
EHQGLQJ RI DQ RUWKRWURSLF FXVSHG SODWH

Jhrujh Y1 Mdldql

L1 Yhnxd Lqvwlwxwh ri Dssolhg Pdwkhpdwlfv
Welolvl Vwdwh Xqlyhuvlw|

6;3376 Xqlyhuvlw| Vwuhhw 5/ Welolvl/ Jhrujld

+Uhfhlyhg= Rfwrehu 43/ 4<<;,
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7KH EHQGLQJ RI DQ RUWKRWURSLF FXVSHG SODWH LQ HQHUJHWLF DQG ZHLJKWHG 6REROHY

VSDFHV KDV EHHQ FRQVLGHUHG� 7KH H[LVWHQFH DQG XQLTXHQHVV RI JHQHUDOL]HG DQG ZHDN

VROXWLRQV RI DGPLVVLEOH ERXQGDU\ YDOXH SUREOHPV �%93V� KDYH EHHQ LQYHVWLJDWHG�

Nh| zrugv dqg skudvhv= (OOLSWLF HTXDWLRQ ZLWK RUGHU GHJHQHUDWLRQ� HQHUJHWLF

VSDFH� ZHLJKWHG 6REROHY VSDFH� EHQGLQJ RI DQ RUWKRWURSLF FXVSHG SODWH�

DPV vxemhfw fodvvl�fdwlrq= SULPDU\ ��-��� VHFRQGDU\ ��&���

W?|hL_�U|�L?

Ohw R{�{2{� eh wkh Fduwhvldq frruglqdwh v|vwhp/ dqg ohw  eh d grpdlq
lq wkh sodqh R{�{2 zlwk d slhfhzlvh vprrwk erxqgdu|1 Wkh erg| erxqghg
iurp deryh e| wkh vxuidfh {� @ k+{�> {2, � 3> +{�> {2, 5 > iurp ehorz e|
wkh vxuidfh {� @ �k+{�> {2,> +{�> {2, 5 > iurp wkh vlgh e| d f|olqgulfdo
vxuidfh sdudooho wr wkh {�0d{lv/ zloo eh fdoohg d fxvshg sodwh1 Wkh srlqwv
S 5 C> dw zklfk v1f1 sodwh wklfnqhvv 5k+{�> {2, @ 3> zloo eh fdoohg sodwh
fxvsv1 Li k 5 F�+,> reylrxvo|/

3 � O =@ olp
'<�

C5k+T,

Cq
� .4> T 5 > S 5 C>

surylghg wkdw wkh �qlwh ru lq�qlwh olplw O h{lvwv> li S lv dq dqjxodu srlqw
ri wkh erxqgdu| C wkhq xqghu lqzdug wr C qrupdo q zh phdq elvhfwul{
ri dq dqjoh ehwzhhq xqlodwhudo wdqjhqwv wr C dw S 1  zloo eh fdoohg wkh
surmhfwlrq ri wkh sodwh1 C zloo eh fdoohg wkh sodwh erxqgdu|1 Rq �jxuhv
406 duh uhsuhvhqwhg wkh srvvleoh qrupdo vhfwlrqv +sur�ohv, ri d v|pphwulf
sodwh dw wkh srlqw S lq lwv qhljkerukrrg1

Ohw xv qrz frqvlghu dq ruwkrwurslf fxvshg sodwh1
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Wkh htxdwlrq ri fodvvlfdo ehqglqj wkhru| ri wkh ruwkrwurslf sodwhv kdv
wkh irup dv iroorzv +vhh ^4`/ s1 697,

Mz =@ +G�z> �� ,> ��.+G2z> 22 ,> 22.+G�z> 22 ,> ��

. +G�z> �� ,> 22.7+Gez> �2 ,> �2

@ i+{�> {2, lq  � U2> +314,

zkhuh z lv d gh�hfwlrq> i lv d odwhudo ordg> G� 5 F2+,> l @ 4> 5> 6> 7> dqg

G� =@
5H� k

�

6
> l @ 4> 5> 6> Ge =@

5Jk�

6
>

Gk �G� A 3> � @ 4> 5 li k A 3 +315,

+iru doo nqrzq ruwkrwurslf sodwhv wkhvh odvw frqglwlrqv duh ixo�oohg +vhh ^4`,,>
H�> l @ 4> 5> 6> dqg J duh hodvwlf frqvwdqwv iru wkh ruwkrwurslf fdvh> lqglfhv
diwhu frppd phdq gl�huhqwldwlrq zlwk uhvshfw wr fruuhvsrqglqj yduldeohv1

Lq sduwlfxodu/ li wkh sodwh lv lvrwurslf/

Hk @
H

4� �2
> � @ 4> 5> H� @

�H

4� �2
> J @

H

5+4 . �,
>

zkhuh H lv \rxqj*v prgxoxv dqg � lv Srlvvrq*v udwlr1

Ohw C eh wkh slhfhzlvh vprrwk erxqgdu| ri wkh grpdlq  zlwk d sduw
�� o|lqj rq wkh d{lv R{� dqg d sduw �2 o|lqj lq wkh xsshu kdoi0sodqh {2 A 3
+C � �� ^ �2,1

Ohw ixuwkhu wkh wklfnqhvv 5k A 3 lq^�2> dqg 5k � 3 rq ��= Wkhuhiruh

G�+{�> {2, A 3 lq  ^ �2> G�+{�> {2, � 3 rq ��> l @ 4> 5> 6> 7= +316,
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Lq sduwlfxodu fdvh ohw

G��{
^

2 � G�+{�> {2, � G2�{
^

2 > l @ 4> 5> 6> 7> lq > +317,

zkhuh

Gk� @ frqvw A 3> � @ 4> 5> l @ 4> 5> 6> 7> y @ frqvw � 3>

l1h1/

G�+{�> {2, @ �G�+{�> {2,{
^

2 > G�� � �G�+{�> {2, � G2�>

G�k A G2�> � @ 4> 5> +318,

+rwkhuzlvh wkhuh zrxog h{lvw vxfk srlqwv ri  zkhuh +315, zloo eh ylrodwhg,1
Lq wkh fdvh xqghu frqvlghudwlrq/ +314, lv dq hoolswlf htxdwlrq/ lq jhqhudo/
zlwk rughu ghjhqhudwlrq rq ��1

Zh uhfdoo +vhh ^4`, wkdw

Pk @ �+Gkz>kk.G�z> qq ,> � 9@ �> �> � @ 4> 5> +319,

P�2 @ �P2� @ 5Gez>�2 > +31:,

Tk @ Pkck .P2�cq> � 9@ �> �> � @ 4> 5> +31;,

TW

k @ Tk .P2�cq> � 9@ �> �> � @ 4> 5> +31<,

zkhuh Pk duh ehqglqj prphqwv/ Pkq> � 9@ �> duh wzlvwlqj prphqwv/
Tk duh vkhdulqj irufhv dqg TW

k duh jhqhudol}hg vkhdulqj irufhv +edu xqghu
uhshdwhg lqglfhv phdqv wkdw zh gr qrw vxp zlwk uhvshfw wr wkhvh lqglfhv,1

Lq srlqwv ri wkh sodwh erxqgdu|/ zkhuh wkh wklfnqhvv ydqlvkhv/ doo txdq0
wlwlhv zloo eh gh�qhg dv olplwv iurp lqvlgh ri =

�� �)*�?_h�U@* �i?_�?}

Lq wklv fdvh doo txdqwlwlhv ghshqg h1j1 rqo| rq {21 Khqfh +314, zloo kdyh wkh
irup dv iroorzv=

+G2zc22,c22 @ i+{2,> R ? {2 ? o> +414,

zkhuh o lv zlgwk ri wkh sodwh1 Lq dq| vhfwlrq {� @ frqvw zh kdyh wkh
vdph ghirupdwlrq1 Wkhuhiruh wkh ohqjwk ri wkh sodwh sod|v qr uroh1 Iurp
+319,0+31<, zh kdyh lq =

P2 @ �G2zc22> P� @ �G�zc22 @
G�

G2

P2> P�2 @ �P2� @ 3> +415,

T� @ 3> T2 @ P2c2> TW

k @ Tk> � @ 4> 5= +416,
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Iurp +414,0+416, wkhuh iroorzv

T2c2 @ �i+{2,> P2c22 @ �i+{2,>

G2zc22 @

%2]
,

+{2 � w,i+w,gw� F�+{2 � o,� F2> F�> F2 @ frqvw=

Khqfh

T2 @ �
%2]
,

i+w,gw. F�> +417,

P2 @ �
%2]
,

+{2 � w,i+w,gw. F�+{2 � o, . F2> +418,

zc2 @

%2]
,

N�+�,G
3�
2 +�,g� .

%2]
,

N2+�,�G
3�
2 +�,g� . F�> +419,

z @

%2]
,

+{2 � �,N�+�,G
3�
2 +�,g�

.

%2]
,

+{2 � �,N2+�,�G
3�
2 +�,g� . F�+{2 � o, . Fe> +41:,

zkhuh

N�+�, =@ F�o �F2 �
�]

,

i+w,wgw> +41;,

N2+�, =@ �F� .

�]
,

i+w,gw= +41<,

Iru i vxppdeoh rq ^3> o`/ reylrxvo|/

T2> P2 5 F+^3> o`,> z> zc2 5 F+`3> o`,>

wkh ehkdylru ri

zc2 dqg z zkhq {2 $ 3.
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ghshqgv/ lq ylhz ri +419,/ +41:,/ rq wkh frqyhujhqfh ri

L� =@

,]
f

� �G3�
2 +�,g�> l @ 3> 4> 5> � � � =

Reylrxvo|/

L� ? .4 , L�n� ? .4> l � 3> dqg L� @ .4 , L�3� @ .4> l � 3=

Vwdwhphqw 414

z> zc2 5 F+^3> o`, li Lf ? .4>

z 5 F+^3> o`, li Lf @ .4> L� ? .4> +4143,

+surylghg/ i lv erxqghg zlwk lwv ghulydwlyh lq vrph qhljkerukrrg `3> %` ri 3,>
lq wklv fdvh +Lf @ .4> L� ? .4, zc2 lv erxqghg dv {2 $ 3. l� +li dqg
rqo| li,

N�+3, @ 3> +4144,

l1h1/ lq yluwxh ri +418,/ +41;,/ l� P2+3, @ 3/ rwkhuzlvh lw zloo eh xqerxqghg1

Li L� @ .4 +khqfh Lf @ .4,> L2 ? .4/ wkhq z lv erxqghg +surylghg/
G2 5 F�+^3> o`,> i lv frqwlqxrxv lq 3/ dqg kdv erxqghg �uvw dqg vhfrqg
ghulydwlyhv lq `3> %`, l� +4144, lv ixo�oohg/ rwkhuzlvh z zloo eh xqerxqghg1

Li L2 @ .4/ wkhq z zloo eh erxqghg +surylghg/ iru �{hg n � 5

L& @ .4> L&n� ? .4> +4145,

i E��+3, @ 3> m @ 3> 4> ===> n � 5> i&3�+{2, lv frqwlqxrxv lq 3, +4146,

l� +4144, lv ixo�oohg/ dqg

N2+3, @ 3> +4147,

l1h1/ lq yluwxh ri +417,/ +41<,/ T2+3, @ 3/ rwkhuzlvh/ l1h1/ hlwkhu N2
�+3, .

