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Dv lv nqrzq wkh Hxurshdq Xqlrq +HX, lv rqh ri wkh pdlq lghrorjlvwv dqg
vsrqvruv ri wkh wudqvsruw fruulgru Hxursh0Fdxfdvxv0Dvld +WUDFHFD,1 HX
frqvlghuv WUDFHFD dv d phfkdqlvp ri wkh lqwhu0vwdwh dqg lqwhu0uhjlrqdo
frooderudwlrq dqg wkh jxdudqwhh ri shdfh dqg vwdelolw|1 HX frqvlghuv Jhru0
jld dv d sduwqhu lq wkh ghyhorsphqw ri wkh wudqvsruw qhwzrunv ehwzhhq wkh
Eodfn Vhd dqg Fhqwudo Dvld ehfdxvh ri lwv jhrsrolwlfdo srvlwlrq1 Dffruglqj
wr h{shulhqfh ri Hxurshdq wudqvlw frxqwulhv ehvlghv juhdw srolwlfdo dqg hfr0
qrplfdo ehqh�wv wkh wudqvlw ri vwudwhjlf pdwhuldov fdxvhv juhdw orvvhv wr wkh
hfrorjlfdo vlwxdwlrq lq wkhvh frxqwulhv1

Hqylurqphqw surwhfwlrq lv rqh ri wkh prvw xujhqw lvvxhv ri wrgd|1 Wkh
kljkhvw vshhg ri surgxfwlrq ghyhorsphqw kdv fdxvhg wkh hqylurqphqw sroox0
wlrq dqg hfrorjlfdo glvedodqfh1 Wkrxjkwohvv lqfuhdvh ri lqgxvwu| dqg hqhuj|
vhfwru ohdgv wr vxfk luuhyhuvleoh surfhvvhv wkdw wkuhdwhq wkh olih h{lvwhqfh
rq wkh hduwk1
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Vr wkh gldjqrvlv/ dqdo|vlv ri dgyhuvh vxevwdqfhv dqg surjqrvlv ri wkhlu
vsdfh0wlph glvwulexwlrq lv rqh ri wkh pdlq sureohpv ri prghuq vflhqfh1
Dqg qxphulfdo h{shulphqw/ pdwkhpdwlfdo dqg frpsxwhu vlpxodwlrq lv dq
h�flhqw phwkrg iru dqdo|vlv/ gldjqrvlv dqg surjqrvlv ri wkh idfwruv fdxvlqj
hfrorjlfdo edodqfh fkdqjhv1

Zh frqvlghu wkh sureohp ri dgyhuvh vxevwdqfhv wudqvihu wkurxjk wkh
dwprvskhuh xvlqj d qhz pdwkhpdwlfdo prgho1

Dv lv nqrzq/ d vxevwdqfh wudqvihu wkurxjk wkh dwprvskhuh fdq eh gh0
vfulehg e| wkh iroorzlqj htxdwlrq ^4/6`=
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zkhuh V lv frqfhqwudwlrq/ x> y> z duh wkh d{ldo frpsrqhqwv ri zlqg yhorflw|
dorqj d{lv R{>R| dqg R}> dqg N%>N+ dqg N5 duh wkh frh�flhqwv ri wxuex0
ohqw gl�xvlrq> � lv wkh frh�flhqw wkdw ghwhuplqhv wkh yhorflw| ri vxevwdqfh
frqfhqwudwlrq fkdqjhv gxulqj wkh surfhvv ri vxevwdqfh ghfrpsrvlwlrq dqg
wudqvirupdwlrq> I +{> |> }> w, duh lqwhuqdo vrxufhv1

Ohw wkh d{lv R{ eh gluhfwhg dorqj wkh hduwk sdudooho/ wkh d{lv R| eh
gluhfwhg dorqj wkh phulgldq/ dqg wkh d{lv R} eh gluhfwhg dorqj wkh hduwk
udglxv yhuwlfdoo| xszdug1 Ohw V+{> |> }> w, eh lqwhqvlw| ri dhurvro vxevwdqfh
wkdw pljudwhv wkurxjk wkh dwprvskhuh dorqj zlwk dlu vwuhdpv dw wkh yhorflw|
ri
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n dqg zh duh orrnlqj iru lwv glvwulexwlrq

lq wkh f|olqgulfdo duhd J zlwk vxuidfh �1 Ohw xv ghqrwh lwv odwhudo vxuidfh
e|

S
/ ohw wkh erwwrp eh ghqrwhg e|

S
f +zkhq } @ 3, dqg wkh wrs vxuidfh

e|
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M+} @ K>K @ frqvw,=
Vxssrvh

S
� lv d vxuidfh lqvlgh J/

S_S
� @ 3 dqg wkh glvwdqfh
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�c

S
, ehwzhhq

S
� dqg

S
vxuidfhv lv vwulfwo| srvlwlyh1 Ohw

S
dqgS

� eh gl�hrprusklf/ dqg L+{> |> }, eh gl�hrprusklvp1 Ghqrwh wkh frh�0
flhqw ri frqfhqwudwlrq ghfuhdvh shu xqlw glvwdqfh e| tf+{> |> }> w,1 Qdwxudoo|/
tf ghshqgv rq wkh sk|vlfdo fkdudfwhulvwlfv ri d vrxufh/ lwv orfdwlrq/ hwf1 Wkh
vlpsohvw zd| wr ghwhuplqh tf duh h{shulphqwdo ru hpslulf phwkrgv1 Lw lv
reylrxv wkdw tf � 41 Qdwxudoo|/ lq d qrupdo hfrorjlfdo vlwxdwlrq tf ! 4 li
tf @ ^4� %+{> |> }> w,`/ zkhuh 3 ! % ! 4=

Ohw xv ghqrwh e| t�+{{�> ||�> }}�> w, wkh frqfhqwudwlrq ghfuhdvh dw srlqw
+{> |> }, ri wkh vxuidfh

S
dw wkh prphqw frpsduhg zlwk lwv ydoxh lq d

gl�hrprusklf srlqw +{�> |�> }�, 5 S
� dw wkh vdph prphqw w1 Lw lv reylrxv

wkdw
t+{> |> }> w, @ ^4� %+{> |> }> w,`RE%%

�� = +5,

Qrz/ ohw xv vhw iruwk wkh iroorzlqj lqlwldo erxqgdu| ydoxh sureohp= �qg
wkh vroxwlrq ri wkh htxdwlrq +4, wkdw vdwlv�hv wkh iroorzlqj lqlwldo frqglwlrq

