhwwlqjhu I1/ Wulfrpl I1J1 Kljkhu wudqvfhqgdo
ixqfwlrqv1 Yro1 LLL 1 Pf Judz0Kloo Qhz \run/ 4<881

;1 Jrrg L1M1 D vlpsoh jhqhudol}dwlrq ri dqdo|wlf ixqfwlrq wkhru|1 H{s1 Pdwk1/
9 +4<;;,/ 5;<06441

<1 Judgvkwh|q L1V1/ U|}kln L1P1 %Wdeoh ri Lqwhjudov/ Vhulhv dqg surgxfwv%1 Dfd0
ghplf Suhvv/ Qhz \run/ 4<;31

431 Khqulfl S1 D wulsoh surgxfw wkhruhp iru k|shujhrphwulf vhulhv1 VLDP1 M1
Pdwk1 Dqdo1/ 4; +4<;:,/ 48460484;1

441 Mdlq U1Q1 Vrph grxeoh lqwhjudo wudqvirupdwlrqv ri fhuwdlq k|shujhrphwulf
ixqfwlrqv1 Pdwk1 Mdsdq1/ 43 +4<98,/ 4:0591

451 Oxnh \1O1 %Wkh Vshfldo Ixqfwlrqv dqg wkhlu Dssur{lpdwlrqv%1 Yro1L1 Dfd0
ghplf Suhvv/ Qhz \run/ 4<9<1
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461 Pxogrrq P1H1/ Xqjdu D1D1 Jhqhudol}lqj wkh flufxodu dqg k|shuerolf ixqf0
wlrqv1 Pdwk1 Pdj1/ 9< +4<<9,/ 6047

471 Rvohu W1M1/ Dq Lghqwlw| iru Vlpsoli|lqj Fhuwdlq Jhqhudol}hg K|shujhrphwulf
Ixqfwlrqv1 Pdwk1 Frpsxw1/ 5< +4<:8,/ ;;;0;<61

481 Udlqylooh H1G1 %Vshfldo Ixqfwlrqv%1 Pdfploodq frpsdjq|/ Qhz \run/ 4<931

491 Ulffl S1H1 Oh ixq}lrql svhxgr0lshuerolfkh h svhxgr0wuljrqrphwulfkh1 Sxeo1
Lvwlw1 Pdw1 Dsso1 Idf1 Lqju1 Xqly1 Vwxg1 Urpd/ 45 +4<:;,/ 5:07<1

4:1 Vulydvwdyd K1P1 D qrwh rq fhuwdlq lghqwlwlhv lqyroylqj jhqhudol}hg k|shujh0
rphwulf vhulhv1 Qhgho1 Dndg1 Zhwhqvfk1 Surf1 Vhu1 D ;5 @ Lqgdj1 Pdwk1/
74 +4<:<,/ 4<405341

4;1 Vulydvwdyd K1P1 D fhuwdlq idplo| ri vxe0h{srqhqwldo vhulhv1 Lqw1 M1 Pdwk1
Hgxf1 Vfl1 Whfkqro1/ 58 +4<<7,/ 54405491

4<1 Vulydvwdyd K1P1/ Mrvkl F1P1 Fhuwdlq grxeoh Zklwwdnhu wudqvirupv ri jhqhu0
dol}hg k|shujhrphwulf ixqfwlrqv1 \rnrkdpd Pdwk1 M1/ 48 +4<9:,/ 4:0651

531 Vulydvwdyd K1P1/ Sdqgd U1 Vrph rshudwlrqdo whfkqltxhv lq wkh wkhru| ri
vshfldo ixqfwlrqv1 Qhgho1 Dndg1 Zhwhqvfk1 Surf1 Vhu1 D :9 @ Lqgdj1
Pdwk1/ 68 +4<:6,/ 63;064<1

541 Vulydvwdyd K1P1/ Vlqjkdo M1S1 Grxeoh Phlmhu wudqvirupdwlrqv ri fhuwdlq k|0
shujhrphwulf ixqfwlrqv1 Surf1 Fdpeulgjh Sklorv1 Vrf1/ 97 +4<9;,/ 75807631

551 Xqjdu D1D1 Jhqhudol}hg k|shuerolf ixqfwlrqv1 Dphu1 Pdwk1 Prqwko|/ ;<
+4<;5,/ 9;;09<41

561 Xqjdu D1D1 Kljkhu Rughu doskd k|shuerolf ixqfwlrqv1 Lqgldq M1 Sxuh Dsso1
Pdwk1/ 48 +4<;7,/ 63406371
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