N2
2+3, 9@ 3 ru L& @ .4 ;n> z zloo eh xqerxqghg>

Li L� @ .4/ wkhq zc2 lv erxqghg +surylghg/ +4145, dqg +4146, duh
ixo�oohg/ zkhq n � 5> dqg/ zkhq n @ 4> +4145, lv ixo�oohg dqg i+{2,
lv frqwlqxrxv lq 3, l� +4144,/ +4147, duh ixo�oohg/ rwkhuzlvh/ l1h1/ hlwkhu
N2

�+3, .N2
2+3, 9@ 3 ru L& @ .4 ;n> zc2 zloo eh xqerxqghg1
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;AAAAAAAAA?
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3 li G��

2+3, @ .4>
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G��
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G��
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@
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,

i+w,wgw,

G��

2+3,
liG��

2+3, 9@ 3>

4 li G��

2+3, @ 3> N�+3, 9@ 3=
+4149,

Exw G��

2+3, fdq qrw eh htxdo wr 3/ zkhq N�+3, 9@ 3> rwkhuzlvh +4148, dqg
+4149, zloo frqwudglfw hdfk rwkhu1
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�
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dqg khqfh ����N�+�,
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Wkxv/
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{2

,]
%2

N�+�,G
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Lq +41:,/ reylrxvo|/ rwkhu whupv kdyh olplwv zkhq {2 $ 3./ dqg +4143,
kdv ehhq suryhg1

Li +4144, lv ixo�oohg/ wkhq lq ylhz ri +414:,/ reylrxvo|/ zc2 lv erxqghg
rq `3> o`= Rwkhuzlvh/ li N�+3, 9@ 3/ lw zloo eh xqerxqghg vlqfh lq wklv fdvh/
zlwkrxw orvv ri jhqhudolw|/ zh fdq wdnh N�+3, A 3/ dqg wkhuhiruh N�+�, A
�F @frqvwA 3 lq vrph uljkw qhljkerukrrg ^3> %` ri 3/ dqg li zh vxssrvh wkdw

������
0]

%2

N�+�,G
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zklfk zrxog eh lq frqwudglfwlrq zlwk Lf @ .41
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eh erxqghg zkhq {2 $ 3./ dqg N�+3, @ 3> l @ 4> 5> wkh odvw frqglwlrqv
duh qhfhvvdu| iru lw,

zc2+{2, @

%2]
,

N+�,G3�
2 +�,g� . F�>

zkhuh N+3, @ 3= Vlqfh dqdo|wlf N+�, �@ 3/ wkhuh h{lvwv vxfk n wkdw

NE��+3, @ 3> m @ 3> 4> ===> n � 4> NE&�+3, 9@ 3=
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Ixuwkhu

zc2+{2, @

%2]
,

N+�,

�&
�&G3�

2 +�,g� . F�>

zkhuh

olp
�<fn

N+�,

�&
@

NE&�+3,

n$
9@ 3=

Wkhq/ wdnlqj lqwr dffrxqw erxqghgqhvv ri zc2/ vlploduo| wr +414;, zh fdq
vkrz ������

0]
%2

�&G3�
2 +�,g�

������ ? .4 iru {2 5`3> %`

zklfk zrxog eh lq frqwudglfwlrq zlwk L& @ .4 ;n1
Iurp wkh vwdwhphqw 414 lw iroorzv wkdw rq wkh fxvshg hgjh {2 @ 3

dgplvvleoh duh rqo| irxu gl�huhqw sdluv ri wkh erxqgdu| gdwd dv iroorzv=

z+3, @ zf> z�+3, @ z�f l� Lf ? .4> +4158,

z�+3, @ z�f> T2+3, @ Tf l� Lf ? .4>

z+3, @ zf> P2+3, @ Pf l� L� ? .4>

P2+3, @ Pf> T2+3, @ Tf dozd|v/ l1h1/ li L� � .4> l @ 3> 4>

zkhuh zf> z�f/

Pf

;?
=

lv duelwudu| li Lf ? .4>

@ 3> li Lf @ .4>

Tf

;?
=

lv duelwudu| li L� ? .4>

@ 3> li L� @ .4>

duh jlyhq frqvwdqwv1
Rq wkh hgjh {2 @ o zh dozd|v fdq jlyh hdfk ri wkh deryh irxu erxqg0

du| gdwd wdnlqj lqwr dffrxqw shfxoldulwlhv ri f|olqgulfdo ehqglqj +vhh +417,/
+418,, wkdw e| duelwudu| ordg i> T2 fdq eh jlyhq rqo| rq rqh hgjh> iurp
T2+3, + ru T2+o,,/ P2+3,> P2+o, rqo| wzr fdq sduwlflsdwh lq erxqgdu| frq0
glwlrqv rq erwk hgjhv +wkhvh shfxoldulwlhv duh qrw fdxvhg e| fxvsv wkh| dulvh
douhdg| lq fdvh ri f|olqgulfdo ehqglqj ri d sodwh ri frqvwdqw wklfnqhvv,1 Li
zh fkrrvh i fruuhvsrqglqjo| +vhh +417,/ +418,,/ zh frxog dyrlg wkhvh sh0
fxoldulwlhv exw uhvwulfwlrq rq fkrlfh ri i zrxog eh duwl�fldo1 Qhyhuwkhohvv
dovr vxfk srvhg sureohpv fdq kdyh sudfwlfdo vhqvh1 Reylrxvo|/ vroxwlrqv ri
doo wkhvh sureohpv fdq eh frqvwuxfwhg lq dq h{solflw irup1 Vrph ri wkhp

6<
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duh xqltxh/ vrph gh�qhg hlwkhu xs wr uljlg wudqvodwlqj ru uljlg urwdwlqj ru
jhqhudo uljlg prwlrq1

Ohw Lf ? .4/ dqg h1j1 vroyh EYS zlwk erxqgdu| frqglwlrqv +4158,/
dqg

z+o, @ z,> z�+o, @ z�,> +4159,

zkhuh z,> z�, duh dovr jlyhq frqvwdqwv1
Lq ylhz ri +419,/ +41:,/ iurp +4159, zh kdyh

Fe @ z,> F� @ z�,=

Iru ghwhuplqdwlrq ri frqvwdqwv F�> F2/ iurp +4158, zh kdyh wkh dojh0
eudlf v|vwhp dv iroorzv=

F�

,]
f

�+� � o,G3�
2 +�,g� . F2

,]
f

�G3�
2 +�,g�

@

,]
f

�G3�
2 +�,

�]
,

i+w,+� � w,gwg� � oz�, . z, � zf>

�F�

,]
f

+� � o,G3�
2 +�,g� � F2

,]
f

G3�
2 +�,g�

@ �
,]

f

G3�
2 +�,

�]
,

i+w,+� � w,gwg� .z�, � z�f

zklfk lv vroydeoh dv lwv ghwhuplqdqw

� =@

5
7 ,]
f

�G3�
2 +�,g�

6
8
2

�
,]

f

�2G3�
2 +�,g� �

,]
f

G3�
2 +�,g� ? 3

vlqfh K�roghu lqhtxdolw| lv vwurqj ehfdxvh �G
3

�

2

2 +�, dqg G
3

�

2

2 +�, duh srvlwlyh
rq `3> o^> dqg �2G3�

2 +�, dqg G3�
2 +�, gl�hu iurp hdfk rwkhu e| qrqfrqvwdqw

idfwru �21
Rwkhu sureohpv fdq eh vroyhg lq dq dqdorjrxv zd| wdnlqj lqwr dffrxqw

+4149,/ +4153, dqg +4157, lq wkh fruuhvsrqglqj fdvhv1

2� �i?_�?} �? |�i i?ih}i|�U tT@Ui

Ohw G� 5 F2+ ^ �2,> l @ 4> 5> 6> 7= Ohw xv frqvlghu wkh rshudwru M +dfwlqj
lq O2+,, rq Ga =
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41 z 5 Fe+ ^ �2,>

Mz 5 O2+,>

z

;?
=

5 F+, zkhq L�� ? .4 lq fdvh +316, +3 � y ? 5 lq fdvh +317,,>

@ R+4,> {2 $ 3.> zkhq L�� @ .4 +y � 5,>
+514,

zck

;?
=

5 F+, zkhq Lf� ? .4 +3 � y ? 4,>

@ R+4,> {2 $ 3.> zkhq Lf� @ .4 +4 � y ? .4,> � @ 4> 5>
+515,

L&� =@

,]
f

{&
2G

3�

� +{�> {2,g{2> l @ 4> 5> 6> 7> n @ 3> 4> ===>

+{�> 3, 5 ��> +{�> o+{�,, 5 >

+G2 �G�,
�

2zc22 5 O2+, +516,

+wklv uhvwulfwlrq fdq eh dyrlghg zkhq zh frqvlghu rqo| vroxwlrqv zlwk �qlwh
hqhuj|,>
wkh ehqglqj prphqw/ dqg wkh jhqhudol}hg vkhdulqj irufh

P2 @ �+G2z> 22.G�z> �� , 5 F+,> +517,

TW2 @ �^+G2z> 22.G�z> �� ,>2.7+Gez> �2 ,>� ` 5 F+,> +518,

51

zm
K2

@ 3>
Cz

Cq

����
K2

@ 3 +519,

zkhuh q lv wkh lqzdug qrupdo>

61 Rq �� rqh ri wkh iroorzlqj sdluv ri erxqgdu| ydoxh frqglwlrqv
+EYFv, lv ixo�oohg=

z @ 3> z> 2@ 3 li Lf� ? .4 l. 4> 5> 6> 7> +3 � y ? 4,> +51:,

z>2@ 3> TW2 @ 3 li Lf� ? .4> l @ 4> 5> 6> 7> +3 � y ? 4,> +51;,

z @ 3> P2 @ 3 li L�� ? .4> l @ 4> 5> 6> 7> +3 � y ? 5,> +51<,

P2 @ 3> TW2 @ 3 li Lf� � .4> l @ 4> 5> 6> 7> +3 � y ? .4,=+5143,

Uhpdun 514 Krz lw iroorzv iurp wkh fdvh ri f|olqgulfdo ehqglqj +vhh
Vhfwlrq 4/ dqg dovr ^5`/ s1 <9,/ wkh EYFv +51:,0+51<, fdq qrw eh srvhg +lq
wkh vhqvh ri fruuhfwqhvv, iru rwkhu ydoxhv ri y h{fhsw lqglfdwhg rqhv/ ru lq
wkh jhqhudo fdvh +316, li Lf @ .4> dqg L� @ .4> fruuhvsrqglqjo|1
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Vwdwhphqw 514 Wkh rshudwru M lv olqhdu/ v|pphwulf/ dqg srvlwlyh rq
wkh olqhdo Ga > dqg

+Mz> y, =@

]
l

yMzg @

]
l

^G�y>��z>��.G2y>22z>22.G�+y>��z>22

.y>22z>�� , . 7Gey>�2z>�2 `g @=

]
l

E+y> z,g ;y> z 5 Ga = +5144,

Lq sduwlfxodu/ li y @ z/

+Mz>z, =@

]
l

^G�+z>�� ,
2 .G2+z>22 ,

2 . 5G� z>��z>22

. 7Ge+z>�2 ,
2`g @

]
l

^G�+z>��.z>22 ,
2 . +G� �G�,+z>�� ,

2

. 7Ge+z>�2 ,
2 . +G2 �G�,+z>22 ,

2`g= +5145,

Surri1 Lw lv reylrxv wkdw M lv olqhdu rshudwru rq wkh olqhdo Ga +wkh
odwwhu derxw Ga hdvlo| iroorzv iurp wkh olqhdulw| ri M rq Fe+^�2,,= Vlqfh
G

a
� O2+, dqg Mz 5 O2+,/ zh fdq frqvlghu wkh iroorzlqj vfdodu surgxfw

lq O2+,

+Mz> y, =@

]
l

yMzg @ olp
B<f

]
lB

yMzgB> ;y> z 5 Ga >

zkhuh

B =@ i+{�> {2, 5  = {2 A � @ frqvw A 3j=
Diwhu lqwhjudwlrq e| sduwv wzlfh dqg xvlqj irupxodv +g,> +f, rq sdjh ;: ri
^4` zh kdyh

+Mz> y, =@ olp
B<f

5
97 ]

YlB

+yT? � Cy

Cq
P? .