V+{> |> }> 3, @ Vf+{> |> },> +{> |> }, 5 J> +6,

:9
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erxqgdu| frqglwlrqv
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dqg qrq0orfdo erxqgdu| frqglwlrq

V+{> |> }> w, @ t+{> |> }> w,V+}�> |�> }�> w, . �+{> |> }> w,>

+{> |> }> w, @ L+{�> |�> }�,> 3 � w � W>
+9,

zkhuh � lv jlyhq frqfhqwudwlrq/ * lv frqvwdqw/ wkdw fkdudfwhul}hg lqwhuhfwlrq
srooxwlrq zlwk hduwk vxuidfh1

Vr wkh qrq0orfdo sureohp +4,/ +5,0+9, lv ehlqj vroyhg1 Xqghu vrph jhq0
hudo dvvxpswlrqv lw fdq eh vkrzq wkdw wkhuh h{lvwv wkh xqltxh uhjxodu vrox0
wlrq ri wklv sureohp1 Sureohp +4,/ +5,0+9, fdq eh vroyhg e| Ghfrpsrvlwlrq
Phwkrg1 Doo diruhvdlg fdq eh glvfxvvhg lq ghwdlo iru d vshfl�f fdvh1

Ohw J @ ^3> O` � ^3>K` > T @ J �
k
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l
> J@ J ^ �> ohw � eh wkh

erxqgdu| ri J> � @ �� ^ �2 ^ �� ^ �e>

�� @ i+{> },> { 5 ^3> O` > } @ 3j> �2 @ i+{> },> } 5 ^3> K`j>

�� @ i+{> },> { 5 ^3> O` > } @ Kj> �e @ i+{> },> { @ O> } 5 ^3> K`j>

�f @ i+{> },> { @ {fc } 5 ^3>K`j=
Ohw wkh d{lv R{ kdyh wkh gluhfwlrq ri dq dyhudjh yhorflw| ri dwprvskhulf

vwuhdp/ R} eh gluhfwhg yhuwlfdoo| xszdug dqg R| eh shushqglfxodu wr wkh
sodqh R{}1

Frqvlghu d wzr0glphqvlrqdo fdvh ri +4, lq duhd J=
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V+{> }> w, @ !�+{> },> +{> }, 5 �2> 3 � w � W> +44,

V+O> }> w, @ tV+{fc}> w, . !e> } 5 +3>K,> 3 � w � W> +45,

zkhuh ixqfwlrqv I +{> }> w,> Vf+{> },> !�> !2> !�> !e duh jlyhq1

Vr/ rxu dlp lv wr lqyhvwljdwh wkh sureohp +:,0+45, dqg �qg lwv qxphulfdo
vroxwlrq1

Iru vlpsolflw| ri ixuwkhu ghprqvwudwlrq ohw xv lpso| wkdw N%> N5> x> z /
duh frqvwdqwv1 Dvvxph wkdw lqvwhdg ri +<, dqg +43, zh kdyh

V+{> }> w, @ !�> +{> }, 5 �2> 3 � w � W> +46,

V+{> }> w, @ !2> +{> }, 5 ��> 3 � w � W= +47,

Frqvlghu wkh iroorzlqj lwhudwlrq surfhvv
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+48,

+n @ 3> 4> ===,> Vf+{f> }> w,> !�> !2 duh jlyhq vx�flhqwo| vprrwk ixqfwlrqv/
kdylqj frqwlqxrxv erughuv zlwk wkh ixqfwlrqv !� dqg !21

Lq ^7/8` lw lv suryhg wkdw wkhuh h{lvwv wkh rqo| vroxwlrq ri +:,/ +;,/ +44,0
+47, dqg VE&�+{> }> w, $ V+{> }> w, dw jhrphwulf surjuhvvlrq vshhg lq phwulfv
FEf�+J,1 Wkh xqltxhqhvv ri wkh vroxwlrq ri wkh sureohp +:,/ +;,/ +44,0+47,
lv suryhg rq wkh edvlv ri dq dqdorj ri wkh �uvw Kduqdfn wkhruhp ^7`1 Rq
wkh edvlv ri wkh vdph dqdorj +48, lwhudwlrq surfhvv frqyhujhqfh lv suryhg1
Xvlqj phwkrgv suhvhqwhg lq ^709` wkh h{lvwhqfh dqg xqltxhqhvv ri wkh uhjxodu
vroxwlrq ri wkh sureohp +:,/ +45, fdq eh vkrzq1

Lq rughu wr vroyh wklv sureohp ohw xv frqvlghu wkh iroorzlqj lwhudwlrq
surfhvv=

:;
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+49,

n @ 4> 5> ===1
Frqyhujhqfh ri +49, lwhudwlrq surfhvv kdv qrw ehhq vwxglhg1 Lw lv lq0

whuhvwlqj wr suryh sudfwlfdo dssolfdelolw| ri wkh surfhvv +49, e| Fdofxod0
wlrq H{shulphqw Phwkrg/ ehfdxvh rq wkh edvlv ri wklv phwkrg vroxwlrq ri
qrq0fodvvlfdo sureohp +:,0+45, fdq eh wxuqhg lqwr fodvvlfdo pl{hg erxqgdu|
sureohp dw hdfk wlph vwhs1

Iru qxphulfdo vroxwlrq ri wkh sureohp +:,0+45, ohw xv dsso| Ghfrpsrvl0
wlrq Phwkrg/ rq wkh edvlv ri zklfk zh exlog xs dyhudjhg dgglwlyh prghov1
Ixuwkhu/ ohw*v frqwlqxh zlwk exloglqj xs ri ghfrpsrvlwlrq gl�huhqfh vfkhphv
ri sdudooho fdofxodwlrq1

Ghylgh lqwhuydo ^3> W ` e| julg $o @
�
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Ohw wkh ydoxh ri wkh ixqfwlrq lq d fhuwdlq wlph lqwhuydo ��n� @ +w�> w�n�, eh
ghqrwhg dv iroorzv= VE��+{> }> w, @ VE��1 Dvvxph/ wkdw=
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Ohw xv irupdoo| ghylgh wkh sureohp +:, +45, lqwr wzr vxesureohpv zlwk
rshudwruv O� dqg O2 lq wlph lqwhuydo ^w�> w�n�`1
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Frqvlghu wkh iroorzlqj dgglwlyho| dyhudjhg prgho iru wkh sureohp +:,0
+45,=
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Wkh ixqfwlrq S +{> }> w, lv ghwhuplqhg lq wkh iroorzlqj zd|=