Cy

Cv
P?r,gv.

]
lB

E+y> z,gB

6
:8 >

zkhuh gv lv wkh duf hohphqw/ T? lv wkh vkhdulqj irufh/ P? lv wkh ehqglqj
prphqw/ P?r lv wkh wzlvwlqj prphqw1

Exw]
YlB

Cy

Cv
P?rgv @

]
YlB

CyP?r

Cv
gv�

]
YlB

y
CP?r

Cv
gv @ �

]
YlB

y
CP?r

Cv
gv
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dv y> P?r 5 F+B,= Khqfh

+Mz> y, =@ olp
B<f

]
YlB

�
yTW? � Cy

Cq
P?

�
gv. olp

B<f

]
lB

E+y> z,gB> +5146,

zkhuh

TW? =@ T? � CP?r

Cv
=

Lq ylhz ri +519,/]
YlB

�
yTW? � Cy

Cq
P?

�
gv @

]
KB
�

+yTW2 � y>2P2,gv>

zkhuh
�B
� =@ i+{�> {2, 5  = {2 @ � @ frqvw A 3j=

Lq yluwxh ri +514,/ +515,/ +517,/ +518,/ +51:,0+5143,/ ;% @ frqvw A 3 <�+%, @
frqvw A 3 vxfk wkdw

myTW2 � y>2P2m � mymmTW2m. my>2 mmP2m ? %> zkhq 3 ? {2 ? �>

l1h1/ wdnlqj lqwr dffrxqw +519,/�������
]

YlB

�
yTW? � Cy

Cq
P?

�
gv

������� @
�������
]
KB
�

+yTW2 � y>2P2,gv

������� ? %m�B
�m ? %mCBm � %mCm

+mCm lv wkh ohqjwk ri wkh fxuyh C,= Vr wkdw

olp
B<f

]
YlB

�
yTW? � Cy

Cq
P?

�
gv @ olp

B<f

]
KB
�

+yTW2 � y>2P2,gv @ 3=

Wkhuhiruh/ ehfdxvh ri h{lvwhqfh ri lqwhjudo rq wkh ohiw vlgh ri +5146,/ olplw ri
wkh vhfrqg dgghqg rq wkh uljkw kdqg vlgh ri +5146,/ dovr h{lvwv/ dqg +5144,
lv ydolg1 +5145, lv reylrxv1

Iurp +5144, wkhuh iroorzv

+Mz> y, @ +My>z, @ +z> My,> ;y> z 5 Ga =

Khqfh wkh rshudwru M lv v|pphwulf1
Iurp +5145,/ wdnlqj lqwr dffrxqw +315,/ zh kdyh

+Mz> z, � 3=
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Exw
+Mz> z, @ 3> z 5 Ga >

l�
z>��@ 3> z>22@ 3> z>�2@ 3 lq >

l1h1
z @ n�{� . n2{2 . n�> n� @ frqvw/ l @ 4> 5> 6> lq =

Wkh odwwhu/ lq yluwxh ri +519,/ vkrxog eh }hur rq �2 dqg wkhuhiruh rq >
ehfdxvh ri lwv olqhdulw|1

Vwdwhphqw 515 Wkh rshudwru M lv srvlwlyh gh�qlwh li rqo| Gf A 3 +3 �
y � 7,>

3 � Gf =@ lqi
l

G2 �G�

{e
2

=

Surri1 Ohw Gf @ 3> dqg frqvlghu wkh sduwlfxodu fdvh +317,1 Khqfh

Gf @ lqi
l

+ �G2 � �G�,{
^3e
2 @ 3 li rqo| y A 7=

Wkhq M lv qrw srvlwlyh gh�qlwh1 Lqghhg/ ohw wkh uhfwdqjoh

�f =@ i+{�> {2, = d ? {� ? e> 3 ? {2 ? �j
eh fxw rxw iurp = Ohw +vhh ^6`,

zB+{�> {2, =@

;AA?
AA=

+� � {2,
DvlqD

�+{� � d,

e� d
zkhq +{�> {2, 5 �f>

R zkhq +{�> {2, 5 q�f=

Reylrxvo| zB 5 Ga / dqg ehfdxvh ri y A 7/ +5143, vkrxog eh dqg/ lq idfw/ lv
ixo�oohg e| zB= Lw lv hdv| wr vhh wkdw

3 � +MzB> zB,

nzBn2u2El�

� W
F�^3e>

W
F @ frqvw A 3>

vlqfh

nzBn2u2El�
@

4

44

e� d

�

4

5�f

�
43

8

�
����>

dqg/ lq ylhz ri +317,/

3 � +MzB> zB, �
]
�f

pd{
�Mt�c2c�cec�

iG2�j{^2 ^+zBc��,
2 . +zBc22,

2.

.5zBc��zBc22 . 7+zBc�2,
2`g{�g{2 �

WW
F+�^n�� . �^n. . �^nb,>
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WW
F @ frqvw A 3=

Khqfh M lv qrw srvlwlyh gh�qlwh rq Ga 1
Qrz ohw xv uhwxuq wr wkh jhqhudo fdvh +316,1 IxuwkhuGf A 3 +3 � y � 7,>

dqg suryh wkdw M lv srvlwlyh gh�qlwh1
Iurp +5145,/ wdnlqj lqwr dffrxqw +516,/ +315, dqg +316,/ zh rewdlq

+Mz>z, �
]
l

+G2 �G�,+z>22 ,
2g

� Gf

]
l

{e2+z>22 ,
2g @ Gf

]
�

{e2+z>22 ,
2g{�g{2>

zkhuh
� =@ i+{�> {2, = d ? {� ? e> 3 ? {2 ? 4j> +5147,

dqg zlwkrxw orvv ri jhqhudolw|/ lw lv vxssrvhg wkdw wkh grpdlq  olhv lqvlgh ri
wkh uhfwdqjoh �> dqg d gh�qlwlrq ri wkh ixqfwlrq z lv frpsohwhg dvvxplqj
z htxdo wr }hur rxwvlgh ri = Wkhq z zloo eh frqwlqxrxv lq � zlwk lwv
�uvw ghulydwlyhv/ dqg lwv ghulydwlyhv ri vhfrqg rughu/ lq jhqhudo/ zloo kdyh
glvfrqwlqxlw| ri wkh �uvw nlqg rq wkh duf �2= Ixuwkhu

+Mz>z, � Gf

K]
@

�]
f

{e2+z>22 ,
2g{�g{2 � <Gf

49

K]
@

�]
f

z2g{�g{2

@ �

]
�

z2g{�g{2 @ �

]
l

z2gz @ �nzn2u2El�>

zkhuh

� =@
<

49
Gf=

Lq wkh suhylrxv uhdvrqlqjv zh kdyh xvhg wkh iroorzlqj

Ohppd 514 Ohw z+{�> =, eh d uhdo ixqfwlrq ri {2 iru �{hg {� vdwlvi|lqj
wkh iroorzlqj frqglwlrqv=

41, z dqg z>2 duh devroxwho| frqwlqxrxv rq ^�> 4` ;� 5`3> 4^>
51, z> z>2@ 3+4, zkhq {2 $ 3.>
61, {22z>22 5 O2+ `3> 4^ ,>
71, z+{�> 4, @ z>2 +{�> 4, @ 3=

Wkhq
�]

f

{e2+z>22 ,
2g{2 � <

49

�]
f

z2g{2> +5148,
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�]
f

{e2+z>22 ,
2g{2 � <

7

�]
f

{22+z>2 ,
2g{2= +5149,

Surri1 Lv vlplodu wr wkh rqh xvhg lq ^6` iru wkh fdvh � @ 3 exw zh kdyh
wr frqvlghu doo lqwhjudov iurp � wr 4 dqg wkhq ohw � whqg wr }hur1

Ohw Ka eh wkh hqhujhwlf vsdfh +vhh h1j1 ^6/7`, fruuhvsrqglqj wr wkh
rshudwru M gh�qhg rq Ga dqg dfwlqj lq O2+,=

Wkhruhp 514 Ohw i 5 O2+,= li Gf A 3 +3 � y � 7,/ wkhuh h{lvwv d
xqltxh jhqhudol}hg vroxwlrq ri +414, lq wkh hqhujhwlf vsdfh Ka 1 Li Gf @
3 +y A 7,> dqg i+{�> {2, @ 3 lq qB wkhq wkhuh h{lvwv d xqltxh jhqhudol}hg
vroxwlrq ri wkh �qlwh hqhuj|1

Surri1 Iluvwo| ohw xv suryh wkdw wkh vroxwlrq zlwk wkh �qlwh hqhuj|
h{lvwv iru Gf � 3 +y � 3,> li i @ 3 lq qB +wkh odvw uhvwulfwlrq ri i fdq
eh zhdnhqhg,1 Ohw z 5 Ga = Wkhq

zm
K2

@ 3>
Cz

Cq

���
K2

@ 3>

dqg wkhuh h{lvw frqwlqxrxv rq �2 iurp lqvlgh ghulydwlyhv z>kq� Ohw xv sxw
djdlq wkh grpdlq  lqvlgh ri wkh uhfwdqjoh +5147, dqg frpsohwh d gh�qlwlrq
ri wkh ixqfwlrq z dvvxplqj lw wr eh htxdo wr }hur rxwvlgh ri =

Zh kdyh

m+z> i,m2 @

������
]
l

zig{�g{2

������
2

@

�������
]
lB

zig{�g{2

�������
2

�
]
lB

i2g{�g{2
b]
lB

z2g{�g{2 @ F

]
�B

z2g{�g{2 ;z 5 Ga >+514:,

zkhuh

F =@

]
l

i2g{�g{2 � 3>

�B =@ i+{�> {2, 5 � = {2 A � @ frqvw A 3j=
Reylrxvo|/ zkhq {2 A 3

%�]
@

z>� g{� @ z+{�> {2,� z+d> {2, @ z+{�> {2, +514;,
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vlqfh z+d> {2, @ 3 dv +d> {2, 5 �q= Dffruglqj wr Fdxfk| 0 Exq|dnryvnll
lqhtxdolw|/ iurp +514;,/ zh kdyh

z2 �
%�]
@

42g{�

%�]
@

+z>� ,
2g{� � +e� d,

K]
@

+z>� ,
2g{�=

Lqwhjudwlqj erwk vlghv lq olplwv d � {� � e> � � {2 � 4>]
�B

z2g{�g{2 � +e� d,2
]
�B

+z>� ,
2g{�g{2

� +e� d,e
]
�B

+z>�� ,
2g{�g{2 @ +e� d,e

]
lB

+z>�� ,
2g{�g{2 +514<,

+lq wkh vhfrqg lqhtxdolw| wkh �uvw lqhtxdolw| lv dssolhg wr z>�,

@ +e� d,e
]
lB

+G� �G�,+z>�� ,
2

G� �G�

g{�g{2

� +e� d,e

GB

]
lB

+G� �G�,+z>�� ,
2g{�g{2

� +e� d,e

GB

]
lB

^+G� �G�,+z>�� ,
2

. G�+z>��.z>22 ,
2 . 7Ge+z>�2 ,

2 . +G2 �G�,+z>22 ,
2`g{�g{2

� +e� d,e

GB

+Mz> z, @
+e� d,e

GB

nzn2Ma
>

GB =@ plq
lB

+G� �G�,=

Iurp +514:, dqg +514<, wkhuh iroorzv

m+z> i,m2 � F+e� d,e

GB

nzn2Ma
>

l1h1/ +z> i, fdq eh frqvlghuhg dv d olqhdu erxqghg ixqfwlrqdo zlwk uhvshfw
wr wkh hqhujhwlf qrup1 Exw wkhq/ dffruglqj wr wkh zhoo0nqrzq wkhru| ^6`/
wkhuh h{lvwv d vroxwlrq ri wkh �qlwh hqhuj|1

Lq fdvh Gf A 3 +3 � y � 7,> pruhryhu/ dffruglqj wr wkh jhqhudo wkhru|
^6/7`/ wkhuh h{lvwv d jhqhudol}hg vroxwlrq vlqfh M lv srvlwlyh gh�qlwh +vhh
Vwdwhphqw 515,1
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Uhpdun 515 Lq wkh sduwlfxodu fdvh +317,=

Lf�+{�, @

,]
f

�G3�
�

+{�> �,�
3^g� � G3�

��

��3^

4� y

���,f @ G3�
��

o�3^

4� y

? .4 li y ? 4>

dqg/ zkhq y � 4>

Lf�+{�, � G3�
2�

olp
0<f

,]
0

�3^g� @ .4=

Vlploduo|

L��+{�,

;?
=

? .4 li y ? 5>

@ .4 li y � 5=

�� �? @ 4L_��U@|�L? Lu |�i w@ ���*}h@4 |�iLhi4

Wkh vhfwlrq ghdov zlwk d prgl�fdwlrq ri wkh Od{0Plojudp wkhruhp dv iro0
orzv=

Wkhruhp 614 Ohw Y eh d uhdo Kloehuw vsdfh/ dqg ohw M+x> y, eh d elolqhdu
irup gh�qhg rq Y � Y 1 Ohw wkhuh h{lvw d frqvwdqw n A 3 vxfk wkdw

mM+x> y,m � nnxn
T
nyn

T
;x> y 5 Y> +614,

dqg ohw
M+y> y, @ 3 , y @ � lq Y +615,

+� lv wkh }hur hohphqw ri Y ,1 Wkhq iru dq| erxqghg olqhdu ixqfwlrqdo I
gh�qhg rq Y wkhuh h{lvwv d xqltxh ixqfwlrqdo I5f 5 Y W +Y W lv wkh vsdfh
frqmxjdwh wr Y , vxfk wkdw

Iy @ I5fy =@ olp
&<"

M+}&> y, ;y 5 Y> +616,

zkhuh
}& =@ F3�w& +617,

iru dq| vhtxhqfh w& 5 F+Y , � Y frqyhujlqj wr wf xqltxho| gh�qhg e| I lq
ylhz ri Ulhv} wkhruhp1 F3� lv wkh lqyhuvh rshudwru ri wkh erxqghg olqhdu
rshudwru F=

w @ F} +618,

gh�qhg lq wkh vsdfh Y e| wkh uhodwlrq

M+}> y, @ +y> w, ;y 5 Y> +619,

dqg �{hg } 5 Y 1

7;
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Surri1 Lq ylhz ri Ulhv} wkhruhp/ lw lv srvvleoh wr h{suhvv hyhu| erxqghg
olqhdu ixqfwlrqdo I lq Y lq wkh iroorzlqj irup

Iy @ +y> wf, ;y 5 Y> +61:,

zkhuh wkh hohphqw wf 5 Y lv xqltxho| ghwhuplqhg e| wkh ixqfwlrqdo I dqg
nwfnT @ nInT W =

Li } 5 Y lv �{hg/ wkhq wkh elolqhdu irup M+}> y, uhsuhvhqwv/ reylrxvo|/ d
olqhdu ixqfwlrqdo lq Y 1 Wklv ixqfwlrqdo lv erxqghg vlqfh e| +614,

mM+}> y,m � �nnyn
T
> �n @ Nn}n

T
@ frqvw A 3= +61;,

Wkhq dffruglqj wr wkh deryh Ulhv} wkhruhp/ wkhuh h{lvwv d xqltxh w 5 Y
vxfk wkdw +619, krogv/ dqg dovr/ e| yluwxh ri +619,/ +61;,/

nwn
T
� Nn}n

T
= +61<,

E| wkh uhodwlrq +619, wr hyhu| } 5 Y d xqltxh w 5 Y lv dvvljqhg1 Wklv
gh�qhv e| +618, dq rshudwru F lq Y 1 F lv/ reylrxvo|/ d olqhdu rqh/ dqg/ lq
ylhz ri +61<,/ dovr erxqghg1 Wkh udqjh O � F+Y , ri wklv rshudwru F lv
d fhuwdlq olqhdu vhw lq Y 1 Pruh suhflvo|/ ohw O eh wkh phwulf vsdfh zkrvh
hohphqwv duh wkh hohphqwv ri wkdw olqhdu vhw O zlwk wkh phwulf ri wkh vsdfh
Y 1

Zh zloo suryh wkdw wkh pdsslqj +618, iurp Y rqwr O lv rqh0wr0rqh/ l1h1/
O � Y 1 Wr wklv hqg lw lv vx�flhqw wr suryh wkdw wr wkh }hur0hohphqw ri O
wkhuh fruuhvsrqgv wkh }hur0hohphqw ri Y 1 Wkxv/ ohw � @ F}/ l1h1/ e| yluwxh
ri +619,/

M+}> y, @ +y> �, @ 3 ;y 5 Y= +6143,

Lq sduwlfxodu/ iru y @ }/ +6143, |lhogv

M+}> }, @ 3=

Exw wkhq/ dffruglqj wr +615,/ } @ �1 Khqfh <F3�=

} @ F3�w= +6144,

Ohw iw&j eh d ixqgdphqwdo vhtxhqfh lq O/ dqg wkxv dovr lq Y 1 Vlqfh Y
lv frpsohwh/ <wf 5 Y vxfk wkdw

olp
&<"

w& @ wf> lq Y= +6145,

Wkhuhiruh frpsohwh O lv d vxevsdfh ri Y 1

7<
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Qrz zh zloo suryh wkdw O � Y 1 Wkh surri zloo eh shuiruphg e| frqwud0
glfwlrq1 Ohw O 9@ Y 1 Wkhq wkhuh h{lvwv dq hohphqw z 9@ � lq Y ruwkrjrqdo
wr wkh vxevsdfh O/ vr wkdw

+z> w, @ 3 +6146,

krogv ;w 5 O1 Vlqfh z 5 Y / lq ylhz ri +619,/ d xqltxh wW 5 O � O h{lvwv
vxfk wkdw

M+z> y, @ +y> wW, ;y 5 Y=

Lq sduwlfxodu/ iru y @ z/ zh kdyh

M+z>z, @ +z> wW, @ 3

ehfdxvh ri +6146,1 Wkhuhiruh/ e| yluwxh ri +615,/ z @ � lq Y / zklfk lv lq
frqwudglfwlrq zlwk dvvxpswlrq z 9@ �1 Khqfh O � Y 1

Iru dq| erxqghg olqhdu ixqfwlrqdo I lq Y zh kdyh +61:,/ zkhuh wf 5
Y � O lv xqltxho| ghwhuplqhg e| I 1 Iru wkh deryh wf 5 O wkhuh h{lvwv
d vhtxhqfh w& 5 O zklfk lv frqyhujhqw wr wf lq Y 1 Dffruglqj wr +6144,
;w& 5 O <}& 5 Y vxfk wkdw

M+}&> y, @ +y> w&, ;y 5 Y= +6147,

Ixqfwlrqdov M+}&> y, dqg +y> w&, duh erxqghg olqhdu ixqfwlrqdov iurp Y W iru
�{hg n1 Qrz whqglqj n $ 4 lq +6147,/ vlqfh/ lq ylhz ri +6145,/ wkhuh h{lvwv
d olplw +zklfk lv htxdo wr +y> wf, ehfdxvh ri frqwlqxlw| ri d vfdodu surgxfw,
lq wkh uljkw kdqg vlgh/ wkh olplw ri wkh ohiw vlgh zloo dovr h{lvw/ dqg

olp
&<"

M+}&> y, @ +y> wf, ;y 5 Y= +6148,

Wkhq/ e| yluwxh ri dq lpphgldwh fruroodu| ri wkh Edqdfk0Vwhlqkdxv wkhruhp
+vhh h1 j1 ^8`/ s1 5::/ Fruroodu| 4,/ olqhdu irup

I5f = y $ olp
&<"

M+}&> y, +6149,

lv d erxqghg olqhdu ixqfwlrqdo rq Y/ zklfk grhv qrw ghshqg rq wkh fkrlfh
ri i}&j/ l1h1/ ri iw&j vlqfh iru dq| vhtxhqfh w& $ wf lq Y / rq wkh uljkw kdqg
vlgh ri +6148, zh kdyh wkh vdph olplw +y> wf,1Wkxv/ iurp +61:,/ +6148, dqg
+6149, zh jhw +616,1

Uhpdun 614 Li wkh vhtxhqfh i}&j> }& 5 Y / fruuhvsrqglqj wr iw&j> +w& 5
O lv iurp +6145,, lv ixqgdphqwdo lq Y/ wkhq ehfdxvh ri frpsohwqhvv ri Y
<}f 5 Y vxfk wkdw

olp
&<"

}& @ }f lq Y=

83
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Wkhuhiruh/ wdnlqj lqwr dffrxqw +614,/ zh kdyh