S +{> }> w, @ 3> 8^V
E�n��
� +{> }> w, . V

E�n��
2 +{> }> w,`> +5;,

zkhuh +w 5 ��n�cm @ 3> 4> 5> ===>N�4,> zloo eh fdoohg wkh vroxwlrq ri wkh vsolw
sureohp1

Lw fdq eh vkrzq +vhh ^:`, wkdw li lqlwldo gdwd duh vprrwk hqrxjk/ dggl0
wlyho| dyhudjhg prgho +4;,0+5;, dssur{lpdwhv wkh sureohp +:,0+45, dqg

pd{
'

mV+{> }> w,� S +{> }> w,m @ 3+�,=

Vr/ lq rughu wr vroyh wzr0glphqvlrqdo sureohp +:,0+45, zh kdyh wr vroyh
wzr rqh0glphqvlrqdo sureohp1 Wkh �uvw rqh lv wkh wudqvihu ri vxevwdqfh
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dorqj d{lv R{ dqg wkh vhfrqg rqh lv wkh wudqvihu ri vxevwdqfh dorqj d{lv R}1
Lq wkh �uvw fdvh zh kdyh qrq0orfdo erxqgdu| frqglwlrqv/ dqg lq wkh vhfrqg
fdvh zh kdyh fodvvlfdo erxqgdu| frqglwlrqv1 Zh fdq vroyh wkhvh sureohpv
vlpxowdqhrxvo| lq wkh lqwhuydo �E�n��= Wkhuhiruh/ li zh uhsodfh hdfk sureohp
zlwk lwv gl�huhqfh dqdorj/ zh zloo jhw ghfrpsrvlwlrq gl�huhqfh vfkhph ru
orfdoo| rqh0glphqvlrqdo sdudooho fdofxodwlrq vfkhph1

Wkh qh{w vwhs lv wkh frqvwuxfwlrq ri d sdudooho fdofxodwlrq vfkhph dqg
lwv lqyhvwljdwlrq1
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�c&1 Zh zloo xvh wkh iroorzlqj nqrzq
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Rq wkh edvlv ri wkh dgglwlyh prgho +4;,0+5:, wkh iroorzlqj sdudooho orfdoo|
rqh0glphqvlrqdo fdofxodwlrq vfkhph fdq eh frqvwuxfwhg=
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� �2F
�n�
2 . I W2 > +{> }> w, 5 Z�cfZ� >

S � @
4

5
+F�

� .F�
2,>

F�n�
2c�c� � F�n�

2c�cf

k�
@ !�+{�> w�,> +l @ 3=Q�> m @ 3=N,> +64,

N5

F�n�
2c�c��

� F�n�
2c�c��3�

k�
@ �F�n�

2c��
. !2+{�> w�,> +l @ 3=Q�> m @ 3=N,>

+65,

zkhuh S � lv frqvlghuhg wr eh wkh vroxwlrq ri gl�huhqfh vfkhph I Wq @
Iq+{�> }&> lan�*2, +� @ 4> 5,= Zh dovr dvvxph/ wkdw frruglqdwh {f frlqflghv
zlwk d qrgh ri wkh julg dorqj d{lv R{ dqg {f @ +Q� � p,k�> p lv wkh
qdwxudo qxpehu/wkdw fkdqjhv lqfrpsoldqfh zlwk wkh vwhs ri wkh julg1

Lq rughu wr vroyh wkh v|vwhp +63, wkh fodvvlfdo phwkrg ri vzhhs lv dssolhg1
Iru vroylqj +5<, fodvvlfdo irupxodv vkrxog eh frqvwuxfwhg1 Qrw gzhoolqj rq
ghgxfwlrq ri wkh odwwhu/ ohw xv dggxfh irupxodv iru jhqhudo fdvh1

Uhvroxwlrq ri gl�huhqfh vfkhph +5<, fdq eh uhgxfhg wr uhvroxwlrq ri wkh
iroorzlqj v|vwhp1

��U�3� � F�U� . e�U�n� @ e� +l @ 4> Q� � 4,>

Uf @ .��> U�� @ �2U��3� . �U��36 . �2=
+66,

Wkh v|vwhp +64, fdq eh vroyhg rq wkh edvlv ri wkh iroorzlqj irupxodv
+vhh ^9`,=

U� @ ��n�U�n� . ��n�>

��n� @
e�

F� � d���
> +l @ 3> Q� � 4,>

��n� @
���� . e�
F� � d���

> +l @ 3> Q� � 4,>

+67,

U�� @
�2��� . �����36n� . �5

4� +�2�Q� . �����36n�,
>

���36n�@ ��� � � � � � ���36n�>
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���36n�@ ���36n� � � � � � ���3�q� . � � � � ��3�=

Khuh ��ce�> f� duh h{suhvvhg wurxjk frh�flhqwv ri wkh gl�huhqfh vfkhph1

Dqdo|vlv ri v|qrswlf surfhvv lq wkh Fdxfdvldq uhjlrq vkrzv wkdw Jhru0
jldq whuulwru| lv grplqdwhg e| zhvwhuq dqg hdvwhuq phwhrurorjlfdo surfhvvhv1
Wklv lv vwlsxodwhg e| wkh jhrjudsklfdo orfdwlrq ri Jhrujld dqg ihdwxuhv ri
lwv uholhi1

Wkh qruwk Jhrujldq whuulwru| lv erughuhg e| Juhdw Fdxfdvxv Udqjh gl0
uhfwhg dorqj sdudooho1 Lw lv d qdwxudo revwdfoh iru phwhrurorjlfdo surfhvvhv
frplqj iurp wkh qruwk1 Dlu pdvvhv lqwuxghg iurp wkh qruwk duh vorzhg
grzq e| Juhdw Fdxfdvxv Udqjh/ wkh| sdvv urxqg lw dqg hqwhu Jhrujldq
whuulwru| iurp wkh zhvw dqg wkh hdvw1 Wr wkh vrxwk ri Jhrujld/ Wkuldohwl
dqg Phvnkhwl udqjhv duh vwuhwfkhg dorqj wkh sdudooho/ zklfk/ wrjhwkhu zlwk
Juhdw Fdxfdvxv Udqjh/ fuhdwh qdwxudo %fdq|rq%/ wkdw dovr lv Jhrujld*v
wudqvsruwdwlrq fruulgru +JWF,1 Lq wklv fruulgru dlu pdvvhv duh pdlqo| fdu0
ulhg iurp rqh sodfh wr dqrwkhu }rqdoo|1 Wkhvh pryhphqwv duh klqghuhg e|
Olnkl Udqjh gluhfwhg dorqj phulgldq +wkdw glylghv Jhrujldq whuulwru| lqwr
zhvwhuq dqg hdvwhuq sduwv,1

Wkh deryh vdlg doorzv xv wr pdnh vlpsol�fdwlrqv zkloh lqyhvwljdwlqj wkh
sureohp ri pdwkhpdwlfdo vlpxodwlrq ri dgyhuvh vxevwdqfhv wudqvihuhqfh dqg
frqvlghu wzr0glphqvlrqdo qxphulfdo prgho iru dlu pdvvhv }rqdo wudqvihuhqfh
wdnlqj lqwr dffrxqw fkdudfwhulvwlfv ri wkh uholhi +Olnkl Udqjh,1^406`1

Qrz ohw xv frqvlghu wkh iroorzlqj vshfl�f sureohp= pljudwlrq dqg gl�x0
vlrq ri dgyhuvh vxevwdqfhv hmhfwhg iurp d srlqw vrxufh ri srzhu p� orfdwhg
dw dowlwxgh k lq wkh uhjlrq ri qrqkrprjhqhrxv rurjudsk|1 Dvvxph wkdw
phwhrurorjlfdo vlwxdwlrq vwlsxodwhv wudqvihuhqfh ri vxevwdqfh lq wkh dwpr0
vskhuh lq wkh gluhfwlrq ri dyhudjh zlqg yhorflw| +}rqdo wudqvihuhqfh ru zlqgv
ri suhydlolqj gluhfwlrq,/ wkdw lv y @ 31 Xqghu wkhvh frqglwlrqv vxevwdqfh
wudqvihuhqfh lq wkh dwprvskhuh lv ghvfulehg e| htxdwlrq +:,1

Ohw xv uhpryh olplwdwlrq wkdw zh kdyh lpsrvhg rq x dqg z frpsrqhqwv
ri zlqg yhorflw| dqg frh�flhqw N% ehlqj rq frqvwdqw1 Lq +:, ghwhuplqh x
dqg z e| phdqv ri d frpsohwh v|vwhp ri K|gurwkhuprg|qdplfv1 Lq fdvh
ri krprjhqhrxv rurjudsk| wkh vhw sureohp lv ghvfulehg e| wkh iroorzlqj
v|vwhp ri htxdwlrqv ^;043`1

CV

Cw
. x

CV

C{
. z

CV

C}
@ N%

C2V

C{2
.

C

C}
N5

CV

C}
� �V> +68,

Cx

Cw
. x

Cx

C{
.z

Cx

C}
@ �4

�

CS

C{
.N%

C2x

C{2
.

C

C}
N5

Cx

C}
> +69,

;6



DPL Yro17/ Qr14/4<<< G1 Jrugh}ldql/ W1 Gdylwdvkylol .

C�

Cw
.

C+�x,

C{
.

C+�z,

C}
@ 3> +6:,

Cs

C}
@ ��j> +6;,

C�

Cw
. x

C�

C{
. z

C�

C}
@ N%

C2�

C{2
.

C

C}
N5

C�

C}
> +6<,

S @ �UW> +73,

zkhuh S lv dwprvskhulf suhvvxuh/ � lv dlu ghqvlw|/ U lv vshfl�f frqvwdqw ri
gu| dlu/ � lv srwhqwldo whpshudwxuh ri dlu/ W lv whpshudwxuh/ j lv dffhohudwlrq
ri judylw|1

Zh frqvlghu wkh sureohp ri wudqvihuhqfh dqg gl�xvlrq ri dgyhuvh vxe0
vwdqfhv lq dq dwprvskhuh iru wkh Fdxfdvldq uhjlrq/ zkhuh rqh ri wkh gh0
whuplqlqj idfwruv iru flufxodwlrq surfhvv sduwlfxodulwlhv lv rurjudsk|1 Lq
rughu wr uh�hfw fruuhfwo| wkh lpsdfw ri frpsoh{ uholhi lq wkh pdwkhpdwlfdo
prgho/ ohw xv uhzulwh +67,0+6<, v|vwhp lq d frruglqdwh v|vwhp1 {� @ {> } @
} � u+{,> w @ w= +zkhuh ixqfwlrq u+{, ghvfulehv qrqkrprjhqlw| ri wkh hduwk
vxuidfh,1 Li zh uhzulwh wkh rewdlqhg v|vwhp ri htxdwlrqv lq lvredulf frrugl0
qdwh v|vwhp +{> )> w, zkhuh frqqhfwlrq ehwzhhq )/ dqg } lv ghwhuplqhg iurp
+6:,/ wkhq zh*oo uhfhlyh ^6/43`=

CV

Cw
.

CxV

C{
.

CzV

C)
@ DV � �V> +74,

Cx

Cw
.

C+x2,

C{
.

C+xz,

C)
@

C+� . ju,

C{
.Dx> +75,

Cx

C{
.

Cz

C}
@ 3> +76,

C�

C)
@

U�S �*%

S %3�*%
> +77,

C�

Cw
.

C+x�,

C{
.

C+z�,

C)
@ D�> +78,

zkhuh ) @ �
�f

lv d yhuwlfdo frruglqdwh/ Sf lv d ydoxh ri suhvvxuh rq 4333 Ksd

ri vxuidfh/ � lv uhodwlyh jhrsrwhqwldo/ D @ N%
Y2

Y%2
. Y

Y5N5
Y
Y5 1

Zkloh pdnlqj surjqrvlv ri dwprvskhuh srooxwlrq lw lv yhu| lpsruwdqw
wr kdyh dq lqirupdwlrq derxw dgyhuvh vxevwdqfh frqfhqwudwlrq ehkdylru lq
wkh qhdu0hduwk dqg erughu od|hu ri wkh dwprvskhuh1
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Lq wkh qhdu0hduwk od|hu yhuwlfdo wkhupdo vwuhdpv dqg prphqwxp duh
pdlqwdlqhg dffruglqj wr dowlwxgh/ dqg yhuwlfdo frpsrqhqw N5+}, ri wxuex0
ohqw vwuhdp yduldwlrq frh�flhqw lqfuhdvhv lq sursruwlrq ri dowlwxgh ^4/;`1