I5fy =@ olp
&<"

M+}&> y, @ M+}f> y,

+wklv lv mxvwl�fdwlrq ri qrwdwlrq I5f,/ dqg iurp +616, lw iroorzv wkdw wkhuh
h{lvwv xqltxh }f 5 Y vxfk wkdw

Iy @ M+}f> y, ;y 5 Y

zklfk frlqflghv zlwk wkh dvvhuwlrq ri wkh Od{0Plotudp wkhruhp +vhh h1 j1
^9`/ Fkdswhu LLL/ {:/ dqg Vhfwlrq 7 ehorz,1 Wkhuhiruh I5f 5 Y W fdq eh
lghqwl�hg zlwk }f 5 Y 1 Li wkh vhtxhqfh i}&j lv qrw ixqgdphqwdo lq Y +ohw xv
qrwh wkdw wkh qxpehu vhtxhqfh iM+}&> y,j lv ixqgdphqwdo iru �{hg y 5 Y ,/
wkhq I5f 5 Y W zloo eh lghqwl�hg zlwk wkh lghdo hohphqw }f zklfk grhv qrw
ehorqj wr Y 1 Ohw xv ghqrwh e| Y� wkh vhw ri wkh lghdo hohphqwv }/ dqg e|
�Y =@ Y ^ Y�1 Ohw xv uhplqg wkdw zkhq i}&j lv ixqgdphqwdo/ wkh lghdo
hohphqw }f 5 Y 1

Xqghu wkh surgxfw �}f> � 5 U> }f 5 �Y / zh xqghuvwdqg wkh �f lghqwl�hg
zlwk wkh ixqfwlrqdo

Ilfy =@ olp
&<"

M+�}&> y, @ olp
&<"

�M+}&> y, @= �I5fy=

Xqghu wkh vxp }�
f
. }��

f
ri }�

f
> }��

f
5 �Y zh xqghuvwdqg �f/ lghqwl�hg zlwk

wkh ixqfwlrqdo

Ilfy =@ olp
&<"

M+}�f . }��f > y, @ olp
&<"

M+}�&> y, . olp
&<"

M+}��& > y, @= I5�
f
y . I5��

f
y>

zkhuh
}�& =@ F3�w�&> }��& =@ F3�w��&>

olp
&<"

w�& @ w�f> olp
&<"

w��& @ w��f lq Y>

w�
f
dqg w��

f
duh xqltxho| gh�qhg/ lq ylhz ri Ulhv} wkhruhp/ e| erxqghg olqhdu

ixqfwlrqdov I � =@ +y> w�
f
, dqg I �� =@ +y> w��

f
, fruhvsrqglqjo|1 Reylrxvo| �Y lv

d olqhdu yhfwru vsdfh1
Qrz lqwurgxflqj lq �Y wkh qrup dv

n}fn�T =@ nI5fnT W > +614:,

�Y zloo eh Edqdfk/ dqg pruhryhu Kloehuw vsdfh vlqfh vxfk lv Y W1 Lqghhg/

n}�f . }��fn2�T . n}�f � }��fn2�T =@ nI5�
f
. I5��

f
n2T W . nI5�

f
� I5��

f
n2T W

@ 5+nI5�
f
n2T W . nI5��

f
n2T W,

@= 5+n}�fn2�T . n}��fn2�T ,=
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Wkhuhiruh/ wkh vfdodu surgxfw fdq eh gh�qhg dv

+}�f> }
��

f , �T =@ 73�+n}�f . }��fn2�T . n}�f � }��fn2�T ,=

Wkh frpsohwqhvv ri �Y lv reylrxv iurp +614:,1

Uhpdun 615 Li F3�lv d erxqghg rshudwru wkhq iurp +6144,/ +6145, lw
iroorzv wkdw i}&j lv d ixqgdphqwdo vhtxhqfh1

Uhpdun 616 Li M lv frhuflyh/ l1h1/

mM+x> x,m � fnyn2T > f @ frqvw A 3> ;y 5 Y>

wkhq F3� lv d erxqghg rshudwru +vhh wkh deryh uhihuhqfh rq ^9`,1

Uhpdun 617 Li +615, lv ixo�oohg/ wkhq hlwkhu M+y> y, � 3 ;y 5 Y ru
M+y> y, � 3 ;y 5 Y=

Surri +ehorqjv wr V1V1 Nkdulehjdvkylol,1 Ohw xv wdnh duelwudu| �{hg
yf 5 Y> yf 9@ �> iurp M+yf> yf, 9@ 3 zh kdyh hlwkhu

M+yf> yf, A 3 +614;,

ru

M+yf> yf, ? 3 +614<,

Ohw xv qrz vkrz wkdw li +614;, lv ixo�oohg/ wkhq iurp ;y 5 Y> y 9@ �
iroorzv M+y> y, A 3> exw li +614<, lv ixo�oohg wkhq M+y> y, ? 3=

Ohw �uvw y 5 Y> y 9@ � eh qrw olqhduo| ghshqghqw rq yf wkhq iru ;w 5
`�4>.4^> zh kdyh

3 9@ M+yf. wy> yf. wy, @ M+yf> yf,.^M+yf> y,.M+y> yf,`w.M+y> y,w2> +6153,

vlqfh yf. wy 9@ � ;w 5 Y `�4>.4^= Wkhuhiruh dffruglqj wr wkh zhoo0nqrzq
surshuw| ri wkh txdgudwlf wulqrpldo

M+yf> yf, � M+y> y, A 4

7
^M+yf> yf, . M+y> y,`2 � 3= +6154,

Exw li +614;, lv ixo�oohg/ wkhq lq ylhz ri +6154,/ reylrxvo| M+y> y, A 3>
iru duelwudu| y 5 Y qi�j> zklfk lv olqhdu| lqghshqghqw ri yf> li +614<, lv
ixo�oohg/ wkhq iurp +6154,/ zh jhw vlplodu| M+y> y, ? 3> ;y 5 Y qi�j> zklfk
lv olqhdu| lqghshqghqw ri yf=

Ohw qrz y 5 Y> y 9@ �> dqg eh olqhdu| ghshqghqw rq yf> l1h1/ <wf 5
` �4>.4^> vxfk wkdw yf . wfy @ �= Reylrxvo|/ vxfk wf lv xqltxh/ l1h1/ wkh
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htxdwlrq yf . wy @ � zlwk uhvshfw wr w kdv d xqltxh vroxwlrq w @ wf= Rq wkh
rwkhu kdqg iurp

M+yf . wy> yf . wy, @ 3 / yf . wy @ �

lw iroorzv wkdw wkh wulqrpldo +6153, kdv xqltxh }hur w @ wf= Wklv lv htxlydohqw
zlwk wkh dvvhuwlrq wkdw wkh glvfulplqdqw ri wkh wulqrpldo +6153, lv htxdo wr
}hur=

M+yf> yf,M+y> y, @
4

7
^M+yf> y, . M+y> yf,`

2 A 3 +6155,

+wkh odvw htxdolw| lv vwurqj vlqfh M+yf> yf, 9@ 3> M+y> y, 9@ 3,= Ilqdo| iurp
+6155, iroorzv M+y> y, A 3 dqg M+y> y, ? 3 zkhq fruuhvsrqglqjo| +614;, dqg
+614<, duh ixo�oohg1 Wkxv wkh uhpdun lv suryhg1

e� �i?_�?} �? |�i �i�}�|i_ 5LML*i� tT@Ui

Ohw xv frqvlghu iru wkh htxdwlrq +314, wkh lqkrprjhqxrhv EYFv dv iroorzv=
rq �2

z @ j�2>
Cz

Cq
@ j22> +714,

dqg rq �� hlwkhu

z @ j��> z> 2@ j2� li Lf� ? .4 +3 ? y ? 4,> +715,

ru
z> 2@ j2�> TW

2 @ k2 li Lf� ? .4 +3 ? y ? 4,> +716,

ru
z @ j��>

P2 @ k�

;?
=

�@ 3 zkhq Lf� ? .4 +3 � y ? 4,>

� 3 zkhq Lf� @ .4 +4 � y ? 5,
+717,

li L�� ? .4 +3 � y ? 5,/

ru

P2 @ k�

;?
=

�@ 3 zkhq Lf� ? .4 +3 � y ? 4,>

� 3 zkhq Lf� @ .4 +4 � y ? .4,>

TW

2
@ k2

;?
=

�@ 3 zkhq L�� ? .4 +3 � y ? 5,>

� 3 zkhq L�� @ .4 +5 � y ? .4,

+718,
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li Lf� � .4 +3 � y ? .4,1

Ohw
jkq> kk 5 O2+��,> �> � @ 4> 5> +719,

dqg j��> j2�> j�2> j22 eh wudfhv ri fhuwdlq jlyhq ixqfwlrq x 5 Z 2
2
+> �G, +vhh

ehorz +71:,/ +7143,,1

Uhpdun 714 Frqglwlrqv kk @ 3> � @ 4> 5> lq +717,/ +718, duh qhfhvvdu|
frqglwlrqv +vhh Vhfwlrq 4, ri erxqghgqhvv ri gh�hfwlrq z dqg z>2 fruuh0
vsrqglqjo| zkhq L�� @ .4 +5 � y ? .4,> dqg Lf� @ .4 +4 � y ? .4,=
Wkh ghpdqg ri erxqghgqhvv ri z dqg z>2 lv qdwxudo lq wkh phfkdqlfdo srlqw
ri ylhz vlqfh zh gr qrw frqvlghu wkh fdvh ri frqfhqwudwhg vkhdulqj irufhv
dqg prphqwv/ zkhq z dqg z>2 vkrxog eh/ lq jhqhudo/ xqerxqghg1

Uhpdun 715 Lq wkh sduwlfxodu fdvh +317,/ ohw

j�2 5 Z
�

2

2
+�2,> j22 5 Z

�

2

2
+�2,> j�� 5 Z

�3^

2

2 +��,>

j2� 5 Z
�3^

2

2 +��,> k�> k2 5 O2+��,>

dqg j��> j2�> j�2> j22 eh wudfhv ri fhuwdlq jlyhq ixqfwlrq x 5 Z 2
2 +>

�G, +vhh
ehorz +7148,/ dqg Uhpdun 718, dqg lwv ghulydwlyh ri wkh �uvw rughu +li C lv
ri wkh fodvv F�/ wkh| h{lvw/ rq �2 dozd|v/ dqg rq �� zkhq 3 ? y ? 5 dqg
3 ? y ? 4 uhvshfwlyho| +vhh ^:1;`/ dqg ^<`/ Vhfwlrq 43,1

Ohw ixuwkhu
Z 2

2 +> G, +71:,

eh wkh vhw ri doo phdvxudeoh ixqfwlrqv x @ x+{�> {2, gh�qhg rq  zklfk kdyh

rq  jhqhudol}hg ghulydwlyhv G
Ek�ck2�
%�c%2 x iru �� . �2 � 5> ��> �2 5 i3> 4> 5j

vxfk wkdw ]
l

mGEk�ck2�
%�c%2

xm2�k�ck2+{�> {2,g ? .4 +71;,

iru �
fcf

= @ 4> �
2cf

=@ G�+{�> {2,> ��c� =@ Ge+{�> {2,> �fc2 =@ G2+{�> {2,=
G�> l @ 4> 5> 6> 7> duh erxqghg phdvxudeoh rq  ixqfwlrqv vdwlvi|lqj +315,/
+316,1 Wkhuhiruh/ vlqfh Gk � G� lq �>]

l

G�+x>kk ,
2g �

]
l

Gk+x>kk ,
2g ? .4> � @ 4> 5> +71<,

U
l

G�+x>��.x>22 ,
2g � U

l

G�+x>�� ,
2g. 5

U
l

G
�

2

� x>�� �G
�

2

2 x>22 g

.
U
l

G2+x>22 ,
2g �

+�U
l

G�+x>�� ,
2g

� �

2

.