N5+}, @ y .N�
}

}�
>

zkhuh y lv frh�flhqw ri prohfxodu gl�xvlrq> N� @ N5+}�,> Dffruglqj wr
P1 Lxglq dqg P1 Vkyhwv prgho deryh qhdu0hduwk od|hu wkhuh h{lvwv vrph
h{whuqdo vfdoh ri wxuexohqfh/ wkdw khosv wr uhvwudlq yruwh{ pryhphqwv dqg
deryh qhdu0hduwk od|hu N5 @ frqvw dqg N5 @ y . N�

��
5�
> zkhuh k� lv wkh

khljkw ri qhdu0hduwk od|hu ^4`1
Dv d uhvxow ri wkhruhwlfdo vwxglhv L1 Nleho kdv uhfhlyhg dqdorjrxv irupxod

iru N5+}, ^4`1

N5+}, @

;?
=

N�+
5
��
,�302 zkhq } � k�>

N� zkhq } A k�>

zkhuh 3 � % � 4 dqg e| vhohfwlqj lwv ydoxhv lw lv srvvleoh wr vhohfw wkhu0
pdo vwudwl�fdwlrq ri wkh hqylurqphqw1 Zh zloo xvh wkh odvw irupxod lq rxu
pdwkhpdwlfdo prgho1

+73,0+77, fdq eh lqwhjudwhg lq wkh duhd J +srlqw vrxufh lv sodfhg rq ��
+dw srlqw { @ 3> } @ k,,/ wkdw vdwlv�hv wkh iroorzlqj lqlwldo frqglwlrq=

V m|'f@ Vf+{> ),> x m|'f@ xf+{> ),> � m|'f@ �f+{> ),= +79,

Ehfdxvh ri qrw kdylqj dhurorjlfdo revhuydwlrq uhvxowv/ dv d uxoh/ glvwulex0
wlrq ri dgyhuvh vxevwdqfhv frqfhqwudwlrq )f+{> ), lq wkh duhd J lv xqnqrzq1
Wr dyrlg wklv lqfrqyhqlhqfh zkloh pdnlqj fdofxodwlrqv xqghu wkh qxphulfdo
prgho/ zh dfw lq wkh iroorzlqj zd|1 Dv vxevwdqfh frqfhqwudwlrq fkdqjh lq
dwprvskhuh lv ri txdvl0vwdwlrqdu| fkdudfwhu ryhu d wlph shulrg/ lw lv srv0
vleoh wr frqvlghu d vwdwlrqdu| sureohp1 Wdnlqj lqwr dffrxqw wkh idfw/ wkdw
zh jdyh vrph lqirupdwlrq derxw yhuwlfdo glvwulexwlrq ri zlqg yhorflw| dqg
iurp yhuwlfdo yhorflw| z @ z@3zK +z@ lv frqyhfwlrqdo pryhphqw yhorflw|/
zK lv yhorflw| ri vxevwdqfh suhflslwdwlrq e| judylw|, zh wdnh lqwr frqvlghu0
dwlrq rqo| yhorflw| ri suhflslwdwlrq e| judylw|/ wkhq zh fdq uhzulwh +67, lq
wkh iroorzlqj irup

x+},
CVf
C{

. z
CVf
C}

@
C

C}

�
N5+},

CVf
C}

�
� �V @ 3= +7:,

+79, fdq eh lqwhjudwhg xqghu wkh iroorzlqj erxqgdu| frqglwlrqv=

Vf+{>4, @ 3> +7;,
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CVf
C}

m%'f@ 3> +7<,

Vf+{> }, m%'%f@ VWf+{f> },= +83,

Lq +7<, ixqfwlrq VWf+{f> },/ lq lwv wxuq/ lv wkh vroxwlrq ri wkh iroorzlqj
vlpsoh vwdwlrqdu| sureohp=

x
CVWf
C{

@
C

C}
N5

CVWf
C}

> +84,

wkdw fdq eh lqwhjudwhg zlwk wkh iroorzlqj erxqgdu| frqglwlrqv=

VWf m%<"$ 3> N5
CVWf
C}

m%<f$ 3> +85,

VWf m%<f@
p�

x
�+} � k�,> +86,

zkhuh p� lv srzhu ri dgyhuvh vxevwdqfhv fdvw rxw iurp d vrxufh orfdwhg dw
dowlwxgh k

�+} � k, @

;?
=

3> } 9@ k>

4> } @ k=

Li zh dvvxph wkdw x @ frqvw>N5 @ frqvw lq +83,/ wkhq zh zloo uhfhlyh
wkh nqrzq vroxwlrq ri +7<, zlwk wkh erxqgdu| frqglwlrqv +83, dqg +84, ^4/6`=

Vf+{> }, @
ps

�N5x{

�
h3

�E�35�2

�g5% . h3
�E�n5�2

�g5%

�
= +87,

Vwdwlrqdu| sureohp +79, zlwk erxqgdu| frqglwlrqv +7:,0+7<, fdq eh lqwh0
judwhg e| qxphulfdo phwkrgv xvlqj irupxod +65, wkdw lv vlplodu wr d fodvvlfdo
rqh1

Jhqhudoo|/ sureohp +73,0+77, lv lqwhjudwhg lq J zlwk wkh erxqgdu| frq0
glwlrqv=

CV

C)
@ 3> z @ 3> zkhq ) @ 4> +88,

CV

C)
@ 3>

Cx

C)
@ 3> zkhq ) @ 3=8> +89,

V @ VfE|c��> x @ xf+w> ),> zkhq { @ 3> +8:,

CV

C{
@ 3>

Cx

C{
@ 3>

C�

C{
@ 3> zkhq { @ O= +8;,
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Erxqgdu| frqglwlrqv +89, dqg +8:, fruuhvsrqg wr wkh fdvh/ zkhq vxe0
vwdqfh hmhfwlrq vrxufh lv sodfhg rq wkh erxqgdu| �� ri duhd J1 Li lq wkh duhd
J zh kdyh dgglwlrqdo p2 srzhuhg vrxufh sodfhg dw wkh srlqw { @ {f> } @ k2>
wkhq lq +8:, erxqgdu| frqglwlrq Y7

Y% @ 3 lv xquhdo1 Lqghhg/ vsdfh glvwulex0
wlrq ri vxevwdqfh V+{> k2,> uhfhlyhg e| vroylqj qrq0vwdwlrqdu| sureohp +79,
zlwk erxqgdu| frqglwlrqv +7:,0+85, lv uhsuhvhqwhg rq Ilj141

Ilj141

Dv vhhq iurp Ilj14/ Y7
Y% 9@ 3 lq wkh lqwhuydo ^d> e`1 Li lq wkh duhd J wkh

vrxufh ri srzhu p2 kdv vxfk d orfdwlrq wkdw erxqgdu| �� jhwv lqwr lqwhuydo
^d> e`/ wkhq lw lv qhfhvvdu| wr xvh qrq0orfdo erxqgdu| frqglwlrq +45,1 Zh
frph wr qrq0orfdo erxqgdu| frqglwlrqv lq fhuwdlq sduwlfxodu sureohpv/ zkhq
wkhuh lv/ rqh vrxufh dw wkh lqwhuqdo srlqw { @ {f> } @ k� ri duhd J1

Zh dovr qhhg qrq0orfdo erxqgdu| frqglwlrqv/ zkhq lq wkh ylflqlw| ri
erxqgdu| �2 ru �� vxevwdqfh frqfhqwudwlrq yduldelolw| judglhqwv +e| wkhu0
pdo vrxufhv ru rurjudsk|, duh frqvlghudeoh1 Jhqhudoo|/ glvwulexwlrq +glv0
vhplqdwlrq, ri dgyhuvh vxevwdqfhv lq vsdfh dw d jlyhq prphqw ghshqgv
rq pdq| phwhrurorjlfdo idfwruv +wxuexohqfh/ zlqg yhorflw|/ forxgv/ wkhupdo
od|huv uhvwudlqlqj dhurvro �rz hwf1,1

Iurp h{shulphqwdo revhuydwlrq uhvxowv/ lw lv nqrz wkdw frqfhqwudwlrq
ri dq| dhurvro +dprqj wkhp0udglrdfwlyh vxevwdqfhv, ghfuhdvhv dv dowlwxgh
lqfuhdvhv/ exw wklv yduldwlrq lv qrw jhqhudoo| prqrwrqlf/ lw grhv qrw frq0

;:
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irup wr dq| odz ri qdwxuh ^4/;`1 Dhurvro lv dffxpxodwhg lq wkh dwprvskhuh/
li wkhuh h{lvw lvrwkhupdo od|huv ru li whpshudwxuh lqyhuvlrq dqg/ jhqhudoo|/
whpshudwxuh judglhqw uhgxfwlrq wdnhv sodfh +wkhq lq wkhvh dqg ehorz od|0
huv wkh dhurvro lv lqwhqvho| dffxpxodwhg,1 Zkloh vlpxodwlqj wkhvh w|shv ri
sureohpv +sureohpv ri phvrphwhrurorj|,/ dssduhqwo|/ lw zrxog eh dgylvdeoh
wr dsso| qrq0orfdo erxqgdu| frqglwlrq rq �� erxqgdu| ri J duhd1

Qrz ohw xv frqvlghu wkh sduwlfxodu fdvh ri +67, lqwhjudwlrq/ zkhq xq0
nqrzq ixqfwlrqv duh ghwhuplqhg iurp wkh iroorzlqj htxdwlrqv ri pryhphqw
dqg frqwlqxlw|=

Cx

Cw
. x

Cx

C{
. z

Cx

C}
@ �C�

C{
.N%

C2x

C{2
.

C

C}
N5

Cx

C}
> +8<,

Cx

C{
.

Cz

C}
@ 3> +93,

zkhuh � @ U W @�eo oqS> W @�eo +},lv dqdyhudjhg dorqj d{lv R{/ yduldeoh
dffruglqj dowlwxgh/ nqrzq iru hdfk h{shulphqw ixqfwlrq1

Lq +8;, zh dvvxph/ wkdw iru hyhu| vlpxodwhg phwhrurorjlfdo vlwxdwlrq Yx
Y%

lv d nqrzq ixqfwlrq1 +67,/ +8;,/ +8<, ghvfuleh wudqvihuhqfh ri vxevwdqfh lqwr
wkh duhd J/ kdylqj krprjhqhrxv rurjudsk| lq fdvh ri hvwdeolvkhg phwhrur0
orjlfdo surfhvvhv1 Rxu dlp lv wr vwxg| wkh ihdwxuhv fkdudfwhul}lqj wkh sure0
ohp ri dgyhuvh vxevwdqfh pljudwlrq lq dwprvskhuh zlwk qrq0orfdo erxqgdu|
frqglwlrqv1 +67,/ +8;,/ +8<, duh lqwhjudwhg lq wkh duhd J zlwk wkh iroorzlqj
lqlwldo dqg erxqgdu| frqglwlrqv=

V m|'f@ Vf> x m|'f@ xf> +94,

CVf
C}

@ 3> z @ 3> zkhq } @ 3> +95,

V @ 3>
Cx

C}
@ 3> zkhq } @ K> +96,

V @ Vf+3> },> x @ xf+},> zkhq { @ 3> +97,

Cx

C{
@ 3> V+O> w, @ tV+{f> }> w,> zkhq } @ O> +98,

zkhuh/ t lv ghwhuplqhg iurp +5,1
Sureohp +67,/ +8;,/ +8<, zlwk wkh lqlwldo dqg erxqgdu| frqglwlrqv +93,0

+97, lv vroyhg rq j2 julg {� @ l � 7{> }& @ n � 7}> w� @ m � 7w> l @
4> ===> Q> n @ 4> ===>P> m @ 3> 4> === e| qxphulfdo phwkrgv xvlqj Od{0Yhqguri
�qlwh0gl�huhqfh vfkhph ^;/43`1
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E| qxphulfdo h{shulphqwv txdqwlwlhv dqg sk|vlfdo frqvwdqwv kdg wkh
iroorzlqj ydoxh 7{ @ 833p>7} @ 83p>7w @ 93>N5 @ 43> Q @ 733>P @
433=

Dffruglqj wr wkh sursrvhg prgho qxphulfdo fdofxodwlrqv kdyh ehhq fdu0
ulhg rxw1 Wkrvh fdofxodwlrqv zhuh gl�hu iurp hdfk rwkhu e| ydoxhv ri sd0
udphwhuv dqg frqvwdqwv lqfoxghg lq wkh qxphulfdo prgho1

Lq +93, wkh ydoxh ri Vf lv ghwhuplqhg iurp +79, e| erxqgdu| frqglwlrqv
+7:,0+7<,1 Lq +7<, Vf+{f> }, lv jlyhq e| wkh iroorzlqj irupxod=