�U
l

G2+x>22 ,
2g

� �

2

,2

? .4=

87



. Ehqglqj ri dq Ruwkrwurslf Fxvshg 111 DPL Yro17/ Qr14/4<<<

Ohw
G =@ i�

fcf
> �

2cf
> �

�c�
> �

fc2
j>

dqg
�G =@ G ^ i�

fc�
=@ {22j=

Wkhq/ lq ylhz ri +71:,/ +71;,/ wkh vhqvh ri wkh qrwdwlrq Z 2
2 +>

�G, lv fohdu1
Reylrxvo|/

Z 2
2 +> �G, � Z 2

2 +>G,= +7143,

Iurp +316,/ lw lv fohdu wkdw

�3�k�ck2 5 O,JS
� +,=

Khqfh dffruglqj wr ^43` Z 2
2 +> G, dqg Z 2

2 +>
�G,/ e| yluwxh ri +71;,/ +71<,/

zloo eh Edqdfk vsdfhv xqghu wkh qrupv

mmxmm2
` 2

2
Elc(� = @

]
l

^x2 .G�+x> ��.x> 22 ,
2

.+G� �G�,+x> �� ,
2 . 7Ge+x>�2 ,

2 . +G2 �G�,+x>22 ,
2`g> +7144,

mmxmm2
`2

2
Elc �(�

= @ mmxmm2
`2

2
Elc(� .

]
l

{22+x>2 ,
2g +7145,

uhvshfwlyho|/ dqg pruhryhu/ Kloehuw vsdfhv xqghu wkh vfdodu surgxfwv

+x> y,`2

2
Elc(� =@

]
l

^xy .G�+x> ��.x> 22 ,+y> ��.y> 22 , . +G� �G�,x> �� y> ��

. 7Gex>�2 y> �2.+G2 �G�,x>22 y> 22 `g>

+x> y,
`2

2
Elc �(� =@ +x> y,` 2

2
Elc(� .

]
l

{22x>2 y>2 g

uhvshfwlyho|1 Ohw ixuwkhu i 5 O2+,> dqg

Y =@
f

Z 2
2 +>

�G, @ F"f +, lq wkh qrup ri Z 2
2 +>

�G,= +7146,

Vlqfh �
k�ck2

5 O,JS
� +, zh kdyh F"f +, � Z 2

2 +>
�G,> dqg +7146, kdv wkh

vhqvh1 Lq sduwlfxodu fdvh +317,/ zh fdq wdnh dv Y dovr

Y =@ iy 5 Z 2
2 +> �G, = ym

K2
@ 3>

Cy

Cq

���
K2
@ 3> dqg hlwkhu

ym
K�

@ 3> y> 2 m
K�

@ 3 li +7=5, ru y> 2 m
K�

@ 3 li +7=6, +7147,
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ru ymK� @ 3 li +7=7, lq vhqvh ri wudfhvj
Lq fdvh +317, zh frxog lqwurgxfh zhljkwv dqg qrup dv iroorzv=

�
fcf

= @ 4> �
2cf

� �
�c�

� �
fc2

=@ {^2 >

mmxmm2
`2

2
Elc%^

2
� = @

]
l

ix2.{^2 ^+x> ��.x> 22 ,
2.+x> �� ,

2.+x> �2 ,
2.+x> 22 ,

2`jg=

+7148,
Lw lv reylrxv/ lq ylhz ri +317,/ wkdw wkh odwwhu qrup dqg +7144, duh htxlydohqw
lq Z 2

2 +> G,1 Exw zh suhihu +7144, vlqfh wkh deryh uhvrqlqjv duh ydolg iru
wkh pruh jhqhudo fdvh +316,1

Gh�qlwlrq 714 D ixqfwlrq z 5 Z 2
2 +>

�G, zloo eh fdoohg d zhdn vroxwlrq
ri wkh EYS +314,/ +316,/ +714,0+718, lq wkh vsdfh Z 2

2 +>
�G, li lw vdwlv�hv

frqglwlrqv dv iroorzv=

z � x 5 Y> +7149,

dqg ;y 5 Y

M+z> y, =@

]
l

E+z> y,g @

]
l

yig> +714:,

zkhuh +gh�qhg lq +5144,,

E+y> z, =@ G�+z> ��.z> 22 ,+y> ��.y> 22 , .

. +G� �G�,z> �� y> ��.7Gez>�2 y> �2.+G2 �G�,z>22 y> 22 >

+714;,

ru fruhvsrqglqjo|/ iru wkh sduwlfxodu fdvh +317,/

M+z> y, =@

]
l

E+z> y,g @

]
l

yig.�2

]
K�

k2yg{����

]
K�

k�y> 2 g{�> +714<,

zkhuh �� @ �2 @ 3 li +715,> �� @ 3> �2 @ 4 li +716,> �� @ 4> �2 @ 3
li +717,> dqg li +718, wkhq �� @ 4 zkhq 3 � y ? 4> dqg �� @ 3 zkhq
4 � y ? .4> �2 @ 4 zkhq 3 � y ? 5> dqg �2 @ 3 zkhq 5 � y ? .4=

Uhpdun 716 Wkh EYFv +714,/ +715,/ wkh �uvw rqhv ri +716,/ +717, dqg
+718,/ wkh vhfrqg rqhv ri +716,/ +717, duh vshfl�hg lq +7149, dqg +714:,/
+714<, fruuhvsrqglqjo|1

Uhpdun 717 Reylrxvo|/ li wkh vroxwlrq ri deryh sureohp h{lvwv lq wkh
fodvvlfdo vhqvh wkhq +7149,/ +714:, dqg +714<, zloo eh ixo�oohg1
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Wkhruhp 714 Lq fdvh +316,/ li Gf A 3> xqghu rwkhu deryh frqglwlrqv
wkhuh h{lvwv wkh xqltxh zhdn vroxwlrq ri wkh EYS +314,/ +316,/ +714,0+718,1
Wklv vroxwlrq lv vxfk wkdw

mmzmm
`2

2Elc(�
� �F

k
mmi mm

u2El�
. mmxmm

`2
2Elc(�

l
> +7153,

zkhuh frqvwdqw �F lv lqghshqghqw ri i> x=

Wkhruhp 715 Lq fdvh +317,/ li 3 ? y � 7> xqghu rwkhu deryh frqglwlrqv
wkhuh h{lvwv wkh xqltxh zhdn vroxwlrq ri wkh EYS +314,/ +317,/ +714,0+718,1
Wklv vroxwlrq lv vxfk wkdw

mmzmm
`2

2Elc(�
� �F

k
mmi mm

u2El�
. mmxmm

`2
2Elc(�

. ��mmk�mmu2EK�� . �2mmk2mmu2EK��
l
>

+7154,
zkhuh frqvwdqw �F lv lqghshqghqw ri i> x> k�> k2=

Surri ri wkh Wkhruhpv 714 dqg 7151 Iluvw ri doo/ ohw xv suryh wkdw Y lv
d vxevsdfh ri Z 2

2 +>
�G,1 Lq fdvh +316,/ lw lv reylrxv1 Lq fdvh +317,/ iru lw zh

kdyh wr vkrz lwv frpsohwhqhvv1 Ehfdxvh ri olqhdulw| ri wkh wudfh rshudwruv
dqg rshudwruv lq +714,0+717,/ reylrxvo|/ Y lv d olqhdo1 Vlqfh x 5 Z 2

2
+> �G,

kdv wkh wudfhv ^:0<`

xmK� 5 Z
�3^
2

2
+��, iru 3 � y ? 5>

xm
K2

5 Z
�
2
2
+�2, iru 3 � y ? .4>

x> 2 mK� 5 Z
�3^
2

2
+��, iru 3 � y ? 4>

Cx

Cq
m
K2

5 Z
�*2
2 +�2, iru 3 � y ? .4>

wkhq <F� @frqvwA 3 vxfk wkdw

mmxmm
`

�3^
2

2 EK��
� F�mmxmm

`2
2Elc(�

iru 3 � y ? 5> +7155,

mmxmm
`

�
2
2 EK2�

� F�mmxmm
`2

2Elc(�
iru 3 � y ? .4> +7156,

mmx>2 mm
`

�3^
2

2 EK��
� F�mmxmm

`2
2Elc(�

iru 3 � y ? 4> +7157,

������Cx
Cq

������
`

�
2
2 EEK2�

� F�mmxmm
`2

2Elc(�
iru 3 � y ? .4= +7158,

Ohw y6 5 Y eh d ixqgdphqwdo vhtxhqfh1 Lw zloo eh dovr d ixqgdphqwdo
vhtxhqfh lq Z 2

2+>
�G,1 Exw wkh odwwhu lv d frpsohwh vhw/ l1h1/ <y 5 Z 2

2+>
�G,

vxfk wkdw
mmy6 � ymm`2

2Elc(�
�$ 3

p $n"=

8:
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Wkhq/ e| yluwxh ri +7155,0+7158,/ uhvshfwlyho|/

mmy6 � ymm
`

�3^
2

2 EK��
� F�mmy6 � ymm

`2
2Elc(�

iru 3 � y ? 5>

mmy6 � ymm
`

�
2
2 EK2�

� F�mmy6 � ymm
`2

2Elc(�
iru 3 � y ? .4>

mmy6c2 � y>2 mm
`

�3^
2

2 EK��
� F�mmy6 � ymm

`2
2Elc(�

iru 3 � y ? 4>

������Cy6
Cq

� Cy

Cq

������
`

�
2
2 EK2�

� F�mmy6 � ymm
`2

2Elc(�
iru 3 � y ? .4=

Wkhuhiruh/

mmy6 � ymm
`

�3^
2

2 EK��
�$ 3

p $n"
iru 3 � y ? 5> +7159,

mmy6 � ymm
`

�

2

2
EK2�

�$ 3
p $n"

iru 3 � y ? .4> +715:,

mmy6c2 � y>2 mm
`

�3^

2

2
EK��

�$ 3
p $n"

iru 3 � y ? 4> +715;,

������Cy6
Cq

� Cy

Cq

������
`

�

2

2
EK2�

�$ 3
p $n"

iru 3 � y ? .4= +715<,

Exw vlqfh
y6mK� @ 3 iru 3 � y ? 5> +7163,

y6mK2 @ 3 iru 3 � y ? .4> +7164,

y6c 2mK� @ 3 iru 3 � y ? 4> +7165,

Cy6
Cq

���
K2
@ 3 iru 3 � y ? .4> +7166,

iurp +7163, iroorzv
mmy6mm

`
�3^

2

2
EK��

@ 3=

Wkhq/ wdnlqj lqwr dffrxqw +7159,/

3 � mmymm
`

�3^

2

2
EK��

@ m mmy6mm
`

�3^

2

2
EK��

�mmymm
`

�3^

2

2
EK��

m � mmy6�ymm
`

�3^

2

2
EK��

�$ 3
p $n"

l1h1/ doprvw hyhu|zkhuh +d1h1,

ym
K�

@ 3 iru 3 � y ? 5=

Vlploduo|/ lq ylhz ri +715:,0+715<,/ +7164,0+7166,/ zh kdyh d1h1

ym
K2

@ 3 iru 3 � y ? .4>

yc 2mK� @ 3 iru 3 � y ? 4>

Cy

Cq

���
K2
@ 3 iru 3 � y ? .4=

8;
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Wkxv Y lv frpsohwh/ l1h1/ lw lv d Kloehuw vsdfh dqg d vxevsdfh ri Z 2
2+>