VWf+{f> }, @
p2

x
V+} � k2,> +99,

zkhuh p2 lv wkh srzhu ri wkh vrxufh orfdwhg dw dowlwxgh k2 +{ @ {f> } @
k2, 5 J1

Dffruglqj wr wkh khljkw lqlwldo glvwulexwlrq ri frpsrqhqw xf ri zlqg
yhorflw| lv jlyhq ghshqglqj rq wkh fkdudfwhu ri prgho sureohp +lq gl�huhqw
h{shulphqwv xf kdyh gl�huhqw prgho sur�ohv dffruglqj wr khljkw,1 Lq rughu
wr jlyh krul}rqwdo fkdudfwhu wr wkh glvwulexwlrq ri xf zh xvh wkh ydoxhv ri
zhoo0nqrzq iru phwhrurorjlvwv glvwulexwlrq ri wkh yhuwlfdo frpsrqhqw ri wkh
yhorflw| dqg frqwlqxlw| htxdwlrq +8<,1 Iurp v|qrswlf pdwhuldov lw lv fohdu
wkdw lq wursrvskhuh z lv glvwulexwhg e| khljkw dv iroorzv= rq wkh hduwk vxu0
idfh z @ 3 +lq fdvh ri uholhi z @ z,/ dw kljkhu dowlwxghv lwv ydoxh lqfuhdvhv/
dw phglxp ohyho ri wursrvskhuh +608 nlorphwhuv, lw dfklhyhv pd{lpxp ydoxh
Z4@ dqg dw wursrsdxvh lw lv lq wkh ylflqlw| ri }hur djdlq ^4/;`1 Zh kdyh
^4`=

Z f
� +}, @ Z4�? .Z4@ +4 . 4@q,?}+4� },?> +9:,

zkhuh q lv wkh sdudphwhu/ fkdudfwhul}lqj wkh whqghqf| ri z �xfwxdwlrq e|
khljkw1

Vsdfh glvwulexwlrq ri xf lv jlyhq e| wkh iroorzlqj irupxod=

xf+{> }, @ xf�+}, � xf2+{,> +9;,

zkhuh ydoxh ri xf2+{, lv rewdlqhg e| phdqv ri +8;, dqg +8<,/ dqg xf�+}, lv
gh�qhg iurp wkh whvwhg sureohp1

Lq rughu wr ghwhuplqh sdudphwhuv t dqg !e lq +97,/ wkh iroorzlqj sureohp
lv vroyhg dw hyhu| vwhs w ri qxphulfdo lqwhjudwlrq =

xE��
CV

E��
�

C{
@

C

C}
N5

CV
E��
�

C{
+9<,

zlwk erxqgdu| frqglwlrqv=

V
E��
� m5'M@ 3>

CV
E��
�

C}
m%'f@ 3> V

E��
� m5'%f@ p2

x
V+} � k2,> +:3,

;<



DPL Yro17/ Qr14/4<<< G1 Jrugh}ldql/ W1 Gdylwdvkylol .

zkhuh V
E��
� 0lv frqfhqwudwlrq ri vxevwdqfh hmhfwhg iurp wkhp2 srzhuhg vrxufh

orfdwhg lq +{ @ {f> } @ k2, srlqw/ x
E�� lv ghwhuplqhg dw hdfk wlph vwhs iurp

+8;,/ +8<,1

Ydoxhv ri V�+{> }, dw hdfk m lwhudwlrq rewdlqhg diwhu uhvroylqj +9;, hq0
deohv xv wr ghwhuplqh ydoxhv ri t dqg !e1

Qxphulfdo h{shulphqwv zhuh fduulhg rxw1 Wkh| ghihuuhg iurp hdfk rwkhu
e| srzhu ydoxhv ri wkh �uvw dqg wkh vhfrqg vrxufhv dqg orfdwlrq ri wkh
vhfrqg vrxufh1 Khuh zh dggxfh uhvxowv ri wkh h{shulphqwv1 Lq hdfk fdvh p�

srzhuhg vrxufh lv orfdwhg dw srlqw { @ 3> } @ k�/ dqg p2 srzhuhg rqh dw
srlqw { @ <O@43> } @ k2= Wkhlu srzhu ydoxhv zhuh p� @ 5p2 lq wkh �uvw
fdvh> lq wkh vhfrqg fdvh �p� @ p2> lq wkh wklug fdvh p� @ 3=8p21

Ohw xv frpsduh qxphulfdo fdofxodwlrq uhvxowv zlwk wkh vroxwlrqv uhfhlyhg
xqghu fodvvlfdo erxqgdu| frqglwlrqv +wkh uhvw ri sdudphwhuv duh vdph,1 Lq
sduwlfxodu/ +67,/ +8;,/ +8<,/ zkhuh vroyhg xqghu erxqgdu| frqglwlrqv +93,0
+97,/ exw lq +97, zh kdg Y7�

Y% @ 3 zkhq { @ O=

Lq rughu wr frpsduh qxphulfdo fdofxodwlrq surfhvvhv gxulqj wkhvh h{0
shulphqwv/ zh zhuh fdofxodwlqj lqwhjudo fkdudfwhulvwlfv ri surjqrvlv �hogv dw
hdfk wlph vwhs> sduwlfxoduo|/ whqghqflhv ri phwhrhohphqwv yduldwlrq lq wkh
duhd J lq dyhudjh wlph

m!m@ 4

Q%7w

�[
?'�

m !?c�n�| � !�c� m> +:4,

zkhuh ! @ +x> z> V> V�,
A lv d pdwul{ froxpq/ Q lv d qxpehu ri julg srlqwv1

Lq ^;043` lw lv vkrzq wkdw li lq �qlwh0gl�huhqfh vfkhph wkh iroorzlqj
txdgudwlf txdqwlwlhv=

HN @
4

Q

�[
?'�

+x2? . z2
?,@5> +:5,

2 @
4

Q

�[
?'�

+
Cz?

C{
� Cx?