�G,1
Ixuwkhu wkh surri ri Wkhruhpv 714 dqg 715 zloo eh uhdol}hg e| phdqv ri

+vhh^7/9`,

Wkh Od{0Plojudp wkhruhp1 Ohw Y eh d uhdo Kloehuw vsdfh dqg ohw
M+z> y, eh d elolqhdu irup gh�qhg rq Y � Y 1 Ohw wklv irup eh frqwlqxrxv
�l1h1/ ohw wkhuh h{lvw d frqvwdqw N A 3 vxfk wkdw

mM+z> y,m � Nnzn
T
nyn

T
+7167,

krogv ;z> y 5 Y� dqg Y 0hoolswlf �l1h1/ ohw wkhuh h{lvw d frqvwdqw � A 3 vxfk
wkdw

M+z>z, � �nzn2
T

+7168,

krogv ;z 5 Y= Ixuwkhu ohw I eh d erxqghg olqhdu ixqfwlrqdo iurp Y W gxdo ri
Y= Wkhq wkhuh h{lvwv rqh dqg rqo| rqh hohphqw } 5 Y vxfk wkdw

M+}> y, @? I> y A� Iy ;y 5 Y +7169,

dqg

n}n
T
� �3�nIn

T W
= +716:,

Reylrxvo|/ iru wkh elolqhdu irup +714:,/ lq ylhz ri +714;,/

mM+z> y,m �
]
l

+G� �G�,
�

2 mz> �� m � +G� �G�,
�

2 my> �� mg

.

]
l

+G2 �G�,
�

2 mz> 22 m � +G2 �G�,
�

2 my> 22 mg

.

]
l

G
�

2

� mz> ��.z> 22 m �G
�

2

� my> 22.y> �� mg

.7

]
l

G
�

2

e mz> �2 m �G
�

2

e my> �2 mg

�
�]
l

+G� �G�,+z> �� ,
2g

� �

2

�]
l

+G� �G�,+y> �� ,
2g

� �

2

.

�]
l

+G2 �G�,+z> 22 ,
2g

� �

2

�
�]
l

+G2 �G�,+y> 22 ,
2g

��

2

.

�]
l

G�+z> ��.z> 22 ,
2g

� �

2

�
�]
l

G�+y> ��.y> 22 ,
2g

� �

2

8<
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.7

�]
l

Ge+z> �2 ,
2g

� �

2

�
�]
l

Ge+z> �2 ,
2g

� �

2

� :mmzmm` 2

2
Elc(�mmymm`2

2
Elc(�

+716;,

dqg/ lq sduwlfxodu +vhh ehorz Uhpdun 718,/

mM+z> y,m � :mmzmmT mmymmT ;z> y 5 Y= +716<,

Khqfh +7167, lv ixo�oohg1
Wdnlqj lqwr dffrxqw wkdw +G2 �G�,+y> 22 ,

2 5 O�+,> ehfdxvh ri

{e2 �
G2 �G�

Gf
> +7173,

reylrxvo|/
{e2+y> 22 ,

2 5 O�+,=

Zlwkrxw orvv ri jhqhudolw|/ zh fdq vxssrvh wkdw  olhv lq � +vhh +5147,,/
dqg ohw y 5 Y dqg y � 3 lq U2

nq= Wkhq iru �{hg {�

y+{�> �, 5Z 2
2+`3> 4^> {e2,> mmymm2` 2

2
E ofc�dc%e

2
� =@

�]
f

^y2 . {e2+y>22 ,
2`g{2>

y+{�> 4, @ 3> y>2 +{�> 4, @ 3>

dqg li zh vxssrvh wkdw +G2 � G�,
�

2 +y>2 ,
2 5 O�+,> l1h1/ {

2
2+y>2 ,

2 5 O�+,

vlqfh {22 � +G2 �G�,
�

2

G
�

2

f

ehfdxvh ri +7173,/ lw lv hdv| wr vkrz +vhh ehorz

Ohppd 714, wkdw wkh lqhtxdolwlhv +5148,/ +5149, duh ydolg iru vxfk ixqfwlrqv
y 5 Z 2

2 +>
�G,>  � �=

Uhpdun 718 Lq ylhy ri +5149,/ +7173,/ zkhq Gf A 3 wkh qrupv +7145,/
dqg +7144, duh htxlydohqw lq Z 2

2 +>
�G,>  � �= Frqvhtxhqwo| +716;, krogv

dovr iru Z 2
2 +>

�G,=

Ohppd 714 Li y 5 Z 2
2+`3> 4^> {

e
2,> {

2
2+y>2 ,

2 5 O�+ `3> 4^ , dqg

y+{�> 4, @ 3> y>2 +{�> 4, @ 3>

wkhq +5148,/ +5149, duh ydolg/ l1h1/

�]
f

{e2 +y> 22 ,
2g{2 � <

49

�]
f

y2g{2>
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�]
f

{e2 +y> 22 ,
2g{2 � <

7

�]
f

{22+y>2 ,
2g{2=

Surri1 Lq wkh fdvh xqghu frqvlghudwlrq y+{�> �, 5 Z 2
2+`f> 4^, iru ;^f> 4` �

`3> 4`= Wkhuhiruh +vhh ^7`/ Uhpdun 5<19, y+{�c�, dqg y>2 +{�c�, duh devroxwho|
frqwlqxrxv rq ^%> 4` iru duelwudulo| vpdoo % @frqvwA 31 Qrz zh kdyh wr
uhshdw surri ri Ohppd 514 frqvlghulqj doo lqwhjudov lq olplwv % � {2 � 4>
dqg wkhq whqglqj % wr 3. wdnlqj lqwr dffrxqw wkdw iurp vtxduh vxppdelolw|
ri y+{�c�, dqg {2y>2 +{�c�, iroorzv uhvshfwlyho|

olp
%2<fn

{2y
2+{�> {2, @ 3> olp

%2<fn
{�2^y>2 +{�> {2,`

2 @ 3=

Rwkhuzlvh li zh dvvxph olp
%2<fn

{2y
2+{�> {2, @ ff+{�, A 3> olp

%2<fn
{�2^y>2 +{�> {2,`

2 @

f�+{�, A 3 wkhq lq vrph uljkw qhljkerxukrrg ri srlqw +{�> 3,

y2+{�> {2, A
ff+{�,

5{2
> {22^y>2 +{�> {2,`

2 A
f�+{�,

5{2
=

Exw wklv lv d frqwudglfwlrq vlqfh rq wkh ohiw kdqg vlghv zh kdyh lqwhjudeoh
ixqfwlrqv zkloh rq wkh uljkw kdqg vlghv zh kdyh qrqlqwhjudeoh ixqfwlrqv1

Lq ylhz ri +5148,/ dv 3 ? Gf � (23(�

%e
2

> iru y 5 Z 2
2 +>

�G,> zh kdyh

]
l

y2+{�> {2,g @

]
�

y2+{�> {2,g{�> g{2 @

K]
@

g{�

�]
f

y2g{2 �

� 49

<

K]
@

g{�

�]
f

{e2 +y> 22 ,
2g{2 � 49

<Gf

K]
@

g{�

�]
f

Gf{
^

2 +y> 22 ,
2g{2 �

� 49

<Gf

]
l

+G2 �G�,+y>22 ,
2g=

Vlploduo|/ e| yluwxh ri +5149,/]
l

{22+yc2,
2g � 7

<Gf

]
l

+G2 �G�,+y> 22 ,
2g=

Khqfh

mmymm2T =@

]
l

^y2 . {22+yc2,
2 .G�+y> ��.y> 22 ,

2 . +G� �G�,+y>�� ,
2.
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.7Ge+y> �2 ,
2 . +G2 �G�,+y>22 ,

2`g � +7174,

� 53

<Gf

]
l

+G2 �G�,+y>22 ,
2g. M+y> y, @

W

F M+y> y,>

zkhuh
W

F =@ 4 .
53

<Gf

=

+7174, phdqv Y 0hoolswlflw| ri wkh elolqhdu irup M= Wkxv +7168, lv dovr ixo�oohg1
Qrz ohw xv frqvlghu wkh iroorzlqj ixqfwlrqdo

Iy =@ +y> i,� M+x> y, . �2

]
K�

yk2g{� � ��

]
K�

y> 2 k�g{�> y 5 Y +7175,

+Iru fdvh +316, zh kdyh wr wdnh �� @ �2 @ 3,=
Ixuwkhu

m+y> i,m � mmymm
u2El�

mmi mm
u2El�

� mmymm
T
mmi mm

u2El�
> +7176,

dqg/ vlqfh lq fdvh +317, wudfhv ehorqjlqj wrZ
�3^
2

2 +��,> 3 � y ? 5>Z
�3^
2

2 +��,>
3 � y ? 4> duh dovr wudfhv ehorqjlqj wr O2+��,>����

]
K�

y k2g{�

���� � mmymm
u2EK��

mmk2mmu2EK�� � Fmmymm
T
mmk2mmu2EK�� > +7177,

F @ frqvw A 3> 3 � y ? 5>����
]
K�

y>2 k�g{�

���� � mmy>2 mmu2EK�� mmk�mmu2EK�� � Fmmymm
T
mmk�mmu2EK�� > +7178,

3 � y ? 4=

Diwhu vxevwlwxwlrq ri +7176,/ +716;,/ +7177,/ +7178, lq +7175,/ zh rewdlq

mIym � ^mmi mmu2El� . :mmxmm` 2
2Elc(� . F+ �2mmk2mmu2EK��

.��mmk�mmu2EK��,`mmymmT = +7179,

Ohw xv qrwh wkdw e| ghprqvwudwlrq ri erxqghgqhvv ri wkh ixqfwlrqdo I
gh�qhg e| +7175,/ zh glg qrw xvh wkdw Gf A 3 +3 � y � 7,> l1h1/ wkh
dvvhuwlrq lv wuxh iru Gf � 3 +3 � y ? .4,= Wkhuhiruh wkh olqhdu ixqfwlrqdo
+7175, lv erxqghg lq Y= Vr lq ylhz ri +716<,/ +7174,/ +7179,/ dffruglqj wr wkh
Od{0Plojudp wkhruhp <} 5 Y� xqltxh vxfk wkdw/ e| yluwxh ri +7169,/ zh
kdyh