C}
,2> +:6,

duh pdlqwdlqhg ryhu wlph shulrg wkhq qrqolqhdu lqvwdelolw| grhv qrw rffxu1
Lq hdfk h{shulphqw zh zhuh h{dplqlqj pdlqwhqdqfh ri +:3, dqg +:5, txdq0
wlwlhv gxulqj shulrg ri surjqrvlv1 Fdofxodwlrq uhvxowv vkrz wkdw uhodwlyh
huuru ri 2 glg qrw h{fhhg 41:6( lq dyhudjh zlwklq sk|vlfdo :5 krxuv/ dqg
wkdw ri wkh HN glg qrw h{fhhg 716( lq wkh vdph wlph0shulrg1 Wklv idfw lq0
glfdwhv wkdw qxphulfdo vroxwlrq zdv vwdeoh +frpsdudwlyho| elj uhodwlyh huuru
ri HN txdqwlw| fdq eh dwwulexwhg wr olplwhg vl}hv ri udwkhu wkdq h{srvxuh
ri qrqolqhdu lqvwdelolw|,1
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. Pdwkhpdwlfdo prgho zlwk Qrq0fodvvlf111 DPL Yro17/ Qr14/4<<<

Dv qxphulfdo fdofxodwlrqv vkrzhg/
��V�

�� yduldwlrq gxulqj surjqrvlv sh0
ulrg zlwk erwk fodvvlfdo dqg qrqorfdo erxqgdu| frqglwlrqv iru ri hdfk wkuhh
fdvhv zhuh qhduo| ri wkh vdph fkdudfwhu1 Exw wkh gl�huhqfh ehwzhhq wkh
uhvxowv ri fdofxodwlrqv zhuh pruh glvwlqfwo| uhyhdohg/ zkhq vr/ lq rughu wr
suhyhqw wkh Ilj15 iurp ehlqj ryhuordghg/ zh dggxfh wkh fdofxodwlrq uhvxowv
uhfhlyhg rqo| lq wklv fdvh=

Ilj151

Dv zh fdq vhh iurp Ilj15/ xqghu fodvvlfdo erxqgdu| frqglwlrqv
��V�

�� ydul0
dwlrq kdv pruh lqvwdeoh/ lqfuhdvlqj fkdudfwhu +olqh d,1 Dqg xqghu qrqorfdo
erxqgdu| frqglwlrqv lwv yduldwlrq lv lq wkh ylflqlw| ri lqlwldo ghyldwlrq diwhu
�uvw 9 krxuv1

Surjqrvlv �hogv dqdo|vlv vkrzv xv wkdw lq fdvh ri fodvvlfdo erxqgdu|
frqglwlrqv/ lq wkh ylflqlw| ri erxqgdu| �� xquhdo lqfuhdvh ri frqfhqwudwlrq
ydoxhv wrrn sodfh/ zklfk zdv qrw revhuyhg lq fdvh ri qrqorfdo erxqgdu|
frqglwlrqv1

Wkh rewdlqhg uhvxowv doorz xv wr frqfoxgh/ wkdw zkloh lqwhjudwlqj v|vwhp
+67, /+74,0+77,/ ghvfulelqj dgyhuvh vxevwdqfhv pljudwlrq lq JWF/ qrq0orfdo
erxqgdu| frqglwlrqv vkrxog eh xvhg1

Uhihuhqfhv
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DPL Yro17/ Qr14/4<<< G1 Jrugh}ldql/ W1 Gdylwdvkylol .

41 Ehuo|dqg/ P1H1 Suhglfdwlrq dqg Uhjxodwlrq ri Dlu Srooxwlrq1 +Uxvvldq,
Ohqlqjudg/ Jlgurphwhrl}gdw/ 4<;8/ 430531

51 Pdufkxn/ J1L1 Pdwkhpdwlfdo prgholqj iru wkh sureohp ri wkh hqylurqphqw1
+Uxvvldq, Prvfrz/ %Qdxnd%/ 4<;51

61 Gdylwdvkylol/ W1> Nkyhgholg}h/ ]1 Qxphulfdo prgho ri wkh Udglrdfwlyh Surg0
xfwv Wudqvihuhqfh dqg Idoo rxw iru wkh Fdxfdvldq Uhjlrq1Exoohwlq ri wkh
Jhrujldq Dfdghp| ri Vflhqfhv/ 488+4<<:,/ qr14/ 8;0941

71 Jrugh}ldql/ G1 Rq wkh Phwkrg ri Vroylqj rqh fodvv ri Qrq0orfdo Erxqgdu|
Ydoxh Sureohp1 +Uxvvldq, Welolvl/ Welolvl Xqlyhuvlw| Suhvv/ 4<;41

81 Jrugh}ldql/ G1> Jrugh}ldql/ Q1> Dydolvkylol/ J1 Rq rqh fodvv ri qrq0orfdo
sureohpv iru sduwldo gl�huhqwldo htxdwlrqv1 Exoohwlq ri wkh Jhrujldq Dfdghp|
ri Vflhqfhv/ Welolvl/ 48:+4<<;,/ qr161

91 Jrugh}ldql/ H1 Rq rqh qrq0orfdo lqlwldo0erxqgdu| sureohp vroxwlrq1 Glsorpd
zrun iru wkh edfkhoruvkls/ Welolvl Vwdwh Xqlyhuvlw|/ 4<<;1

:1 Jrugh}ldql/ G1 Vdpduvnl/ D1 Vrph sureohpv ri wkhuprsodvwlflw| ri wkh sodwhv
dqg d wrwdo dssur{lpdwlrq phwkrg1 Frpsoh{ dqdo|vlv dqg dssolfdwlrq1 Sur0
fhhglqjv ghyrwhg wr wkh phpru| ri wkh :3 |hduv dqqlyhuvdu| ri Dfdg1 Yhnxd/
P1 4<:;/ 4:604;91

;1 Ehory/ S1Q1Qxphulfdo Phwkrgv ri Zhdwkhu suhglfdwlrq1 +Uxvvldq, Ohqlqjudg/
Jlgurphwhrl}gdw/ 4<:8/ 860951

<1 Gdylwdvkylol/ W1> Nyhgholg}h/ ]1 Qxphulfdo prgho ri wkh Orqj0Udqjh wudqv0
sruw udglrdfwlyh surgxfwv lqfoxglqj rurjudsk| dqg suhflslwdwlrq1 Jhrujldq
v|psrvlxp iru surmhfw ghyhorsphqw dqg frqyhuvlrq1 Welolvl1 4<<8/ 44:0
44<1

431 Gdylwdvkylol/ W1 Wkh lq�xhqfh ri rurjudsk| lq qxphulfdo zhdwkhu suhglfwlrq
prghov1 Surfhhglqjv ri Yhnxd Lqvwlwxwh ri Dssolhg Pdwkhpdwlfv/ Welolvl/
58+4<;;,/ 44;04641
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