M+}> y, @ Iy =@ +y> i,� M+x> y, . �2

]
K�

yk2g{� � ��

]
K�

y> 2 k�g{� ;y 5 Y>
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l1h1/

M+z> y, @ +y> i, . �2

]
K�

yk2g{� � ��

]
K�

y> 2 k�g{� ;y 5 Y> +717:,

zkhuh

z = @ x. } 5 Z 2
2+> �G,= +717;,

Vr

z � x @ } 5 Y>

dqg +7149, lv ixo�oohg1 +717:, frlqflghv zlwk +714<, +lq fdvh +316, zlwk +714:,,1
Wkxv wkh h{lvwhqfh ri wkh xqltxh zhdn vroxwlrq z 5 Z 2

2+>
�G, ri wkh EYS

+314,/ +317, ru +316,/ +714,0+718,/ kdv ehhq suryhg1

Iurp +7179, lw iroorzv wkdw

mmI mm
T W

� mmi mm
u2El�

.:mmxmm`2
2Elc(�.F+�2mmk2mmu2EK��.��mmk�mmu2EK��,= +717<,

E| yluwxh ri +717;,/ +716:,/ +717<,/

mmzmm`2
2Elc(� � mmxmm`2

2Elc(� . mm}mm
T
� mmxmm` 2

2Elc(�

.�3�^mmi mm
u2El�

. :mmxmm`2
2Elc(� . F+�2mmk2mmu2EK�� . ��mmk�mmu2EK��,`

� �F^mmi mm
u2El�

. mmxmm`2
2Elc(� . ��mmk�mmu2EK�� . �2mmk2mmu2EK�� `>

zkhuh
�F = @ pd{i:�3� . 4> �3�Fj>

l1h1/ +7153,/ dqg +7154, duh ydolg lq fdvhv +316, dqg +317, uhvshfwlyho|1

Uhpdun 719 Lqvwhdg ri Y gh�qhg e| +7147,/ zh frxog frqvlghu wkh
vsdfh

f

Z 2
2 +>

�G,=

Wkhq wdnlqj lqwr dffrxqw wkdw +5148, lv/ reylrxvo|/ ydolg iru y 5 F"f + `3=4^ ,>
wkh frqglwlrq +7174, zloo eh ixo�oohg iru y 5 F"f +, dqg khqfh iru y 5
f

Z 2
2 +> G,= Wkh frqglwlrq +716<, zloo eh dovr uhdol}hg rq

f

Z 2
2 +>

�G,� vxe0
vsdfh ri Z 2

2 +>
�G,= +7179, +zkhuh �� @ �2 @ 3, zloo eh dovr fduulhg rxw iru

y 5
f

Z 2
2 +>

�G,= Wkhuhiruh Wkhruhp 715 zloo eh ydolg li lq wkh gh�qlwlrq 714

wkh vsdfh Y lv uhsodfhg e| wkh vsdfh
f

Z 2
2 +>

�G, � Y> dqg +714<, e| +714:,1
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D� A�i �@ti (3 ' f Ey : e�

Lq wklv fdvh rqo| wkh EYS +314,/ +316,/ +714,/ +718,/ fdq eh fruuhfwo| srvhg1
Ohw

Y �
f

Z 2

2 +> G, =@ F"
f
+,

zlwk wkh qrup ri Z 2
2
+> G,=

Gh�qlwlrq 814 Ohw x 5 Z 2

2
+>G, eh jlyhq/ dqg

Iy =@ +y> i,� M+x> y,> y 5 Y> +814,

zkhuh M lv gh�qhg e| +714:,1 }f.x> zkhuh }f 5 �Y lv lghqwl�hg zlwk I5f 5 Y W

+vhh wkh prgl�fdwlrq ri wkh Od{0Plojudp wkhruhp lq Vhfwlrq 6,/ zloo eh
fdoohg wkh lghdo vroxwlrq ri wkh EYS +314,/ +316,/ +714,/ +718,/ li lw vdwlv�hv
frqglwlrq dv iroorzv=

I5fy =@ olp
&<"

M+}&> y, @

]
l

iyg� M+x> y, ;y 5 Y �
f

Z 2
2 +> G,= +815,

Wkhruhp 814 Wkhuh h{lvwv wkh xqltxh lghdo vroxwlrq ri wkh EYS +314,/
+316,/ +714,/ +718,1

Surri1 Reylrxvo|/

mIym � mmymm
u2El�

mmi mm
u2El�

. :mmxmm
`2

2Elc(�
� mmymm

T

� mmi mm
u2El�

mmymm
T
. :mmxmm

`2
2Elc(�

� mmymm
T
>

vlqfh +716;, lv doo wkh pruh ixo�oohg iru y 5 Y �
f

Z 2
2 +> G, � Z 2

2 +>G,1
Khqfh I gh�qhg e| +814, lv d erxqghg olqhdu ixqfwlrqdo rq Y= Lq ylhz ri

+716<,/ zklfk lv doo wkh pruh ydolg iru Y �
f

Z 2
2
+>G,> +614, krogv1

Iurp y 5 Y dqg

M+y> y, @ 3

iroorzv

y @ n�{� . n2{2 . n�> n� @ frqvw/ l @ 4> 5> 6> d1h1 lq >
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vlqfh iurp +714:,/ +714;, zh kdyh

M+y> y, @
U
l

�
G�+y>�� ,

2 .G2+y>22 ,
2 . 5G�y>�� �y>22.7Ge+y>�2 ,

2

�
g

@
U
l

�
G�+y>��.y>22 ,

2 . +G� �G�,+y>�� ,
2

.+G2 �G�,+y>22 ,
2 . 7Ge+y>�2 ,

2

�
g @ 3>

dqg khqfh d1h1 lq 

y>��@ 3> y>22@ 3 y>�2@ 3=

Rq wkh rwkhu kdqg/ lw lv reylrxv wkdw

x 5 Z 2
2+> G, , x 5 Z 2

2+B> G, � Z 2
2+B,=

Khqfh x dqg
Cx

Cq
kdyh wudfhv rq �2 _ �B ;� A 3> dqg vlqfh y 5 Y �

f

Z 2
2
+> G,> vlploduo|/ lq wkh vhqvh ri wudfhv/

y
���
K2�

7lB

@
Cy

Cq

���
K2�

7lB

@ 3=

Wkhuhiruh/ y @ 3 d1h1 lq / l1h1/ y � � lq Y 1 Khqfh +615, lv ixo�oohg1
Wkxv/ zh fdq dsso| wkh prgl�hg Od{0Plojudp wkhruhp1 Zklfk dvvhuwv

wkh h{lvwhqfh ri wkh xqltxh lghdo hohphqw }f vxfk wkdw +815, lv ixo�oohg1

Uhpdun 814 Li/ lq sduwlfxodu/ }f 5 Y wkhq }f. x 5 Z 2
2+>G,> dqg rq

�2 wkh wudfhv ri }f . x>
C}f . x

Cq
dqg x>

Cx

Cq
frlqflgh1

Dfnqrzohgjhphqw

Wklv zrun zdv sduwo| vxssruwhg e| Pd{0Sodqfn0Jhvhoovfkdiw dqg sduwo| e| Lwdoldq
F1Q1U1 L zrxog olnh wr wkdqn Suri1 E10Z1 Vfkxo}h/ Suri1 S1H1 Ulffl/ dqg Gu1 P1
Nruh| iru xvhixo glvfxvvlrqv1 L dovr wkdqn Suri1 V1V1 Nkdulehjdvkylol iru surri
ri Uhpdun 617/ dqg Pdu| Vkdulndg}h dqg Ydohqwlqd Wdunkdqryd iru wkhlu fduhixo
w|slqj ri wklv sdshu1

Uhihuhqfhv
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41 Wlprvkhqnr/ V1> Zrlqrzvn|0Nulhjhu/ V1Wkhru| ri Sodwhv dqg Vkhoov1 Pfjudz0
kloo Errn Frpsdq|/ LQF/ Qhz \run0Wrurqwr0Orqgrq/ 4<8<1

51 Mdldql/ J1 Vroxwlrq ri vrph Sureohpv iru d Ghjhqhudwh Hoolswlf Htxdwlrq ri
Kljkhu Rughu dqg Wkhlu Dsolfdwlrqv wr Sulvpdwlf Vkhoov1+Uxvvldq/ Hqjolvk
dqg Jhrujldq vxppdulhv, Welolvl Vwdwh Xqlyhuvlw| Suhvv/ Welolvl/ 4<;51

61 Plnkolq/ V1 Yduldwlrqdo Phwkrgv lq Pdwkhpdwlfdo Sk|vlfv1 Shujdprq Suhvv/
R{irug0Hglqexujk/ 4<971

71 Uhnwru|v/ U1 Yduldwlrqdo Phwkrgv lq Pdwkhpdwlfv1 Vflhqfh dqg Hqjlqhhulqj1
G1 Uhlgho Sxeolvklqj Frpsdq|/ Gruguhfkw0Ervwrq/ 4<::1

81 Gdxwud|/ U1> Olrqv/ M10O1 Pdwkhpdwlfdo Dqdo|vlv dqg Qxphulfdo Phwkrgv
iru Vflhqfh dqg Whfkqrorj|1 Y151 Vsulqjhu0Yhuodj/ Ehuolq0Khlghoehuj0Qhz
\run0Orqgrq0 Sdulv0Wrn|r/ 4<;;1

91 \rvlgd/ N1Ixqfwlrqdo Dqdo|vlv1 Vsulqjhu0Yhuodj/ Ehuolq0J�rwwlqjhq0Khlghoehuj/
4<981

:1 Qlnro*vnll/ V1P1> Ol}runlq/ S1L1 Rq Vrph Lqhtxdolwlhv iru Zhljkw0Fodvv Erxqg0
du| Ydoxh Sureohpv zlwk d Vwurqj Ghjhqhudf| dw wkh Erxqgdu|1 Grno1 Dndg1
Qdxn VVVU/ 48<+4<97,/ qr16/ 84508481

;1 Qlnro*vnll/ V1P1 Rq d Erxqgdu| Ydoxh Sureohp ri wkh �uvw nlqg zlwk d Vwurqj
Ghjhqhudf|1 Grno1 Dndg1 Qdxn VVVU/ 555+4<:8,/ qr15/ 5;405;61

<1 Qlnro*vnll/ V1P1 Dssur{lpdwlrq ri Ixqfwlrqv ri Vhyhudo Yduldeohv dqg Hp0
ehgglqj Wkhruhpv1+Uxvvldq, 5qg hglwlrq1 Qdxnd/ Prvnrz/ 4<::1

431 Nxiqhu/ D1> Rslf/ E1 Wkh Glulfkohw Sureohp dqg Zhljkwhg Vsdfhv L1 �Fdvrslv
S�hvw1 Pdw1/ 43;+4<;6,/ 6;4073;1
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